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ABSTRACT 
Single support bar (SSB) modular bridge joint systems (MBJS) are exceedingly 
being used for accommodating thermal movements in medium and long span bridges 
exceeding 27 in. (700 mm). These systems, which are typically comprised of steel and 
polymeric components, exhibit complex dynamic response when subjected to successive 
impacts by each crossing truck axle. This repeated dynamic loading generates many 
amplified stress cycles at the welded and bolted connections within the system, rendering 
them susceptible to accelerated fatigue cracking in service. As noted from observed 
cracking in field installations, the center beam (CB) to support bar (SB) connection is the 
most critical detail; however, the behavior and fatigue resistance of this connection in SSB 
systems was not well understood. Additionally, the dynamic response characteristics 
determined from limited field measurements on SSB systems indicated a wide range of 
possible amplifications dependent on the joint size and properties and the speed of the 
crossing vehicle. 
Considering the above, comprehensive experimental and analytical research was 
performed to characterize the dynamic behavior of typical SSB MBJS under wheel loads 
and determine the fatigue resistance of bolted CB-SB connections in SSB MBJS, which 
were expected to be more fatigue resistant than their welded counterparts. The study 
included static and fatigue testing of full-size SSB systems in the laboratory, 
characterization of suitable material models for the nonlinear hysteretic polymeric 
components, static analyses of the tested system, dynamic analyses of a previously field-
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tested system, and parametric three-dimensional Finite Element Analyses of many 
differently-sized systems subjected to dynamic loading under different service conditions.  
Through the fatigue testing of 14 full-scale SSB MBJS assemblies, the infinite life 
fatigue resistance (Constant Amplitude Fatigue Threshold) of the bolted CB-SB 
connections was determined as 16 ksi (110 MPa), equivalent to fatigue Category B in the 
seventh edition of the AASHTO LRFD Bridge Design Specifications. These connections 
were previously limited to fatigue Category D by Appendix A19 in the third edition of the 
AASHTO LRFD Bridge Construction Specifications. Experimental and analytical studies 
highlighted the importance of proper joint compaction and bolt pretension on the fatigue 
performance of the connections, and demonstrated that the past common practice of 
replacing the polymeric components with steel discs within the systems during the fatigue 
tests drastically reduced the fatigue resistance of the CB-SB connections. 
Dynamic time-history analyses of a field-tested MBJS system (I70/I25 Flyover 
Ramp MBJS tested by Dexter et al. [1997]) were performed using two new load pulse 
models (derived through convolution and tributary area methods) and three existing load 
pulse models for representing the wheel loading on the CBs. The results of analyses using 
these load pulses applied to a simplistic beam element model of the system exhibited good 
correlation with the field tests; however, comparison with more field observations is 
required to verify the new load pulse models. Additional dynamic time history analyses 
were performed with more sophisticated representations of the systems. All analyses 
correlated well with the field results, demonstrating that the dynamic behavior of SSB 
MBJS can be adequately simulated using time-history finite element analyses. 
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Using the results of the dynamic analyses as a basis, a factorial parametric study 
was designed which included as variables: the joint size; the gap opening; the 
precompression gap for CB-SB connection assembly; and the vehicle speed. The results 
were normalized by a dynamic interaction parameter (DIP), which was defined as the pulse 
duration (including the effects of the vehicle speed and the joint characteristics) divided by 
an equivalent natural period of the MBJS. The equivalent natural period was estimated for 
each parameter combination independently from the analysis results, using a generalized 
single-degree-of-freedom idealization of the SSB MBJS. The DAFs obtained from the 
simulations and the respective system DIPs allowed the generation of a shock spectrum for 
SSB MBJS that represented the variation of the DAF as a function of the system parameters 
and the operating conditions. The results provided insight into the dynamic response 
characteristics of SSB MBJS, and allowed the development of a practical design equation 
for determination of joint-specific DAFs. 
Updated testing and data interpretation protocols for SSB MBJS, particularly for 
load reversal and infinite life, were developed based on the overall results of the study. 
Design guidelines were developed for regular application, and the AASHTO LRFD Bridge 
Design and Construction Specifications were revised based on the key findings. 
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1. INTRODUCTION 
1.1 Modular Bridge Joint Systems 
Modular Bridge Joint Systems (MBJS) are commonly used to accommodate 
expansion and contraction of bridge decks exceeding 6 in. (150 mm) of total movement. 
Finger joints have traditionally been used to accommodate such large movements and have 
demonstrated adequate structural performance; however, they have been ineffective in 
preventing drainage of surface runoff and debris, which in some cases has led to severe 
corrosion of the bridge structure near the joints. On the other hand, strip- or compression-
seal joints can prevent drainage and debris from flowing through the joints to some extent; 
however, they provide only limited total movement capacity, typically less than 6 in. (152 
mm). Modular Bridge Joint Systems combine multiple sealed expansion joints of smaller 
movement capacity, allowing total movements exceeding 6 ft. (1829 mm) while 
simultaneously maintaining water-tightness. Although MBJS have been successfully used 
in bridge structures throughout the world since the mid-1960s (Koster 1969), inadequate 
fatigue performance of steel and metal components and connections in some systems has 
required significant maintenance and/or replacement, which has been a major concern for 
bridge owners. 
These systems consist of multiple steel center beams (CBs), which span transverse 
to the traffic direction, supported on steel support bars (SBs), which span longitudinally 
between abutting bridge decks. The CBs and SBs are arranged as a grillage that carries 
vehicular loading while also allowing longitudinal expansion. The ends of the SBs are 
supported within boxes (called support boxes) mounted in the bridge deck on either side 
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of the deck joint. The total movement capacity of a MBJS (commonly defined as the joint 
size) is a function of the number of gaps (number of CBs plus one); accommodation of 
larger movement capacity requires an increased number of gaps and CBs. Typically, a 
maximum gap opening of 3 in. (76 mm) is used. 
Depending on how the CBs are supported on the SBs, MBJS are primarily classified 
as (a) single support bar (SSB) systems (Figure 1-1) or (b) multiple support bar (MSB) 
systems (Figure 1-2). In a SSB MBJS, each SB supports every CB. The CB-SB connection 
(Figure 1-3) is achieved by a stirrup (or yoke) attached around the SB to the underside of 
the CB by welding or bolting, allowing the CB to slide along the SB as necessary. A 
polymeric bearing is provided between the CB and the SB that serves as a load path and 
facilitates sliding of the CB along the SB; it is hence called a sliding bearing. An 
elastomeric spring is provided between the SB and the stirrup that enables pre-compression 
of the stirrup connection and allows sliding of the stirrup along the SB; it is accordingly 
called a sliding spring. It may be noted that all elastomers are polymers, but not all 
polymers are elastomers; as such, the sliding bearings and springs are collectively referred 
to as polymeric components within this dissertation. Stainless steel slider plates are 
typically attached to the outer surfaces of the SB to reduce sliding friction of the polymeric 
components. 
In a MSB MBJS, a cluster of SBs is provided at each support for the CBs, with each 
CB welded to a different SB in each cluster. Thus, the number of SBs in a cluster is equal 
to the number of CBs in the system. The longitudinal movement of the system is enabled 
by independent sliding of the SBs within the support boxes. 
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The MBJS types discussed above have their own advantages and disadvantages. 
The MSB system was the first type of MBJS developed, and has a longer service record 
than the SSB system. The MSB system type is also less complex than the SSB system, with 
simple welded CB-SB connections and fewer polymeric components. However, with large 
movement requirements (requiring greater number of CBs) the space necessary to house 
the increased number of SBs (same as number of CBs) becomes limited as shown in Figure 
1-4, which typically limits the system to eight CBs/SBs (nine gaps) and a movement 
capacity of about 27 in. (686 mm). An inherent advantage of this limitation is that the depth 
of the SBs and blockout required in the deck are relatively small compared to an 
equivalently-sized SSB system. Multiple Support Bar systems also cannot easily 
accommodate transverse motions (vertical or lateral shearing motions between each side 
of the bridge deck) or non-uniform longitudinal expansion (as might occur in a curved 
bridge). 
The primary advantage of SSB MBJS is that the theoretical movement capacity is 
infinite. The increased joint sizes however require deeper SBs to span the large lengths 
between abutting bridge decks. The joint size is therefore limited by the depth of the 
blockout needed to house the SBs. Single Support Bar MBJS with movement capacity of 
85 in. (2160 mm) have been implemented as shown in Figure 1-5 (Spuler et al. 2009). 
Additionally, SSB MBJS can easily accommodate transverse and non-uniform longitudinal 
motions, and are popular for use in high seismic regions. Bolted SSB MBJS also allow 
easy replacement of system components. However, SSB MBJS typically contain more 
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connections and greater number of polymeric components, both of which have adversely 
contributed to durability of these joints (Romack 1992). 
In recent years, hybrids of these two system types (SSB and MSB) have also been 
used in-service, e.g. two SBs at each support point with alternate CBs connected to each 
SB using stirrup connections (Ancich et al. 2006). The hybrid systems enable increased 
movement capacity by implementing the concepts of SSB MBJS while limiting the load 
on each SB to the reactions from one CB at a time like an MSB MBJS, since a typical 
wheel does not contact more than two adjacent CBs. 
Several bolted or welded attachments are included to serve different functions 
within the system. One of these major attachments is the Equidistant Device (ED), which 
consists of axial or shear springs or mechanical linkages attached to adjacent CBs and 
ensures equal spacing between the CBs during thermal expansion or contraction and after 
movements due to vehicle impacts. Another attachment that has been introduced in recent 
years is the Noise Reduction Plate (NRP). These plates, typically of sinusoidal or rhombic 
shape (Spuler et al. 2009, Edlund and Crocetti 2007), are bolted to the top surface of the 
CB to break simultaneous contact of wheels with the CB edge, thereby reducing contact 
noise from vehicle tires and providing greater travel comfort over the joint (much like 
finger joints). Attachments to the CBs may also be provided to retain the elastomeric seals 
between adjacent CBs, typically consisting of welded attachments to the CB web for I-
shaped CBs, or a machined groove for rectangular CBs. For I-shaped CBs, these 
attachments are referred to as Clamp Plates (CPs). 
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Modular Bridge Joint Systems are sometimes manufactured in sections for bridges 
of large carriageway width to facilitate shipment and installation or for 
rehabilitating/repairing existing bridges/joints. Field splicing of CBs are necessary in these 
cases. The splice design varies among manufacturers, but both hinged connections 
(transferring only shear forces), and full-depth welded connections (transferring bending 
moments and shear forces) have been used. 
1.2 Performance of MBJS 
Although MBJS have been successfully used in bridge structures throughout the 
world since the mid-1960s (Koster 1969), fatigue cracking in some SSB and MSB MBJS 
has caused the failure of connections (Romack 1992) and complete loss of CB segments in 
some cases, tripling the gap to be crossed. In addition, fatigue cracking has also led to the 
dislodgement of the elastomeric seals, allowing drainage to pass through the joint and 
corrode bridge components. These issues have often led to expensive rehabilitation or 
replacement of the joint, which has been a major concern for bridge owners. 
The most well-known case of fatigue cracking of MBJS in the United States was in 
the welded SSB MBJS, i.e., with welded stirrup connections, installed for the Third Lake 
Washington Bridge near Seattle, Washington. The cracking in these SSB MBJS, the largest 
produced up to that time, originated from the weld toe of the welded CB-SB stirrup 
connections and either fractured the stirrup or propagated into the CB (but not through the 
full section). For these systems, the typical rolled or built-up CB sections were substituted 
with tubular sections due to “Buy American” federal bridge construction requirements. In 
a study by Roeder (1993), it was determined that the primary cause of the fatigue cracking 
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was the increased secondary deformations due to the distortion of the tube wall near the 
stirrup and resulting increased local stresses in the tube-to-stirrup connection. Based on an 
analysis of the system without considering these secondary effects, this study, however, 
concluded that the cracking would likely have still occurred if the originally intended 
sections were used, as the calculated stress ranges were higher than the Constant Amplitude 
Fatigue Threshold (CAFT) of the stirrup assuming the detail as Fatigue Category E in the 
seventh edition (2014) of the AASHTO LRFD Bridge Design Specifications (LRFD BDS). 
The occurrence of cracking in these joints initiated an NCHRP study (Dexter et al. 1997) 
into the fatigue durability of MBJS and the contributors to fatigue cracking within these 
systems, which will be discussed in the next two sections. 
A schematic of the typical fatigue-critical details within a SSB MBJS is presented 
in Figure 1-6. The most fatigue-critical details within a SSB MBJS, as noted from observed 
cracking in field installations (Romack 1992, Roeder 1993) and surveys of bridge owners 
(Dexter et al. 1997) are the CB-SB connections and the CB field splices. For bolted CB-
SB connections in SSB MBJS, fatigue cracking has typically initiated from the bolt holes 
and propagated through the CB, in some cases completely fracturing the section. Other 
bolted attachments for MBJS components such as EDs and NRPs have developed cracking 
similar to that at the bolted CB-SB connections, and CPs welded to the CB webs have 
developed fatigue cracking as well. 
As will be discussed in the following sections, fatigue problems within MBJS have 
been attributed to (1) the dynamic response of the systems causing a large number of 
magnified stress ranges at fatigue critical details, and (2) the use of bolted and welded 
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details with poor or unknown fatigue resistance. For a detailed literature review, please 
refer to Appendix A. 
1.3 Dynamic Response of MBJS 
1.3.1 Observed Dynamic Behavior 
Field measurements and analytical studies have been performed by Koster (1986), 
Tschemmernegg (1991), Roeder (1995), Dexter et al. (1997), Ancich et al. (2006), and 
Hoffman (2013) to understand the dynamic response characteristics of MBJS. A typical 
example of SSB MBJS dynamic response (taken from Hoffman 2013) is shown in Figure 
1-7 as a time-history plot of the major-axis or vertical bending moment in the CB. The 
truck crossing the instrumented SSB MBJS consisted of a tractor with single front and rear 
axles followed by a trailer with a tridem axle, for a total of five axles. The plot shows five 
distinct peaks coinciding with the total number of axles of the truck, demonstrating that 
each truck axle causes a single large stress cycle in MBJS components. This is contrary to 
main bridge components, where each multi-axle vehicle typically produces only a single 
stress cycle. The main members experience only one cycle because they have spans much 
larger than the wheel spacing, experiencing a series of multiple closely-spaced loads 
similarly to how they experience a single large point load. The MBJS response to each axle 
consists of a peak response due to (and in the direction of) the axle load followed by several 
free vibration cycles oscillating about the unloaded position. The number of free vibration 
cycles depends on the dynamic characteristics of the system (natural frequency and 
damping) and is typically between two and 10. Considering the large number of trucks 
typically crossing joints in long-span bridges, the number of axles per truck (typically two 
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to five), and the number of stress cycles per axle, millions of cycles can accumulate in a 
short period of time, which could cause fatigue cracking at critically-stressed welded and 
bolted connections in the system. 
The stress response at the critical welded and bolted connections in MBJS under 
moving loads is dynamically amplified over the typical static response, resulting in 
significant magnification as shown schematically in Figure 1-8. The maximum dynamic 
response can be split into a downward component in the direction of loading, followed by 
free vibration which causes a maximum upward component in the direction opposite to the 
loading. The downward component is described by the Positive Amplification Factor 
(PAF), defined as the maximum dynamic response in the direction of loading divided by 
the static response of the system. The upward component or rebound response (in the 
opposite direction of the applied load) is described by the Rebound Factor (RF), defined as 
the maximum upward component of the dynamic response divided by the static response. 
The total Dynamic Amplification Factor (DAF), sum of the PAF and RF, may be estimated 
directly as the total dynamic response range divided by the static response. 
The amount of magnification, mathematically expressed by the values of the PAF, 
RF, and DAF, is a function of the dynamic characteristics (mass, damping, stiffness) of the 
system (which depend on the joint type, construction, size, and materials used) and the 
loading characteristics (which depend on the duration of the axle load on the CB). The 
dynamic response of the MBJS and the amount of amplification experienced by the system 
can be best understood from the generalized response of a Single Degree of Freedom (SDF) 
system subjected to a trapezoidal pulse load, as shown in Figure 1-9. This SDF system is 
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like a loaded CB in an MBJS, with the CB stiffness and mass defining the natural period, 
and the duration of wheel load defining the pulse duration. The maximum dynamic 
responses (PAF, RF, and DAF) are presented as a shock spectrum, i.e. as a function of the 
pulse duration divided by the natural period (td/Tn). It is worth noting that in the majority 
of structural dynamics, only the maximum response (measured from zero response) is of 
great importance. As such, the DAFs in shock spectra are typically presented as the 
maximum absolute value of the downward component for a given td/Tn, and the range 
between the downward and rebound components is of no consequence. However, the range 
of response is particularly important for fatigue design, and as such, the shock spectrum in 
Figure 1-9 shows the maximum positive and negative responses (PAFs and RFs, 
respectively) as well as the maximum response range (DAF) for a given td/Tn. 
If the loading pulse is of extremely long duration compared to the period (td/Tn 
approaches infinity), the acceleration of the mass is close to zero, inertial effects are 
negligible, and the load in the spring is approximately equal to the applied load, i.e. the 
DAF approaches 1.0. If the loading pulse is of extremely short duration relative to the 
period (td/Tn approaches zero), the inertia of the mass keeps it in place as the fast load is 
applied and removed, and the force in the spring is approximately zero, i.e. DAF is equal 
to zero. When td/Tn is between 0.1 and 10, the mass of the structure is accelerated as the 
load is applied, causing increased deformation and greater force to develop in the spring 
than under the static case.  
The most comprehensive set of dynamic response field measurements conducted 
on MBJS was produced as part of the NCHRP Project 12-40, which was reported in 
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NCHRP Report 402 (Dexter et al. 1997) and initiated following the fatigue cracking in the 
Third Lake Washington Bridge MBJS. The primary goal of the field measurements was to 
determine the vertical and horizontal loads imparted on the MBJS, and particularly at each 
CB, by vehicles traversing the joint. Four in-service joint systems including two MSB, one 
bolted SSB, and one welded SSB MBJS were instrumented and monitored under controlled 
static and dynamic loads and uncontrolled traffic. The results of the study revealed 
measured PAFs of 1.1 to 1.3 with RFs of approximately 0.08 to 0.09 for most systems. For 
one MSB MBJS, the RF was 0.31, indicating a very large rebound response. For the bolted 
SSB MBJS tested as part of the study which consisted of three CBs supported on seven 
SBs, the PAF, RF, and DAF were 1.1, 0.08, and 1.2, respectively, at a vehicle speed of 40 
mph (63 km/h). 
As part of a later study by Ancich et al. (2006), field measurements were conducted 
on the Anzac Bridge MBJS, which was a hybrid SSB MBJS with two SBs at each support 
location and each SB supporting every other CB. The system contained eight CBs 
supported by 12 sets of two SBs. The measurements taken under a controlled passing of a 
vehicle at 40 mph (63 km/h) revealed a PAF, RF, and DAF of 2.7, 1.9, and 4.6, respectively, 
much larger amplification than reported in any previous work. 
The wide range in measured PAFs, RFs, and DAFs between the two studies on the 
SSB MBJS of two different sizes indicated a possible dependence of the response on the 
size of the joint, as expected. An accurate determination of these Dynamic Response 
Factors (DRFs), i.e. the PAF, RF, and DAF, and how they depend on the joint size is 
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important for the fatigue design of MBJS, since amplified live load stress ranges contribute 
more to fatigue damage at critical details. 
1.3.2 Determination of Dynamic Response Factors 
The DRFs can be determined most accurately through testing of the MBJS in the 
field. However, testing can be expensive and does not allow the use of the dynamic 
properties during the design process, as these properties are not available a priori. Thus, 
analytical models remain the best option for determining the DRFs for use during the 
design process. 
Past dynamic analyses of MBJS have concentrated on other MBJS types, such as 
MSB MBJS (Steenbergen 2004) or hybrid MBJS (Ancich et al. 2006). Those that 
concentrated on SSB MBJS were SDF analyses which did not include the contribution of 
multiple modes in the calculations of the DRFs (Crocetti and Edlund 2003), or modal 
analyses performed to study the mode shapes and natural frequencies of the MBJS which 
did not include the direct calculation of the full response and DRFs through modal 
combination techniques (Roeder 1993). As determined by Roeder (1993) through modal 
analyses, many closely-spaced modes are likely to have significant contributions to the 
response, and as such, time-history or modal combination analyses which include multiple 
modes should be utilized rather than SDF analyses to determine the most accurate DRFs 
for the systems. 
In addition, no past dynamic analyses of SSB MBJS have included the material 
behavior of the sliding bearings and sliding springs. These components typically exhibit 
rate-dependent nonlinear hysteretic response, with stiffness that varies depending on how 
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much the components are compressed during joint assembly and how quickly they are 
loaded (strain rate effects). The stiffness and rate-dependency of these components 
contribute to the overall stiffness of the system and thus the dynamic response; accordingly, 
the behavior of these components should be included for most accurate prediction of the 
DRFs. More sophisticated analyses of MBJS, including the nonlinear material behavior of 
the polymeric components, were conducted by McCarthy et al. (2014) using the OpenSees 
platform (Mazzoni et al. 2007); however, these analyses were conducted to assess the 
expansion behavior of the system as subjected to seismic demands and therefore did not 
consider the effects of vehicular loading. The nonlinear rate-dependent behavior of these 
components makes the use of modal combination analysis difficult, as the mode shapes 
depend on the stiffness of the system, which changes depending on the level and speed of 
loading applied to the components. As such, time-history analyses provide the best method 
for determining the DRFs. 
Most of the past dynamic analyses were performed as part of a field study of a 
particular MBJS, and as such have focused on the analysis of that single joint. While the 
determination of the DRFs is useful for that particular joint, the results cannot be extended 
to other joints because the DRFs vary from system to system depending on the joint type, 
construction, size, materials, and the loading duration. To determine the DRFs for MSB 
systems as a function of system size and loading duration, Steenbergen (2004) conducted 
time-history analyses of many different MSB MBJS. The analysis models consisted of a 
flexible CB supported on three spring-dashpot supports, meant to include aspects of the 
rate-dependency and hysteresis of the polymeric components. This model was solved for 
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different size joints, and the results were presented as plots of the DAFs vs. the various 
parameters governing the size of the system, e.g. the number of CBs. The resulting DAFs 
ranged from 1.1 to 1.7, and generally increased with both vehicle velocity and the number 
of CBs modeled. However, the concentration of the study was on MSB MBJS, and no SSB 
MBJS were analyzed. As such, the determination of DRFs as a function of joint size 
remains to be completed for SSB MBJS so that the fatigue stress ranges may be properly 
determined and used during the fatigue design of the system. 
1.4 Fatigue Resistance of MBJS 
A major contributing factor to past fatigue cracking in MBJS was a lack of rigorous 
design guidelines, when MBJS were designed by manufacturers following in-house 
procedures that were often driven by the motivation for lowering costs rather than 
increasing quality and durability (Van Lund 1993). The first comprehensive study 
assessing the fatigue resistance of MBJS and aiming to establish design guidelines for these 
systems was conducted by Dexter et al. (1997) under NCHRP Project 12-40, which was 
reported in NCHRP Report 402. A total of 17 full size specimens were tested, comprising 
11 MSB MBJS and 6 SSB MBJS. However, only limited test results were presented for 
the SSB systems, where many of the relevant details related to test setup, specimen 
installation, test procedure, and the observed fatigue cracking were not reported. 
Additionally, fatigue tests for both MSB and SSB MBJS were conducted in the finite life 
regime rather than the infinite life regime. Given the large number of stress cycles 
experienced by these systems in service, infinite life fatigue design of MBJS, i.e. no in-
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service fatigue cracking of the system, is appropriate for the most effective life cycle cost 
of the system. 
Specifications for evaluation and design of MBJS were recommended in NCHRP 
Report 402, which were adopted in Appendix A19 and Section 14 of the AASHTO LRFD 
Bridge Construction Specifications (LRFD BCS - currently third edition - 2010) and the 
AASHTO LRFD Bridge Design Specifications (LRFD BDS - currently seventh edition - 
2014), respectively. Based on the limited test data for the SSB MBJS, the fatigue resistance 
of bolted CB-SB stirrup connections in SSB MBJS was defined as AASHTO Category D. 
In addition, the fatigue resistance of welded CB-SB connections in MSB MBJS was 
defined as Category C. 
Due to the lesser specified fatigue resistance of bolted connections within SSB 
MBJS, MSB MBJS are more common in the United States. In-service performance of SSB 
MBJS with bolted CB-SB stirrup connections in other countries, however, suggests that 
they can successfully provide infinite life and greater fatigue resistance. Although NCHRP 
Project 12-40 (Dexter et al. 1997) suggested that at higher stress ranges the fatigue 
resistance of bolted CB-SB connections could be classified as AASHTO Category D, the 
study also demonstrated difficulty in obtaining fatigue cracking in the connections at stress 
ranges of about 10 ksi (69 MPa), implying a constant amplitude fatigue threshold (CAFT) 
of this detail greater than that of Category D, i.e. 7 ksi (48 MPa). It is also unclear whether 
the bolts within the CB-SB connections tested in the study were adequately pretensioned, 
which could significantly affect the fatigue performance of the connections. It is believed 
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that the fatigue resistance of an adequately pretensioned bolted CB-SB connection could 
be classified as AASHTO Category B. 
1.5 Motivation for Research 
Given the trends in modern bridge engineering to (1) build longer spans and (2) to 
reduce the number of expansion joints in a bridge therefore limiting the number of locations 
of possible water ingress and subsequent corrosion to bridge elements near the joint, joints 
with large movement capacity (such as MBJS) are likely to see increased use in the future. 
Single Support Bar MBJS in particular are the only type of water-tight expansion joint for 
required joint movements exceeding 27 in (686 mm). As such, understanding their dynamic 
behavior and addressing their past fatigue durability issues is important for the future 
success of long span bridges using these systems. 
As is evident, no previous analytical studies have specifically highlighted the 
dynamic characteristics of bolted SSB MBJS, particularly typical DRFs, and their variation 
with different sizes, shapes, and arrangements of components within the MBJS. Dynamic 
Amplification Factors for bolted SSB MBJS of common size are expected to range between 
1.2 and 1.5 based on the available field data. As discussed earlier, the DRFs dictate the 
stress range experienced by the various connection details, and as such, assessment of the 
DRFs of the MBJS is necessary for fatigue design of the joint system. 
In addition, limited information is available in the public domain regarding the 
fatigue resistance of bolted CB-SB connections in SSB systems, and there are doubts about 
the existing research as previously discussed. In-service performance of these connections 
in other countries suggests that this variation of the connection can be successfully used 
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for infinite life fatigue performance. Moreover, if adequately designed and installed as slip-
critical (with adequate bolt pretension), the bolted connections are expected to provide 
higher fatigue resistance (Category B) than the welded connections used in MSB systems 
(Category C) or welded SSB systems (Category C or D). This is supported by the wealth 
of available fatigue test data on pretensioned bolted connections (see Figure 5.46 of Kulak 
et al. 1987). 
1.6 Research Objectives and Scope 
Based on the issues discussed previously with respect to infinite life fatigue 
performance of SSB systems, including their dynamic characteristics, the objectives for the 
dissertation were: 
1. to establish the CAFT of various critical details within a bolted SSB MBJS 
with primary focus on the bolted CB-SB connection detail, which was 
expected to be Category B 
2. to investigate the dynamic response characteristics of SSB MBJS using time 
history analyses and determine the DRFs of these systems as a function of 
joint size and service conditions 
3. to develop design guidelines and testing protocols for bolted SSB MBJS 
based on the experimental and analytical studies 
1.7 Research Approach 
The objectives of the dissertation were pursued by systematically conducting 
experimental and analytical studies. Fatigue resistances of several MBJS details, including 
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the CB-SB bolted stirrup connection, the CB field splice, and the NRP attachments were 
evaluated by full-scale testing. Three-dimensional Finite Element Analyses (FEAs) of the 
SSB MBJS tested during the experimental studies and of a SSB MBJS field-tested by 
Dexter et al. (1997) were performed to investigate the static and dynamic responses of SSB 
MBJS. These analyses also included the nonlinear behaviors of the polymeric components 
within the tested SSB MBJS, which were characterized through examination and analysis 
of available test data for these components. Parametric dynamic time-history finite element 
analyses were also conducted to determine the DRFs for SSB MBJS as a function of the 
joint size and load duration. Using the results of the analytical and experimental studies, 
changes to the AASHTO LRFD Bridge Design and Construction Specifications were 
proposed. 
1.8 Outline of Dissertation 
This dissertation consists of seven chapters. The first chapter comprises the 
foundation of this research and contains the background, motivation, and objectives for 
this study. 
The second chapter discusses the experimental studies to determine the infinite life 
fatigue performance of typical fatigue critical details within SSB MBJS. Results of static 
and fatigue tests are presented along with recommendations for future experimental testing. 
Postmortem studies conducted as part of the experimental program are also discussed. 
Assessment of constitutive material models for the polymeric components typically 
found within SSB MBJS is conducted in the third chapter. Test data from various sources 
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is reviewed, and the basic material behaviors are established. Time-dependent hyperelastic 
modeling procedures are discussed and applied to the polymeric springs and bearings. 
The fourth chapter discusses analytical modeling of the fatigue-tested SSB MBJS 
subjected to static loading. In addition, localized analyses of the bolted CB-SB connection 
are conducted, considering the preloads developed during the assembly process, and the 
results are presented in terms of the fatigue resistance of the connections. Comparisons to 
the experimental results are provided and discussed, and suggestions for modeling SSB 
MBJS are provided. 
Chapter five discusses the dynamic modeling of a previously field-tested SSB 
MBJS. Loading models for wheel impact on the CBs within the joint are established. Three 
different types of analysis models were considered which used different levels of 
complexity. Results of the analyses are compared to the field testing results to verify the 
accuracy of the analyses, and to determine which type of model would be best utilized for 
the proposed parametric studies. In addition, recommendations are made regarding the 
dynamic analysis of SSB MBJS. 
Based on the results of chapter five, a parametric modeling procedure for SSB 
MBJS subjected to dynamic loading is established in the sixth chapter. This procedure is 
used to establish the DRFs for SSB MBJS based on the dimensions of the system and the 
service conditions. 
The final chapter presents the overall conclusions of the research study, summarizes 
all proposed changes to the LRFD BCS and LRFD BDS based on the experimental and 
analytical studies, and provides recommendations for future areas of work. 
 22 
 
Figure 1-1 Single support bar modular bridge expansion joint system. 
 
Figure 1-2 Multiple support bar modular bridge expansion joint system 
(CBs cut away for clarity).  
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Figure 1-3 Bolted CB-SB stirrup connection in SSB system 
 
Figure 1-4 Limited number of SBs for large MSB systems  
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Figure 1-5 Example of large single support bar modular joint system 
(courtesy of magebaUSA) 
 
Figure 1-6 Fatigue critical details within single support bar MBJS: (a) 
NRP attachment, (b) CB welds, (c) CB-SB connection, and (d) ED-CB 
connection  
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Figure 1-7 Time history data for MBJS (taken from Hoffman 2013) 
showing each axle impact 
 
Figure 1-8 Dynamic amplification of MBJS  
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Figure 1-9 Dynamic response of single degree-of-freedom system 
subjected to trapezoidal pulse loading 
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2. EXPERIMENTAL STUDIES OF SINGLE SUPPORT BAR MODULAR 
BRIDGE EXPANSION JOINT SYSTEMS 
2.1 Overview 
Experimental studies of full-scale SSB MBJS assemblies are discussed in this 
chapter. As discussed in the previous chapter, the CAFT of the bolted CB-SB stirrup 
connection was believed to be the same as AASHTO Category B, or 16 ksi (110 MPa), if 
the connections were designed as slip-critical and the bolts were properly pretensioned. 
Accordingly, the objective of the experimental studies was to investigate the infinite life 
fatigue performance and establish the CAFT of the bolted CB-SB stirrup connection. In 
accomplishing this objective, the studies also (1) investigated the structural behavior of 
SSB systems, (2) verified the fatigue categories of other connection details within the 
specimen having details already listed in (or similar to) Table 6.6.1.2.3-1 of the AASHTO 
LRFD Bridge Design Specifications (LRFD BDS), and (3) investigated the change in 
structural behavior of the system when the polymeric components in the CB-SB connection 
are precompressed to a greater extent or altogether replaced with steel discs. 
The experimental studies included static and fatigue tests of full-scale SSB MBJS 
assemblies. All tests were conducted in accordance with the MBJS testing specifications, 
Appendix A19 of the AASHTO LRFD Bridge Construction Specifications (LRFD BCS), 
where deemed appropriate for the SSB system type. Any deviations from LRFD BCS 
Appendix A19 are presented and discussed in detail. Additional tests were completed on 
the CB-SB connection bolts both within the specimen and independent from the specimen 
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to determine their optimal level of pretension and their behavior under static and fatigue 
test loads. 
Descriptions of the specimens, test setup, instrumentation, and test procedures are 
presented first, followed by presentation and discussion of results. 
2.2 Specimen Description 
2.2.1 Overall Specimen Design 
Each specimen tested in the study consisted of three equally-spaced CBs over three 
equally-spaced SBs. Plan and elevation views of a specimen are presented in Figure 2-1 
and Figure 2-2, respectively. The CBs and SBs were spaced at 6 in. (150 mm) and 54 in. 
(1370 mm) center-to-center, respectively. At each end, the SBs were supported on a 
pedestal which represented an embedded support box in a MBJS field installation as 
discussed later. The SBs spanned 40 in. (1016 mm) between support points. The inclination 
of the specimens at 11.3° is discussed in section 2.3.2. 
Each specimen was identified as “CB” followed by an Arabic numeral, e.g. CB1, 
CB2, etc. To facilitate discussion of changes made to the specimens as the test program 
progressed, the specimens were grouped into phases. Phase 1 specimens included CB1 and 
CB2, Phase 2 specimens included CB3 through CB10, and Phase 3 specimens included 
CB11 through CB18. The specimens CB5, CB7, CB9, and CB10 were not fatigue-tested 
as discussed in section 2.7.1. 
Each specimen included the following fatigue-critical metal components, 
attachments, and connections as described in the following sections: (1) bolted CB-SB 
stirrup connections at the interior CB; (2) ED-CB connections at the interior CB; (3) NRP-
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CB bolted connections at the interior CB; (4) flange-to-web welded connections in the 
interior CB; (5) CP-to-web welded connections in the interior CB; (6) flange-to-web 
welded connections in the SBs; and (7) simulated welded field splices. The bolted CB-SB 
stirrup connections were the primary focus of the experimental studies, with the remaining 
details considered as secondary components. 
The size and arrangement of the specimens was determined by the SSB MBJS 
manufacturer so that the stress ranges at the fatigue critical details were approximately 
equal to the CAFT of the detail. For example, the specimens were sized so that the CB-SB 
stirrup connection, NRP-CB connections, ED-CB connections, and CB flange-to-web 
welds experienced a stress range of approximately 16 ksi (110 MPa), the CAFT of 
AASHTO Category B, under the loading arrangement used for the testing. As such, all of 
these details could be simultaneously tested for Category B infinite life within the same 
specimen. 
2.2.2 Details of CBs and SBs 
Details of the CBs and SBs are shown in Figure 2-3 and Figure 2-4, respectively. 
The CBs and SBs were built-up I-sections fabricated from ASTM A709 Grade 50F steel. 
The manufacturer of the tested systems typically used rolled shapes for the CBs and SBs; 
however, these shapes were not available in the United States and built-up sections were 
used instead. The flange-to-web connections in the CBs and SBs were partial joint 
penetration (PJP) groove welds fabricated using an automated submerged arc welding 
(SAW) process, with the CB flange-to-web welds being specified as close as possible to 
full penetration. Specifying PJP welds with close to full penetration reduced the chances 
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of fatigue cracking from the weld root while avoiding the high costs of producing and 
testing a complete joint penetration (CJP) weld; CJP welds are required to be evaluated by 
non-destructive methods as per AASHTO/AWS D1.5, the bridge welding code, whereas 
PJP welds are not. The CBs were provided with a pair of CPs under the top flange for 
mounting of the elastomeric strip seals between CBs. These plates had a raised lip on the 
free edge, which was cold-formed before welding to the CB. In a field installation, the seal 
would be inserted into the small gap between the top flange and the CP and retained by the 
raised lip. Seals were not installed in the tested specimens to allow for easy inspection of 
all metal components which were the focus of the testing. The CPs were fabricated from 
ASTM A36 Grade 36 steel and were welded to opposite faces of the CB web using a PJP 
groove weld which was deposited from the underside only due to lack of access from 
above. The same procedure was followed for the typical rolled CB sections, i.e. the CPs 
were not rolled as part of the shape and were later welded to the CBs. As such, the only 
major difference between the CBs used in the experimental study (built-up sections) and 
those typically used in service (rolled sections) was the flange-to-web welded connections. 
Two simulated field splices were included in each of the Phase 1 and 2 CBs. The 
simulated field splices are schematically shown in Figure 2-5. Each of these splices, in the 
order of fabrication, was comprised of a full depth CJP butt splice of the CBs, two 
longitudinal welds between the CP and the CB, and four transverse splices of the CP (two 
for each plate on each side of the CB, at 6 in. [150 mm] on either side of the CB splice). In 
each specimen, one of the CB butt splices was made by a thermite welding process 
(Lonsdale 1999), and the other splice was made by a proprietary electroslag welding 
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(ESW) process, called the Secheron process. The CP-CB welds were PJP groove welds 
deposited from the underside only. The CP transverse splices were fillet welded from the 
underside of the plates, resulting in partial fusion. 
The top and side surfaces of the SB flanges were covered with a 1/16 in. (1.6 mm) 
thick AISI Type 316 stainless steel slider plate. The plates were bent to fit over the flanges 
and attached to the SB by a longitudinal 3/32 in. (2.4 mm) fillet weld on one flange and 
5/32 
in. (4 mm) diameter blind rivets spaced at 10 in. (254 mm) increments along the SB on the 
other flange. The SBs were arranged in the specimens such that the welded slider plates 
were on top, and the riveted slider plates were on bottom. 
2.2.3 Details of CB-SB Connections 
The bolted CB-SB connection (shown in detail in Figure 2-6) included a polymeric 
sliding bearing between the CB and SB and an elastomeric sliding spring under the SB, 
which were pre-compressed using a steel stirrup (or yoke) around the SB and fastened to 
the CB bottom flange by four 1/2 in. (12 mm) diameter ASTM A325 galvanized bolts. A 
stirrup cover plate (SCP) between the CB and sliding bearing was used to keep the bearing 
in position. 
The stirrups were built-up from ASTM A709 Grade 50T steel plates of 3/4 in. (19 
mm) thickness, welded together by a manual Flux Core Arc Welding (FCAW) process. All 
stirrup welds were PJP groove welds. A 3/4 in. (19 mm) diameter stud was provided on the 
inside of the stirrup bottom plate to keep the sliding spring in position. This retainer stud 
was placed into a hole and fillet-welded to the plate from beneath the stirrup. 
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The SCPs were 103/4 in. (273 mm) long, 3
1/2 in. (89 mm) wide, and conformed to 
ASTM A36 Grade 36 steel. Due to fatigue fracture of the plates and other practical 
considerations, the SCP underwent two design changes during the study. The original SCP, 
shown in Figure 2-7(a) and used for Phase 1 specimens, was 3/8 in. (9 mm) thick and 
contained a 3/4 in. (19 mm) diameter stud for retaining the sliding bearing in position. This 
stud was placed in a hole in the center of the plate and fillet-welded from one side. Due to 
fatigue cracking the SCP was then refurbished for the Phase 2 specimens as shown in 
Figure 2-7(b). The plate was increased to 1/2 in. (12 mm) thick and a PJP weld deposited 
from both sides was employed for the stud-to-plate connection, with reinforcement ground 
smooth to facilitate even contact between all contact surfaces. In practice however, it was 
difficult to achieve a uniform seating for the sliding bearing on the slightly uneven surface 
(caused by the welding and subsequent grinding of the weld reinforcement). Therefore, as 
a design enhancement for Phase 3 specimens the stud was eliminated and a 3 in. (76 mm) 
diameter by 1/8 in. (3.2 mm) depth recess was machined into the SCP to retain the sliding 
bearing with uniform contact (shown in Figure 2-7[c]). 
A schematic of the sliding bearing is shown in Figure 2-8(a). The sliding bearings 
were discs of 3 in. (78 mm) diameter by 3/4 in. (9 mm) thickness made from Nylatron GSM 
(also known as polyamide 6 or PA6), a thermoplastic impregnated with molybdenum 
sulfide lubricant. For Phases 1 and 2, one surface of the sliding bearing contained a 
cylindrical indentation of 13/16 in. (20.5 mm) diameter by 
1/4 in. (5 mm) depth to 
accommodate the protruding stud of the SCP. Following the refurbishment of the SCP 
previously discussed, this indentation was eliminated for Phase 3 specimens, and the 
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thickness was increased by 1/8 in. (3.2 mm) to account for the depth of the recess in the 
enhanced SCP. 
The sliding springs were made of steel-reinforced natural rubber having overall 
cylindrical shape of 3 in. (78 mm) diameter by 2 3/32 in. (53 mm) height. The sides of the 
sliding spring had semicircular indentations running circumferentially to promote heat 
dissipation, as shown in Figure 2-8(b). The top surface contacting the SB had a thin layer 
of ultra-high molecular weight polyethylene (UHMWPE) to promote easy sliding between 
the surfaces. The bottom surface was left bare, and contained a cylindrical indentation of 
13/16 in. (20.5 mm) diameter by 
1/4 in. (5 mm) for the retainer stud within the stirrup. 
The bolted CB-SB connection assembly was designed such that the total internal 
height of the stirrup was less than the combined height of the sliding spring, SB, and sliding 
bearing. This resulted in a gap between the stirrup and the CB at the onset of connection 
assembly when the stirrup was placed around the SB along with the sliding spring and the 
sliding bearing. The connection assembly was completed by tightening the bolts to a 
specified pretension that closed this initial precompression gap. Consequently, self-
equilibrating forces developed within the CB, the SB, the sliding spring, the sliding 
bearing, and the stirrup. The polymeric components used in the test program demonstrated 
a non-linear response, stiffening with the further application of load or deformation; in 
other words, the tangent stiffness of each component increased with higher deformations. 
The behavior of these components is explored in detail in Chapter 3. As such, the effective 
stiffness of the assembled connection was larger when more precompression (a larger 
precompression gap) was used, as the deformation (and subsequently the stiffness) of the 
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polymeric components was greater with larger precompression gap. The precompression 
gap was controlled by providing steel shim discs between the sliding spring and the stirrup. 
For Phase 1, a precompression gap of 0.18 in. (4.5 mm) was employed for 
assembling the CB-SB connections. This gap is typically used in field installations. As 
such, the dimensions of the SB, sliding bearing, sliding spring, and stirrup were designed 
such that no steel shim discs were required for this level of precompression. Initial test 
results revealed that the sliding bearings were decompressing, i.e. losing preload, during 
reversal loading under this level of precompression, which caused significant nonlinearity 
in the measured displacements and stresses (see section 2.8.8). The typical load range 
applied for the laboratory tests, 60 kip (267 kN), was more than twice the Fatigue I limit 
state design load range including impact of 25 kip (111 kN), and it was believed that the 
decompression of the sliding bearing would not occur under service loads. Accordingly, 
the precompression gap used for the assembly of the CB-SB connections in Phases 2 and 
3 was increased to 0.35 in. (9 mm) to avoid decompression of the sliding bearing and reduce 
the nonlinearities in the test results. 
2.2.4 Details of Equidistant Devices 
Two equidistant devices (EDs) were provided in the specimens, centered at 36 in. 
from the center SB along the CBs. Each ED, shown in Figure 2-9, consisted of a built-up 
assemblage of plates bolted to the bottom flange of the interior CB and two elastomeric 
control springs mounted between this attachment and retainer plates bolted to the bottom 
flange of the exterior CBs. By design, the control springs were installed under initial shear 
in the specimen. In an in-service joint, this shear force within the control springs would 
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maintain equal distance between the CBs. In the specimen, the distance between CBs was 
maintained by steel discs, discussed in section 2.3.1. The steel plates for the ED conformed 
to ASTM A709 Grade 50F, and connections between the plates in the central assemblage 
were made using PJP groove welds welded by manual FCAW process.  
The control springs were made of natural rubber, and were cylindrical in shape, 
having a total height of 33/16 in. (81 mm), top diameter of 3
3/16 in. (81 mm), and bottom 
diameter of 31/16 in (78 mm). Each end of the control spring had an embedded steel plate 
with a 5/8 in. (16 mm) diameter threaded hole for attachment to the central and retainer 
plates. 
For Phase 1 and specimens CB3 and CB4, the faying surfaces of the CB-to-ED 
connections were uncoated. Upon discovery of fatigue cracks originating from the bolt 
holes in the CB in this connection in specimen CB3, a high friction inorganic zinc coating 
(Sherwin Williams zinc clad II ethyl silicate) was applied to the faying surfaces for the 
remaining Phase 2 specimens (CB5 onwards) and all Phase 3 specimens. 
2.2.5 Details of Noise Reduction Plate Attachments 
Each tested CB also contained two noise reduction plates (NRPs) as shown in 
Figure 2-10. The NRPs were sinusoidally shaped and die-forged from EN10025 S355 
J2+N steel (equivalent to ASTM A572 Gr. 50). The NRPs were bolted to the top of the 
interior CB using four 1/2 in. (12 mm) diameter bolts conforming to EN14399 (equivalent 
to ASTM A325) in counterbored holes in the NRPs and drilled and tapped holes in the CB. 
High friction coating was applied to the faying surfaces of the CB-NRP connection. 
Following fatigue testing of all specimens, a fatigue crack was discovered in one of the 
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NRPs as discussed in section 2.10.5. A revised version of the plate with larger section area 
near the counterbored holes was installed in CB17 and statically tested to demonstrate a 
reduction in stress over the net section (discussed in section 2.5.5). 
2.2.6 Details of SB End Supports 
The ends of the SBs were supported by built-up steel pedestals which were fixed to 
the test frame. The SB-pedestal connection was made using a connection similar to that of 
the CB-SB connection, albeit upside down. A 1 in. (25 mm) thick steel stirrup was used to 
compress the sliding bearing and sliding spring. The precompression used at the pedestals 
in each specimen was the same as used for the CB-SB connections in that specimen. Steel 
half-rounds were placed in contact with the ends of the SBs at the mid-depth of the section 
(shown in Figure 2-2) to avoid sliding of the SBs along their axes. 
The pedestal stirrup connection was meant to emulate an embedded support box in 
a MBJS field installation. In the field, the support box is assembled with the SB mounted 
between a precompressed sliding bearing and sliding spring, and then embedded in the 
deck concrete on either side of the joint. The increased thickness of the stirrups, 1 in. (25 
mm), was meant to represent the large stiffness of the embedded support box. 
2.2.7 Fabrication and Assembly Details 
The specimens were designed by the joint manufacturer. Phase 1 and 2 specimens 
were fabricated at Thompson Metal Fabrication, Inc. in Vancouver, Washington. Phase 3 
specimens were fabricated at Haberle Steel in Souderton, Pennsylvania. 
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The specimens arrived at the laboratory disassembled, and were assembled by 
manufacturer personnel with assistance from Lehigh personnel as required. All bolts within 
each specimen were tightened using a calibrated torque wrench. For Phase 1 specimens, 
the bolts at the CB-SB and CB-ED connections were tightened to 60 ft-lb (82 N-m). As 
subsequently determined by further bolt testing (discussed in sections 2.9.1 and 2.9.2), the 
torque for these bolts in the Phase 2 and 3 specimens was increased to 90 ft-lb (122 N-m). 
In addition to the use of a torque wrench, turn-of-the-nut measurements and direct tension 
indicators (DTIs) were used to ensure the specified level of pretension was achieved. 
2.3 Test Setup 
2.3.1 Test Fixtures and Arrangement 
The test fixture is shown schematically in Figure 2-11. Two independent setups 
were prepared within the test fixture for simultaneous testing of two MBJS assemblies. The 
assemblies were placed on an elevated test bed that was designed for easy underside 
inspection of the specimens during testing. 
The test fixture was comprised of a steel frame above the specimens to provide a 
mounting point for the actuators above the specimens, and a steel frame supporting the 
specimens from below. Two actuators, one for each specimen within the test fixture, were 
fixed to the bottom flange of the loading beam, which was supported by two inverted L-
shaped frames which were mounted to the laboratory strong-wall on one side and the 
laboratory strong-floor at the bottom. The specimen pedestals were mounted to two pairs 
of wide-flange sections, which were supported by columns fixed to the laboratory floor. 
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In each test setup, the load was applied to the specimens using a hydraulic actuator, 
a spreader beam that applied load at the center of both spans of the interior CB, and a load 
pad fixture mounted to the CB at each load location. The load pad fixture (Figure 2-12) 
was designed to transfer downward and upward forces to the CB so that the tests could be 
conducted in reversal. Each load pad fixture consisted of a hinge mechanism, an upper load 
pad, a lower load pad, and six anchor rods. The rods extended from the top load pad through 
the gaps between the CBs and were tightened to the lower load pad. Each load pad was 10 
in. (250 mm) long and covered the entire flange width. Cotton-duck bearing pads were 
provided between the load pads and CB to avoid the chances of fretting fatigue in the CB. 
2.3.2 Specimen Arrangement within Test Fixture 
Load was applied to the specimens at the midspan of each of the CB spans. Only 
the interior CB of each assembly was loaded during testing. It should be noted that the 
NRP-CB and ED-CB connections were tested only as attachments to the CB. The NRP and 
its connection were not subjected to the most critical service loading as expected for wheel 
loads impacting and passing directly over these components, and it is suggested that this 
detail be tested in the future under the most critical loading. 
The specimens were inclined by 11.3° within the text fixture and the actuators kept 
vertical following the guidelines of LRFD BCS Appendix A19 so that the horizontal load 
applied to the CBs with respect to the plane of the specimen was equal to 20% of the 
vertical load. This type of specimen setup was introduced by Dexter et al. (1997) and has 
since been used by other researchers (Chaalal et al. 2006). An inclination of 20% is based 
on field studies by Dexter et al. (1997) which demonstrated that MBJS were typically 
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subjected to horizontal load by crossing vehicles equivalent to approximately 20% of the 
vertical load. This inclination of the specimen was accomplished by providing pedestals of 
differing heights on each side of the specimen. The downward sloping side of the specimen 
was on the south side of the specimen, and the upward sloping side was on the north side. 
These terms are used throughout the chapter in discussions relating to the response of the 
CB and are introduced here for clarity. 
At each SB, the bottom flanges of the CBs were restrained against lateral movement 
(sliding along the SB) by cylindrical shims as shown in Figure 2-2. A cylindrical shim was 
placed between the interior CB and each exterior CB, and steel half rounds connected to 
threaded rods were placed against the bottom flanges of the exterior CBs. The threaded 
rods were connected to the specimen pedestals, and contained nuts to adjust the tightness 
of the shims against the specimen. For Phase 1 and 2 specimens, these shims were tightened 
arbitrarily. This resulted in differing lateral displacements at the top flange of the CB as 
discussed in section 2.8.4. To standardize the response, all horizontal shims were placed 
and tightened snug-tight for the Phase 3 specimens. 
Appendix A19 in the LRFD BCS suggested also blocking the top flanges of the 
CBs from lateral motion, however, the rationale for this was not provided. While field-
tested SSB systems behaved rigidly in the horizontal direction in an overall sense, the 
eccentricity of the horizontal loading (applied at the top flange of the CB) dictates that the 
top flange of the CB translates relative to the bottom flange, causing a rotation of the 
connection. In other words, a force couple would be formed by (1) the resultant of the 
vehicle load applied near the top flange of the CB, and (2) the reaction provided nearer to 
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the bottom flange of the CB. This rotational motion of the CB and the CB-SB connection 
is easily accommodated by uneven compression of the sliding bearing and shearing of the 
sliding spring. It is unclear if this behavior was observed in the field, but the loading and 
reactions on the CB dictate that this type of motion should occur. As such, the top flange 
of the interior CB was left unsupported to allow rotation of the connection. If the top flange 
is restrained at these points, the distribution of stresses near the bolted connection detail 
may be different than the expected field response, altering the fatigue test results. 
2.3.3 Testing Equipment 
One Hannon 5110 hydraulic actuator with maximum load rating of 110 kip (490 
kN) was used for each specimen. The actuators were double-acting fatigue rated and had a 
total stroke of 10 in. (250 mm), measured by an internal LVDT (linear variable differential 
transformer). The inline load cells were Lebow 3129-112 load cells with a maximum load 
rating of 150 kip (668 kN) and were designed specifically for fatigue loading. Each actuator 
was fitted with a Vickers SM-440 valve, which regulated the flow of hydraulic oil in and 
out of the actuator. To regulate hydraulic flow between the pump and actuators, two 
hydraulic service manifolds (HSM) were used. Each actuator had its own HSM for 
independent operation. The actuators were controlled by a MTS Flextest 100 digital 
controller. Both actuators were operated in load control. Additionally, the controller was 
programmed such that the weight of the load fixture was removed from the live load 
feedback. 
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2.4 Instrumentation 
2.4.1 CB Instrumentation 
Each interior CB was instrumented with a number of uniaxial strain gauges oriented 
along the CB axis as shown in Figure 2-13. The number and location of gauges installed 
on each CB varied throughout the test program as discussed in this section. The strain 
gauges were generally placed at cross-sectional slices of the CB denoted S0, S4, S6, S12, 
S18, and S48, located 0 in., 41/4 in. (108 mm), 6 in. (150 mm), 12 in. (300 mm), 18 in. (460 
mm) and 48 in. (1220 mm), respectively, from the interior CB-SB connection on both the 
east and west sides of the CB. For later discussion of test results, the gauges were organized 
into paths which ran longitudinally along the CB at a fixed location within the cross section. 
For example, the gauges in each section (S6, S12, S18, etc.) mounted near to the south edge 
of the top flange were referred to as being on the top flange south or TF-S path. Other paths 
included the top flange north or TF-N path, the bottom flange south or BF-S path, and the 
bottom flange north or BF-N path. Each gauge was given a unique identifier conforming 
to XX-XX-XX, where the first part was whether the gauge was installed on the top flange 
(TF) or bottom flange (BF), the second part was the location of the gauge in reference to 
the compass directions (N, S, NW, NE, SW, SE), and the third part was the section on 
which the gauge was installed (S0, S4, S6, S12, S18, S48). 
The interior CBs for Phase 1 specimens were each instrumented with 30 uniaxial 
strain gauges. For all sections except S0, S4, and S18, four strain gauges were placed at 
each section, two at the top flange and two at the bottom flange, each at 3/4 in. (19 mm) 
from the flange edge. At S18, only one strain gauge was provided at each flange, in the 
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locations of summative biaxial bending stresses (TF-NW-S18, TF-NE-S18, BF-SW-18, 
and BF-SE-S18). Two strain gauges were also provided on the top flange of the CB at the 
centerline of the interior CB-SB connection, section S0. For CB3 and CB4 specimens 
within Phase 2, the instrumentation was similar, except the S48 gauges were not provided. 
For the remaining phase 2 specimens and all phase 3 specimens except for CB17, two 
additional strain gauges to those provided for CB3 and CB4 were installed at the S18 
sections, like the S6 and S12 sections. No gauges were provided at S4 in any of these 
specimens. 
Specimen CB17 was more elaborately instrumented. At S0, S4, and S6, back-to-
back pairs of uniaxial gauges oriented in the vertical direction were installed on the CB 
web located at 3/4 in. (19 mm) above the top surface of the bottom flange to capture out-of-
plane bending in the web. At the S4 sections, two longitudinally-oriented uniaxial gauges 
were installed at the mid-thickness of the outer edge of the CB flanges near the CB-SB 
connection bolt holes, to detect any localized increase in stresses due to the CB-SB 
connection bolt holes. At section S0, two uniaxial gauges were placed on the top surface 
of the bottom flange, oriented longitudinally. Uniaxial gauges were also provided on the 
CBs near the NRP connections (see Figure 2-14) and on the edges of the SCP within the 
CB-SB connection (see Figure 2-15), to measure the stresses near and within these 
components, respectively. 
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2.4.2 Other Instrumentation 
Prior to the fatigue testing of CB3, the four CB-SB connection bolts were 
instrumented with uniaxial strain gauges and installed in the specimen to measure the bolt 
strain during connection assembly, static test loading, and fatigue test loading. 
Two strain gauges were installed on the top surface of the bottom flange of the SB 
at the CB-SB connection for all specimens. The gauges (Figure 2-16) were placed 3/4 in. 
(19 mm) from the outer edge of the flange. 
After completing fatigue testing of CB17 and CB18, a revised NRP design was 
investigated after cracking was discovered in a NRP for CB11. Spare original and revised 
NRPs were instrumented with uniaxial strain gauges near the cracking location as shown 
in Figure 2-17. The gauges were applied so that their axes were longitudinally aligned with 
the CB. 
During static tests, a LVDT was provided under each loading pad, to measure the 
true vertical displacement under the load point, i.e. vertical with respect to gravity, not 
perpendicular to the plane of the specimen. An additional LVDT was installed during the 
static tests to measure the lateral displacement of the CB top flange above the interior CB-
SB connection. 
2.4.3 Sensor Details 
The sensors installed on the CBs and SBs were Vishay Micro Measurements LWK-
06-W250B-350 uniaxial weldable strain gauges having 350Ω resistance and ¼ in (6 mm) 
gauge length. The sensors installed on the CB17 SCP and the NRPs were Texas 
Measurements FLA-1-11-002LE uniaxial bondable gauges having 120Ω resistance and 
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0.04 in. (1 mm) gauge length. The sensors used in instrumenting the bolts were Texas 
Measurements BTM-1C uniaxial bondable bolt strain gauges having 120Ω resistance and 
0.04 in. (1 mm) gauge length. These gauges were installed in a 0.06 in. (1.6 mm) diameter 
by 1 in. (25 mm) depth hole drilled in the center of each bolt head. After the gauge was 
placed in the hole, the hole was filled with a bonding adhesive and cured. The LVDTs used 
were Macro Sensors DC750-250, having a nominal displacement range of ±¼ in (±6.35 
mm). 
All gauges were installed by ATLSS instrumentation personnel using the 
manufacturer recommended procedures. 
2.4.4 Data Acquisition 
Data was collected using a programmable digital data logger manufactured by 
Campbell Scientific Inc. For static tests, data was sampled at a frequency of 20 Hz and 
averaged over one second (i.e. 20 samples) before being recorded. For the fatigue tests, 
two sets of data were collected. For the first set, the data was collected over a 5-minute 
interval at each inspection at a frequency of 20 Hz for specimens CB1 through CB4 and 50 
Hz for the remaining specimens. The second data set recorded the maximum and minimum 
values at each gauge over the past 15 minutes at 15 minute intervals whenever the test was 
in operation 
2.5 Static Tests 
2.5.1 General Test Procedures 
Prior to fatigue testing, each specimen was tested at a slower loading rate (static 
test) to determine the specimen response and loading parameters for fatigue testing. 
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Intermittent static tests were also performed during fatigue testing, after every million 
cycles or at a significant event such as observation of change in stress, fatigue cracking, or 
end of testing. Each static test was repeated three times to verify repeatability of the gauge 
readings. Static loads were applied through the previously discussed actuator, spreader 
beam, and load pad fixtures. All gauges were zeroed prior to each static test. 
2.5.2 Loading Protocol 
The reversal loading protocol for static testing is shown in Figure 2-18. The reasons 
for choosing reversal loading are discussed in section 2.7. The maximum downward or 
downstroke (DS) load, maximum upward or upstroke (US) load, and average or setpoint 
(SP) load were defined based on the total load range necessary to cause a stress range of 
16 ksi (110 MPa) at the bolt holes of the CB-SB as discussed in the next section. The 
magnitude of the DS load was set at 70% of the load range, the magnitude of the US load 
was set at 30% of the load range, and the midpoint between the DS and US was the SP 
load. Each test consisted of the following steps: (1) 15 second hold at zero load, (2) 
downward load to SP over 5 seconds, (3) 10 second hold at SP load, (4) downward load to 
DS over 10 seconds, (5) 10 second hold at DS load, (6) removal of downward load to SP 
load over 10 seconds, (7) 10 second hold at SP load, (8) removal of downward load and 
addition of upward load to US load over 10 seconds, (9) 10 second hold at US load, (10) 
removal of upward load and addition of downward load to SP load over 10 seconds, (11) 
10 second hold at SP load, (12), removal of load to zero load over 5 seconds, and (13) 15 
second hold at zero load. The total duration of each static test was 130 seconds. 
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2.5.3 Loading Magnitude 
The bolted CB-SB stirrup connection was expected to exhibit a fatigue resistance 
of AASHTO Category B. To investigate the infinite life fatigue performance of this 
connection accordingly, it was planned to test the specimens for a nominal stress range of 
16 ksi (110 MPa) at the bolt locations within the interior CB-SB connection, corresponding 
to the CAFT for AASHTO Category B. 
Appendix A19 of the LRFD BCS suggested that an analytical model be used to 
determine the load required to produce the target stress range at a fatigue critical detail, 
given that the model predictions were within ±25% of the measured static response. 
However, the static test results precluded this option for the following reasons. First, there 
was a significant specimen-to-specimen variation of stress measurements (discussed later) 
which would be difficult to represent using a single analytical model. Second, the range of 
predictions allowed by Appendix A19 of ±25% could cause the fatigue resistance of a 
detail to be erroneously categorized in certain situations. This is discussed in detail in 
Chapter 7 where specification shortcomings are presented. 
To avoid any error in the classification of the CB-SB connection, all tests were 
controlled by the measured stress range at the CB-SB connection. The nominal stress range 
could not be measured directly by placing gauges near the bolt locations, as localized 
increases in stress near the bolt holes may have influenced the measurements. As such, the 
measured stresses at strain gauges on the bottom flange of sections S6 and S18 were 
linearly extrapolated as shown in Figure 2-20 to determine the nominal stress at the bolt, 
which was located on a section 41/4 in. (108 mm) from the center of the CB-SB connection 
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along the CB. The strain gauges at section S12 were not used because the section was near 
the contraflexure point of the CB and the near-zero readings contained a large noise-to-
signal ratio. A linear extrapolation was used, since in theory the nominal stress varied 
linearly along the extrapolation path. The bolt holes on the south side of the connection 
were subjected to a higher stress range than the bolt holes on the north side due to the 
additive effect of the stresses produced by biaxial bending of the CB. Accordingly, the 
southern bolts were the more critical regions, and the southern strain gauges at sections S6 
and S18 were used in the extrapolation. 
To determine the load range required to cause an extrapolated stress range of 16 ksi 
(110 MPa) at the bolt holes, a trial-and-error approach was used. An initial static test was 
conducted and the extrapolated stress range at the bolts was calculated using the 
measurements and the procedure above. A prorated load range was calculated based on the 
extrapolated stress measurements at the bolt holes, and was used for the next static test. 
This process was repeated until the measured stress range was 16 ksi (110 MPa). For 
example, if the initial extrapolated stress range was calculated as 15 ksi (103 MPa) for a 
load range of 60 kip (267 kN), the load range required to cause 16 ksi (110 MPa) would be 
calculated as 60/15 × 16 = 64 kip (285 kN). In all cases, only one adjustment of the load 
range was required due to the generally linear behavior of the specimen. 
2.5.4 Replacement of Polymeric Components with Steel Discs within CB-SB 
Connections 
For specimens CB3 and CB4, the polymeric components within the CB-SB 
connections and SB-pedestal connections were initially replaced with equivalently sized 
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steel discs and statically tested to determine the differences in system response when steel 
discs were employed in the connections. The first attempt to utilize steel discs within the 
connection resulted in a gap of about 3/16 in. (4.5 mm) between the SCP and the stirrup feet 
that could not be fully closed even after the bolts were fully pretensioned. After rapid 
fatigue failure of the bolts occurred during fatigue testing for this first attempt, a second 
attempt was subsequently performed with similar steel discs, but using a smaller 
precompression gap (less than 0.04 in. [1 mm]) that was barely closed when the bolts were 
pretensioned. 
2.5.5 Additional NRP Static Tests 
Following fatigue cracking discovered in a NRP installed in CB11 as discussed in 
later sections, a revised NRP design was statically tested in CB17 to prove that stresses 
near the cracking were reduced by a significant percentage. 
2.6 Testing of CB-SB Connection Bolts 
2.6.1 Establishment of Tightening Torque for Connection Bolts 
Following the testing of the Phase 1 specimens, there was some concern that the 
manufacturer’s recommended tightening torque for the CB-SB connection and ED-CB 
connection bolts of 60 ft-lb (81 N-m) was not sufficient to cause a near yield level of force 
in the bolts. Accordingly, a bolt tightening study was conducted to establish the level of 
torque required to cause a bolt force closer to yield level. 
The tests were conducted using a Skidmore-Wilhelm testing machine, which 
contained two plates though which the bolts were inserted and tightened. A dial gauge in 
the machine measured the force developed between the two plates as the bolt was tightened, 
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which by equilibrium was equivalent to bolt force. Each bolt was tightened using a 
calibrated torque wrench in 10 ft-lb (13.6 N-m) stages to yield, i.e. when the nut could be 
turned without further increasing the measured bolt force. Upon reaching yield, the level 
of torque and bolt force was noted. Upon obtaining results for ten bolts, the applied torque 
and bolt force were averaged to obtain the overall yield force and torque required to cause 
yield. 
Two sets of ten bolts were tested. The first set of bolts was obtained from the 
Fastenal Company. The test results for the first set of bolts indicated that the bolts were 
yielding previous to the projected yield force as per ASTM A325, and could not achieve 
the desired pretension without yielding. Accordingly, a second set of bolts were tested from 
a different supplier, Haydon Bolts, Inc. in Philadelphia, Pennsylvania. The results from the 
second set of bolts showed satisfactory results and were used in the remainder of the test 
program. 
2.6.2 Measurement of Bolt Response within CB-SB Connection 
To investigate the response of the bolts within the CB-SB stirrup connection during 
assembly and under static loading, four bolts at the interior CB-SB connection of CB3 were 
instrumented prior to installation. Four sets of data were collected from the gauged bolts. 
First, bolt strain data were collected during assembly of the connection as each bolt was 
tightened to the specified pretension and for a short period following the assembly. 
Following assembly, bolt data were collected for approximately 100 seconds at 2 hours, 4 
hours, and 20 hours following tightening. Finally, the bolt strain data were collected during 
a static test. 
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2.7 Fatigue Tests 
2.7.1 General Test Procedure 
The specimens were fatigue tested in reversal under constant amplitude sinusoidal 
loading, with 70% of the total load range applied downward (DS), and 30% applied upward 
(US), as shown in Figure 2-19. The reversal loading protocol was recommended in BCS 
Appendix A19 for SSB systems if premature failure of the stirrups occurred under 
unidirectional tensile loading (100% upward). Tensile loading was not attempted for the 
study presented herein, as the reversal loading more accurately represented the in-service 
loading applied to the system, i.e. initial downward loading followed by rebound response. 
Due to the reversal loading more accurately representing the in-service response of the SSB 
systems, it is proposed that reversal testing be the primary method for fatigue testing SSB 
systems in the specifications. 
Cycle counts were kept in three ways for redundancy: (1) count of complete load 
cycles by the actuator controller, (2) a mechanical counter mounted so that downward 
motion of the spreader beam would increase the count, and (3) a rainflow counting 
algorithm (Matsuishi and Endo 1968, Downing and Socie 1982) implemented in the data 
logger. Only very minor differences were noted between the three methods throughout the 
test program. All test results are reported using the controller cycle count. Testing of each 
specimen was terminated at 6 million cycles (as discussed in section 2.7.2) or upon the 
discovery of cracks. 
Fatigue testing was generally continued 24 hours per day and 7 days per week. All 
specimens were fatigue tested at a frequency of 3.5 Hz, except for Phase 1 specimens, 
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which were tested at 3.0 Hz. Each specimen was inspected at 4 hour intervals between 
7:00AM and 11:00PM. Cycle counts, load ranges, and the extrapolated stress ranges at the 
CB-SB connection bolt holes were recorded at each inspection on both physical and digital 
media. Additionally, the specimens were thoroughly inspected for any fatigue cracking. 
At least ten test data were required as per Appendix A19 to classify the CB-SB 
connection as having a Category B CAFT, and as such, the aim was to test ten specimens. 
However, fatigue cracking discovered in a few specimens (as discussed later in this 
chapter) necessitated the testing of 14 specimens. Specimens CB5 and CB7 were not 
fatigue tested due to anomalies noted in the static test results, as discussed in section 2.8.2. 
Specimens CB9 and CB10 were also not fatigue tested. These CBs contained the simulated 
field splice details, and upon observing recurring fatigue cracking at this detail in CB1, 
CB2, and CB8 as discussed in section 2.10, the simulated field splices were subsequently 
eliminated from the test program. As such, CB1 through 4, CB6, CB8, and CB11 through 
CB18 were ultimately fatigue tested. 
Two fatigue tests were also conducted on specimen CB4 for the case where the 
polymeric components within the CB-SB connection and SB-pedestal connection were 
replaced with steel discs. The first test was conducted for the case where a precompression 
gap of approximately 3/16 in. (4.5 mm) between the SCP and the stirrup feet that could not 
be fully closed even after the bolts were fully pretensioned. After rapid fatigue failure of 
the bolts occurred during this test, a second attempt was subsequently performed with 
similar steel discs, but using a smaller precompression gap (less than 0.04 in. [1 mm]) that 
was barely closed when the bolts were pretensioned. This attempt also resulted in fatigue 
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failure of the connection bolts, and as such, the polymeric components were reinstalled in 
CB4 and used in all subsequent fatigue tests. 
2.7.2 Test Duration 
The test duration of 6 million cycles was chosen as follows. There is significant 
variation in the life of a fatigue detail for a given stress range. Accordingly, the AASHTO 
design S-N curves represent the lower bound to the available fatigue test data for a 
particular connection detail category, equivalent to 95 percent confidence on 95 percent 
probability of survival, or 97.7 percent probability of survival for a large data set. This is 
shown in Figure 2-21. These design curves were obtained by shifting down from the mean 
regression curves determined from available constant amplitude fatigue test data (compiled 
in NCHRP Report 286 by Keating and Fisher [1986]) by two standard deviations. The use 
of lower bound curves is conservative for design purposes, as they predict a shorter life 
than is likely to be experienced by a real connection. 
For determination of the detail category of a connection by laboratory testing 
however, the use of the lower bound design curves is unconservative. For example, a 
connection classified as Category B in the finite life regime tested at 16 ksi (110 MPa) has 
approximately a 97.7% chance of exceeding 2.93×106 cycles without cracking, even if it 
would eventually crack under the tested stress range and subsequently not be classified as 
a Category B detail in the infinite life regime. Accordingly, connections should be tested 
for a significantly longer life than the lower bound curve to demonstrate that the connection 
truly shows an infinite life as opposed to not having cracked yet due to the typical variation 
in finite fatigue life. 
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To determine the life that should be used to ensure that the detail is properly 
categorized, the statistical data published in NCHRP Report 286 was used to shift up from 
the mean regression by two standard deviations (in the opposite direction from the lower 
bound design curve), forming an upper bound curve corresponding to 95% confidence on 
a 95% probability of failure, or 97.7% probability of failure for a large data set. For 
Category B, the intersection of this upper bound life and the CAFT occurred at 11.3×106 
cycles, equal to 3.87 times the intersection of the lower bound (design) curve and the 
CAFT, Nmin, of 2.93×10
6 cycles. If a CB-SB connection tested at 16 ksi (110 MPa) has not 
cracked by the time it has undergone 11.3×106 cycles, there is high likelihood that it has 
exhibited a Category B infinite life fatigue resistance. If several specimens survive this 
number of cycles at a stress range of 16 ksi (110 MPa), the connection would have 
incontrovertibly demonstrated a Category B CAFT. 
Given that LRFD BCS Appendix A19 required the testing of at least 10 specimens 
to determine an infinite life resistance, testing to the upper bound curve was extremely 
prohibitive. As such, each specimen was tested for a minimum of 6×106 loading cycles, 
which corresponded approximately with the intersection of the mean regression curve and 
the CAFT at 5.77×106 cycles (1.97Nmin). This approach was more practical and still 
conservative, as it would be extremely unlikely that all 10 specimens would survive testing 
to the mean life without cracking if the tested stress range was greater than the CAFT. For 
example, if the connections are Category B details in the finite life regime but do not exhibit 
the CAFT of Category B, there is approximately a 50% chance of failure for each specimen 
if tested to the mean life. Assuming the fatigue life of each specimen is independent from 
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the next, this would indicate that there would be only a 0.510 = 0.098% chance that all 
specimens would survive the testing program. As such, it can be reasonably assumed that 
if 10 specimens were to survive testing to 6×106 cycles, the connection could be classified 
as having Category B CAFT. If the specimens had less resistance than Category B, the 
likelihood of all ten specimens surviving would be less than 0.098%. 
For the fatigue testing of MBJS in the infinite life regime, the 2016 Washington 
State Department of Transportation (WSDOT) Construction Special Provisions for 
Structures (CSPS) required that the number of cycles associated with each data point for 
MBJS fatigue tests must be at least 2Nmin, where Nmin is defined as the number of cycles 
where the S-N curve of the given detail meets the CAFT of that detail. While the reasoning 
behind this is not explicitly stated, it may be due to similar considerations as those 
discussed in this section. 
2.7.3 End of Test Protocols 
Upon the completion of a fatigue test, the specimen was thoroughly inspected for 
cracking and then removed from the test setup. For Phase 1, the entire MBJS assembly was 
removed from the test setup. In the interests of time and required effort for all subsequent 
tests, only the interior CB (the CB that was fatigue tested) was removed and replaced with 
a new and untested CB specimen and CB-SB bolted stirrup connections. The other 
components were retained as they were not critically stressed. The most highly stressed 
component in the assembly apart from the loaded CB was the center SB, for which the 
stress ranges were extremely low. Nonetheless, the entire fixture was inspected after the 
end of each test for any visible fatigue damage. 
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2.8 Discussion of Static Test Results 
The static test results are presented in this section in tabulated and graphical form, 
in terms of the measured stresses and deflections. Typical responses are presented as plots 
of measured stresses as a function of location along the CB. The test-to-test repeatability 
of measurements is discussed first, followed by the specimen-to-specimen repeatability of 
measurements, the overall stress response, and the overall deflection response. The overall 
responses for all specimens were similar, and so the general specimen response is 
documented, with typical deviations from this response discussed where appropriate. The 
additional measurements obtained from CB17 and the results of static tests using a revised 
NRP design are also presented and discussed. 
All strain measurements were within the normal elastic range of the material, so the 
measured strains at the gauges were converted to stresses using the commonly accepted 
elastic modulus for steel of 29000 ksi (200 GPa). Unless noted otherwise, all of the 
presented stress measurements were obtained under or prorated to a 60 kip (267 kN) load 
range. 
2.8.1 Test-to-Test Repeatability of Measurements 
The average measured stress at each gauge typically varied by less than 2% for 
replicate tests of the same specimen; an example is shown in Table 2-1. Larger variations 
of up to 5% occurred at strain gauges mounted near the inflection points within the CB or 
gauges on the SB (gauges at sections S12), due to the lower magnitude stresses at these 
locations and subsequently higher noise-to-signal ratios in the measurements. These small 
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variations were attributed to measurement (electronic) noise and as such they are not 
discussed further. 
Small variations were also observed between intermittent static tests performed 
throughout the fatigue test and the tests performed before the fatigue test, as shown in Table 
2-2. In general, the measurements for the initial static test were different than the 
measurements for the subsequent tests, suggesting that the specimen “settled” into the test 
fixture during the cycling of the fatigue test. For example, at gauge BF-SW-S6, the initial 
stress range was 13.7 ksi (94.3 MPa), and was approximately 15 ksi (103 MPa) for the 
subsequent tests. These variations are also partially attributed to measurement noise and 
temperature variations (as temperatures in the lab were not constant throughout the fatigue 
test). However, these small variations are typical of any experimental program and are not 
discussed further. 
2.8.2 Specimen-to-Specimen Repeatability of Measurements 
The tabulated static test load ranges for all specimens are presented in Table 2-3, 
consisting of (1) the initial load range, (2) the extrapolated stress ranges at the CB-SB 
connection bolt holes under the initial load range, and (3) the prorated or target load range 
(assuming linear elastic behavior) required for an average extrapolated stress range of 16 
ksi (110 MPa) at the bolt holes, which was calculated as discussed in section 2.5.3. The 
initial load range for CB1 and CB2 of 53 kip (236 kN) was calculated based on analysis 
model results discussed in Chapter 4. For the later specimens, the initial load range was 
adjusted based on the results of the previous tests, attempting to have the initial load range 
be as close to the final prorated value as possible. 
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Despite the physical similarity of the specimens (almost replicates), significant 
variability existed in the target load ranges. The values ranged from 51.5 kip (229 kN) to 
62.8 kip (279 kN) with a mean of 57.9 kip (258 kN), a standard deviation of 2.9 kip (12.9 
kN), and a coefficient of variation of 5.1%. These variations were attributed to variations 
in the mechanical properties and precompression of the polymeric components, as 
discussed in the following. 
For specimens CB1 and CB2, the CB-SB connections were assembled with less 
precompression than for later specimens. As discussed in section 2.2.3, larger 
precompression of these components caused an increase in the effective stiffness of the 
connection due to their nonlinear stiffening behavior. If the results of these specimens are 
removed from the statistics presented above, the range of values decreases from 11.3 kip 
(50.3 kN) to 9.4 kip (41.8 kN), the standard deviation decreases from 2.9 kip (12.9 kN) to 
2.5 kip (11.1 kN), and the coefficient of variation decreases from 5.1% to 4.3%. As such, 
the decreased precompression used in specimens CB1 and CB2 lowered the prorated load 
range, which contributed to the apparent variation in test results. 
The measured stress response near the CB-SB connection in specimens CB5 and 
CB7 demonstrated significant nonlinearity. While every attempt was made to adjust 
specimens CB5 and CB7 to obtain satisfactory test results and reduce the nonlinearity, the 
issues could not be fully resolved through trial and error adjustment and/or replacement of 
various components. As such, Specimens CB5 and CB7 were not fatigue tested. The 
nonlinearities in the CB5 and the CB7 test results were ultimately attributed to a change in 
the supplier of the polymeric components (i.e., sliding bearings and springs) for these two 
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specimens. The typical load-deflection response of these components varied considerably 
from supplier to supplier. This variation in load-deflection behavior indicated a variation 
in mechanical properties, particularly stiffness, between components obtained from 
different suppliers. A change in stiffness of these components between specimens would 
affect the overall stiffness of each specimen, resulting in a different target load range. If 
specimens CB5 and CB7 are also removed from the statistics (along with CB1 and CB2), 
the range of values decreases to 7.2 kip (32.0 kN), the standard deviation decreases to 2.2 
kip (9.8 kN), and the coefficient of variation decreases to 3.7%. Therefore, the differing 
load-deflection behavior of the polymeric components used for some specimens had the 
effect of changing the specimen stiffness and the prorated load range, which contributed to 
the apparent variation in test results. For the later specimens, the effective stiffness of the 
CB-SB connection was standardized by using components from the same lot and supplier 
and using the same amount of precompression for all specimens. The specific effects of 
the amount of precompression on the behavior of the specimen were explored 
experimentally as presented in section 2.8.8 and analytically as presented in Chapter 4. 
Measured stress ranges at locations where gauges were consistently installed on 
each specimen throughout the test program are presented in Table 2-4. Significant variation 
was evident in the measurements between seemingly replicate specimens. The average 
variation in stress ranges across different specimens was 2 ksi (13.8 MPa), with a maximum 
of 4 ksi (27.6 MPa) between maximum and minimum values at the same gauge in replicate 
specimens. Since the prorated load ranges were based on the stress measurements, the 
contributing factors to the variation in load ranges can also be attributed to the same source, 
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i.e. differences in effective stiffness of the assembled CB-SB contributed to the variations 
in stress measurements. 
2.8.3 Stress Response of Specimens 
The measured stresses during actuator DS loading and US loading for the initial 
static tests (prior to fatigue testing) for all specimens are presented in Figure 2-22 and 
Figure 2-23 for the TF-N and BF-S paths, respectively. The results from the TF-S and BF-
N paths were similar to the TF-N and BF-S paths, respectively, and are omitted for brevity. 
Measurements for DS loading at the top flange and bottom flange near the loading pads 
(S18 gauges, S48 gauges, and CB gauges near NRPs on CB17) were compressive and 
tensile, respectively. This behavior was reversed over the interior CB-SB connection (S0, 
S6, and S12 gauges), with tensile and compressive stresses measured on the top and bottom 
flanges, respectively. For US loading, the signs of all measurements reversed. These 
behaviors indicated the CB was behaving as a continuous beam over the SBs as expected. 
The specimens were subjected to simultaneous vertical and horizontal loads (with 
respect to the plane of the specimen), and as expected the CB experienced a biaxial bending 
response. This behavior was manifested in the results as differing stress magnitudes 
between the north and south paths on each flange. For example, the magnitudes of the 
stresses for the TF-N path were greater than those for the TF-S path, and the measured 
stresses for the BF-S path were greater magnitude than the BF-N path. For paths TF-N and 
BF-S, the bending stresses from major and minor axis bending were additive, whereas they 
were subtractive for the TF-S and BF-N paths. 
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The specimen-to-specimen variations of measured stresses resulting from the 
differences in the effective stiffness of the polymeric components between seemingly 
replicate specimens (discussed in section 2.8.2) are visible in each figure as clusters of 
values at each gauge location. The typical difference between the maximum and minimum 
values in each one of these clusters was approximately 2.5 ksi (17 MPa). 
The measured stress ranges are shown in Figure 2-24 and Figure 2-25 for gauges 
along the TF-N and BF-S paths, respectively. Again, the TF-S and BF-N paths had similar 
appearance, so they are omitted for brevity. The stress ranges were highest near the interior 
CB-SB connection and the load points, and were lowest near the exterior CB-SB 
connections and the CB inflection points as expected. The stress ranges were larger for the 
TF-N and BF-S paths than the TF-S and BF-N paths due to the additive biaxial bending 
stresses in these locations. 
Again, the specimen-to-specimen variations of measured stress ranges resulting 
from the differences in the effective stiffness of the polymeric components between 
seemingly replicate specimens (discussed in section 2.8.2) are visible in each figure as 
clusters of values at each gauge location. The difference between the maximum and 
minimum measured stress ranges in each cluster was approximately 4 ksi (17 MPa), as 
discussed in section 2.8.2. 
2.8.4 Deflection Response of Specimens 
The actuator load vs. deflection plots for the vertical deflections measured at each 
of the load pads are shown in Figure 2-26, where negative values indicate downward loads 
and displacements. The single dark curve represents a typical response, and the lighter 
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curves demonstrate the specimen-to-specimen variation. The responses were generally 
linear with very small hysteresis, and the maximum difference between the maximum and 
minimum downward or upward displacements across specimens was approximately 0.01 
in. (0.25 mm). In some specimens, the load-deflection curve was nonlinear at the end of 
the actuator upstroke, suggesting a softening response. It was postulated that the 
nonlinearity was due to the nonlinear response characteristics of the sliding spring coupled 
with the loss of precompression of the sliding bearing within the CB-SB connection during 
uplift loading. Increasing the amount of precompression in the connections reduced the 
nonlinear behavior at the end of the upstroke as shown in Figure 2-27 for static tests of 
CB4, confirming that the decompression of the sliding bearing during upstroke was the 
likely cause of the nonlinear behavior. The specific effects of the amount of 
precompression on the behavior of the specimen were explored experimentally as 
presented in section 2.8.8 and analytically as presented in Chapter 4. 
The actuator load-deflection plots for the lateral deflections measured at the CB-
SB connection for each specimen are shown in Figure 2-28. The single dark curve is a 
typical response, with the lighter curves showing a large specimen-to-specimen variation 
in response. The deviations in these curves between different specimens is attributed to 
both the effective stiffness of the CB-SB connection polymeric components (discussed 
previously for vertical deflection and demonstrated in Figure 2-29 for lateral deflection) 
and the horizontal restraints at the CB bottom flange being placed and tightened arbitrarily 
by the manufacturer of the specimens for Phases 1 and 2. The tightening of these shims 
caused a normal force to develop between the shim discs and the interior CB, as shown in 
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Figure 2-30. Due to the variations in normal forces imposed on the CB by the variations in 
shim tightening force, different frictional forces would develop over the outside edges of 
the CB bottom flange when the CB attempts to rotate out of plane. This difference in 
resisting force would cause a variation in the amount of lateral deflection at the top flange 
under the rotation of the CB section. The difference in lateral deflections for “snug-tight” 
versus ½ turn of the horizontal shim restraints for CB12 is shown in Figure 2-31. The 
deflections are larger for the snug-tight condition than the tightened condition, and the 
overall slopes of the curves indicate that the snug-tight condition provides less stiffness 
than the tightened condition. For later specimens, the horizontal shims were placed and 
tightened to “snug-tight” to minimize the normal force, and the response became much less 
variable. 
2.8.5 Response of CB Web near CB-SB Connection in CB17 
The out-of-plane bending stresses within the web of CB17 are shown in Figure 2-32 
for the DS and US loads. For the DS loading, the north side of the web (side of simulated 
incoming traffic) experienced tensile stress, while the south side of the web experienced 
compressive stress, implying that the CB web experienced out-of-plane bending in the 
direction of simulated traffic flow. The difference in stress magnitude across the web 
indicated that the web also experienced an axial stress. For the DS loading, the downward 
movement of the CB was resisted by the sliding bearing and the SB, causing compressive 
stress to develop in the CB web. This compressive stress was largest directly at the center 
of the CB-SB connection. Outside of this region, less restraint was imposed on the bottom 
flange, and the axial stress dissipated. The compressive axial stress was on the order of 10 
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ksi (69 MPa) in the web at the center of the CB-SB connection, and was approximately 
zero at 4.25 in. (108 mm) and 6 in. (152 mm) on each side of the CB-SB connection where 
only a pure bending response was observed. In other words, summing the DS stresses on 
each side of the web (dark filled and dark hollow symbols in Figure 2-32) resulted in 
approximately zero stress at 4.25 in. (108 mm) and 6 in. (152 mm) on each side of the CB-
SB connection, whereas this calculation resulted in 10 ksi (69 MPa) at the center of the 
connection. 
For the US loading, the north side of the web experienced compressive stress, while 
the south side experienced tensile stress, indicative of the CB web bending backwards 
towards simulated oncoming traffic. The distribution of bending stresses during US loading 
indicated a tensile axial stress in the web, a reversal from the DS loading. As the actuator 
pulled up the CB, the bolted connection and SB resisted this upward movement, generating 
tensile stress in the CB web. The tensile axial stress was on the order of 5 ksi (34 MPa) at 
the center of the connection, and decreased to approximately zero at 4.25 in. (108 mm) and 
6 in. (152 mm) on each side of the connection. 
2.8.6 Response of the Stirrup Cover Plate in CB17 
Figure 2-33 shows the longitudinal stresses in the SCP in CB17 under DS loading. 
The missing point for the top north path at 4.25 in. (108 mm) is due to the gauge being 
damaged during the installation process. The stress distribution suggested the presence of 
biaxial bending moments and axial force within the SCP. Vertical bending occurred due to 
compatibility of deformations, as the SCP must deform in the same manner as the bottom 
flange of the CB. Additionally, the SCP must shorten along with the bottom flange, so 
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compressive axial stress was induced. Finally, the plate must also horizontally bend 
conforming to the horizontal bending of the CB. Figure 2-34 shows the longitudinal 
stresses in the SCP under US loading, which were consistent with the plate deforming 
compatibly with the CB during US loading. 
The substantial stress experienced by the SCP under both DS and US loading 
implied that the SCP must be properly detailed to avoid fatigue cracking. Fatigue of the 
SCP will be discussed in section 2.11.1. 
2.8.7 Response of the CB near CB-SB Connection Bolt Holes in CB17 
The measured stress ranges at the additional gauges located on the outside edges of 
the bottom flange on the same section as the CB-SB connection bolt holes in CB17 are 
presented in Figure 2-35. The stress ranges measured at this location agreed well with the 
extrapolated nominal stress ranges for CB17 at the southern bolt holes (also presented in 
Figure 2-35). The gauge values were different than the extrapolated predictions because 
the gauges were in a slightly different position than the theoretical location of the 
extrapolations; the measurements were made 7/16 in. (11 mm) closer to the neutral axis for 
vertical bending and 3/4 in. (19 mm) further from the neutral axis for horizontal bending 
than the extrapolations. The measured stress ranges were generally less than the 
extrapolated predictions, indicating that the added section area of the SCP increased the 
area moments of inertia about the major and minor axes at the section of the measurements, 
reducing the stresses as compared to the extrapolation which would not include this added 
section area. In any case however, no significant increases in stress due to the presence of 
the bolt holes were detected at these locations. 
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2.8.8 Impacts of Differing CB-SB Connection Precompression on Response 
As discussed previously and demonstrated in Figure 2-27 and Figure 2-29, the 
deflection response of the specimens was significantly dependent on the precompression 
used in the assembly of the CB-SB connections, with decompression of the sliding bearing 
occurring during the US.  
Table 2-5 shows the measured stress under DS loading, stress under US loading, 
and the stress range in specimen CB4 under two different levels of precompression: 0.18 
in. (4.5 mm) and 0.35 in. (9 mm), for the same load range of 50 kip (222 kN). The table 
shows an increase in stress range for gauges near the interior CB-SB connection (on 
sections S0 and S6), and a decrease in stress range near the load pads (sections S18). This 
result indicates that under higher levels of precompression, the CB-SB connection was 
stiffer, which led to an increase in stress range near the connection. The increase in stress 
magnitude was much greater for the US loading than for the DS loading, which indicated 
that the decompression of the sliding bearing (which occurred during the US loading only) 
was the likely cause of the change in behavior. When the sliding bearing decompressed 
during the US loading, the stiffness of the interior CB-SB connection was reduced, causing 
loads to shift from the interior connection to the exterior connections. The exterior 
connections had not yet decompressed due to their lower reactions and therefore acted as 
the stiffer load paths, attracting more force. 
From these studies, it was clear that the level of precompression in the CB-SB 
connection had a significant impact on the behavior and response of the specimens, both 
in measured stresses and deflections. As mentioned previously, the effects of the amount 
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of precompression on the behavior of the connection were also explored analytically and 
are presented in Chapter 4. 
2.8.9 Impacts of Replacing Polymeric Components in CB-SB Connections with Steel 
Discs 
Table 2-6 shows the differences in measured stress when the polymeric components 
were replaced with steel discs in CB4. Both tests were performed under a load range of 50 
kip (222 kN). The table shows a decrease in stress range for most gauges, with reductions 
in stress magnitude during DS loading and US loading. The overall decrease in values 
indicated that the whole specimen was much stiffer with the steel discs installed. As such, 
when tested under the same load range, the specimen with steel discs deflected less than 
the specimen with the polymeric components, causing a reduction in stress ranges. 
The vertical deflections at the load points and lateral deflections at the top flange 
above the CB-SB connections for the tests with polymeric components and steel discs are 
compared in Figure 2-36 and Figure 2-37, respectively. Both plots show increased stiffness 
(steeper slopes) for the steel disc case, corroborating the results of the stress comparisons. 
In addition, the hysteresis in the lateral deflection was smaller under the steel disc case than 
for the polymeric case, caused by the removal of the hysteretic polymeric components. 
From these studies, it was clear that the replacement of polymeric components with 
steel discs in the CB-SB connection had a significant impact on the behavior and response 
of the specimens, both in measured stresses and deflections, causing the specimen to be 
much stiffer. The effects of the replacement on the behavior of the CB-SB connection were 
also explored analytically and are presented in Chapter 4. 
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2.8.10 Response of Original and Revised Noise Reduction Plates 
The stress responses of the original and revised NRP designs are summarized in 
Table 2-7. At all considered locations, the stress in the revised design was reduced by at 
least 24%, demonstrating a significant reduction in stress from the original to revised 
design. While the new NRP design was not fatigue tested, the tests demonstrated that the 
stress was significantly reduced in the revised design, therefore theoretically enhancing the 
fatigue resistance. 
2.9 Discussion of CB-SB Connection Bolt Test Results 
2.9.1 Results of Skidmore-Wilhelm Tests 
The results of the first set of Skidmore-Wilhelm bolt tests, for the bolts used by the 
manufacturer for the initial specimens, are presented in Table 2-8. Two sets of data are 
presented: Stage 1, below yield, and Stage 2, at yield (when the bolt force would no longer 
increase with increase in tightening torque). The torque values for Stage 2 are presented at 
first yield of the bolts. The bolts yielded at an average of 10.9 kip (48.5 kN) bolt force 
when 93.5 ft-lb (127 Nm) tightening torque was applied. This yield force was below the 
specified yield force in the ASTM A325 standard of 13.1 kip (58.3 kN). Further attempts 
to tighten the bolts past yield level often led to the stripping of the threads, which happened 
for one bolt at less than the yield force (an eleventh bolt was tested as a replacement datum 
for the stripped bolt). The results of the testing indicated that the bolts did not meet the 
requirements of the ASTM A325 standard. 
The results of the second set of Skidmore-Wilhelm bolt tests, where the bolts were 
obtained from a different supplier, are presented similarly in Table 2-9. The bolts yielded 
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at an average of 13.4 kip (59.6 kN) when 127 ft-lb (173 Nm) of tightening torque was 
applied. These results indicated that the bolts met the yield requirements of the ASTM 
A325 standard. Many bolts were also tightened past yield without any stripping, which 
indicated a higher quality product than the previous set of bolts. As such, these bolts were 
used for the remainder of the test program. 
Prior to the bolt study, the tightening torque used during the assembly of the CB-
SB connection was 60 ft-lb (81 N-m), which was thought to be sufficient to cause the bolts 
to nearly yield. However, the maximum measured bolt force at 60 ft-lb (81 N-m) torque 
for the original bolts was approximately 7 kip (31 kN), 46% less than the yield force 
required as per the ASTM A325 standard. For the new bolts, a torque of 100 ft-lb (136 
Nm) caused a bolt force of approximately 10.7 kip, equal to 80% of the yield strength. As 
such, 100 ft-lb (136 Nm) was the target tightening torque for the CB-SB connection bolt 
tests discussed in the next section.  
2.9.2 Response of CB-SB Connection Bolts during Connection Assembly 
The strain response of the gauged bolts during the precompression of the CB-SB 
connection in CB3 is presented in Figure 2-38 as a plot of bolt strain vs. measurement 
record number (RN). Prior to closing of the initial gap between the faying surfaces by fully 
tightening all the bolts, the tightening of each bolt caused a reduction in strain in the other 
bolts. As each bolt was tightened, the relatively rigid stirrup moved upward against the 
flexible sliding spring, reducing the gap between the stirrup feet and the bottom of the SCP. 
This reduced the grip length of the other bolts, causing a reduction of their tensile forces. 
After closing the faying surfaces (RN 8000), the bolt forces remained relatively constant 
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as one bolt was tightened. For these cases, the stirrup could no longer move because it was 
restrained by the bottom of the SCP and the additional bolt pretension resulted in increased 
clamping force between the faying surfaces. When full torque of 100 ft-lb (136 N-m) was 
reached in all bolts (by RN 10500), not all bolts had the same strain, which ultimately 
resulted because all bolts could not be tightened simultaneously. Additionally, it was 
possible that the southeast (SE) and northwest (NW) bolts yielded, as attempts at further 
tightening failed to increase the bolt force. Given the possibility that these bolts yielded, 
the full tightening torque of 100 ft-lb (136 Nm) was reduced to 90 ft-lb (122 Nm) 
(corresponding to a bolt force of 10.4 kip [46.3 kN]) for all subsequent specimens to avoid 
any chance of fully yielding the bolts. 
The bolt strains recorded 20 hours after the connection was fully precompressed 
are shown in Figure 2-39. The bolt strains were approximately 8% less than the final strains 
immediately following the assembly process as shown in Figure 2-38. The relaxation of 
bolts is a well-known phenomenon caused by creep of both the bolts and connected 
material following the assembly process (Kulak et al. 1987). Additional relaxation was 
expected in these galvanized bolts as compared to uncoated fasteners due to creep and 
plastic flow of the zinc coating. The measured decrease in pretension of 8% was within the 
typical range of 5% to 20% for galvanized bolts. Given that (1) approximately 90% of total 
bolt relaxation typically occurs within the first day following pretensioning, (2) the 
measured decrease in preload was within the normal range as measured following the first 
day after pretensioning, and (3) no issues were observed with the bolts becoming loose at 
the CB-SB connections during the fatigue tests, no problems with bolt relaxation are 
 70 
expected within the service life of the connections as long as the bolts are initially 
pretensioned to the specified force. 
2.9.3 Response of CB-SB Connection Bolts during Static Loading 
The response of the bolts under static loading was difficult to ascertain due to the 
large amount of high frequency noise in the data (as seen in Figure 2-38 and Figure 2-39). 
Therefore, the bolt data for the static tests was filtered by two methods: (1) a low-pass filter 
with a cutoff frequency of 1 Hz, and (2) averaging 1 second of sampled time data (sampling 
frequency was 20 Hz, which meant averaging 20 measurements) to derive one datum for 
each second. All gauges were zeroed prior to the start of the test. As such, the absolute 
value of bolt strain is unknown but any change as the test progressed was observable. The 
raw and filtered signals at the southwest bolt are shown in Figure 2-40. The filtered data 
demonstrated that the bolt strain remained relatively constant during the static test. The 
southeast bolt displayed the same behavior, so the plot is omitted for brevity. The raw and 
filtered signals at the northwest bolt are shown in Figure 2-41. The filtered data for the 
northwest bolt, unlike the southern bolts, showed a change in strain as the test progressed, 
with a history similar to the static test loading history (Figure 2-18). The filtered data had 
a maximum strain range of approximately 50 με, which corresponded to a stress range of 
1.5 ksi (10.3 MPa) assuming linear elastic behavior. This stress range was less than the 
CAFT of Category E’ to which bolts belong, and therefore no issues with fatigue of the 
bolts should be seen with this level of loading. This was confirmed by the fatigue test 
results as presented later, where no fatigue damage occurred in any of the bolts installed in 
CB-SB connection where the polymeric components were used. 
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2.10 Discussion of Fatigue Test Results 
2.10.1 Summary of Results 
A summary of the fatigue test results is presented in Table 2-10. The stress range 
at each fatigue-prone detail is presented in Table 2-11 and Table 2-12 for all fatigue tests. 
These stress ranges were determined using extrapolation procedures similar to those used 
for the CB-SB connection bolt holes discussed in 2.5.3, namely using the measurements at 
gauged locations and extrapolating the measurements to the fatigue detail assuming linear 
elastic behavior. 
Fatigue testing of CB1 was conducted for nominal stress ranges of 15.8 ksi (109 
MPa) and 17.7 ksi (122 MPa) at the east and west bolt holes of the CB-SB connection 
respectively (Table 2-10). Fatigue testing of CB2 was conducted for nominal stress ranges 
of 14.4 ksi (99 MPa) and 15.7 ksi (108 MPa) at the east and west bolt holes respectively. 
Both tests were run out after 6×106 cycles. Upon subsequent inspection of the specimens, 
however, fatigue cracks were discovered in the SCPs within the CB-SB connection and in 
the CBs at the CP transverse splices as discussed later. 
Fatigue testing of CB3 was conducted for nominal stress ranges of 16.6 ksi (115 
MPa) and 15.7 ksi (108 MPa) at the east and west bolt holes of the CB-SB connection 
respectively (Table 2-10). This test was run out after 6×106 loading cycles. No fatigue 
cracking was detected in CB3. 
Fatigue testing of CB4 was conducted for nominal stress ranges of 15.6 ksi (107 
MPa) and 16.2 ksi (112 MPa) at the east and west bolt holes of the CB-SB connection 
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respectively (Table 2-10). This test was terminated at 2.4×106 loading cycles when a crack 
was discovered in the bottom flange of the CB at the ED attachment as discussed later. 
Fatigue testing of CB6 was conducted for nominal stress ranges of 15.4 ksi (106 
MPa) and 16.0 ksi (110 MPa) at the east and west bolt holes of the CB-SB connection 
respectively (Table 2-10). This test was run out after 6×106 loading cycles. No fatigue 
cracking was detected in CB6. 
Fatigue testing of CB8 was conducted for nominal stress ranges of 15.8 ksi (109 
MPa) and 16.0 ksi (110 MPa) at the east and west bolt holes of the CB-SB connection 
respectively (Table 2-10). The testing of CB8 was run out after 6×106 loading cycles. 
During final inspection, however, cracking was discovered in the CB, initiating at the CP 
transverse splice (similar to what was found in Phase 1, which triggered refurbishment of 
the detail). It was evident that an alternative detail needed to be developed for this CP field 
splice. At this time, it was decided by the manufacturer to manufacture the MBJS in full 
length without any field splice. Accordingly, the splice details were eliminated from the 
subsequent specimens. 
Fatigue testing of CB11 was conducted for nominal stress ranges of 15.5 ksi (107 
MPa) and 16.1 ksi (111 MPa) at the east and west bolt holes of the CB-SB connection 
respectively (Table 2-10). This test was run out after 6×106 loading cycles. Upon initial 
inspection, no fatigue cracking was discovered. However, a crack was discovered in one 
of the NRPs when inspected in detail later. This crack is discussed in section 2.11.3, and a 
revised NRP design was statically tested as discussed in section 2.8.10.  
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Fatigue testing of specimens CB12 through CB18 were conducted at stress ranges 
of about 16 ksi (110 MPa) as presented in Table 2-10. All of these specimens were run out 
after 6×106 loading cycles. No fatigue cracking was detected in these specimens. 
Each of the following sections document the fatigue test results for each tested 
detail, including the observed cracking at the detail (if any). 
2.10.2 Bolted CB-SB Stirrup Connection with Polymeric Sliding Spring and Sliding 
Bearing 
The fatigue test results of the CB-SB connection utilizing polymeric components 
are presented in Figure 2-42 as plots of the nominal stress range at the bolt holes versus the 
number of cycles endured (S-N plot), against the AASHTO fatigue design curves. In 11 
specimens, the connection endured more than 6×106 loading cycles at a nominal stress 
range of about 16 ksi (110 MPa), which is the CAFT of AASHTO Category B details. In 
these specimens, no cracking was observed at this detail. In one other specimen (CB4), 
cracking at the ED caused testing to be terminated after 2.4×106 cycles, although no 
cracking was observed at the CB-SB connection in this specimen. In two other specimens 
(CB1 and CB2), cracks formed at the SCP within the CB-SB connection when the guide 
stud was fillet welded from one side. Following the discovery of this cracking, the SCP 
was re-designed so that the guide stud was welded from both sides, and then later enhanced 
as a machined part (as previously discussed in section 2.2.3). No cracking was observed in 
the SCP after the design changes. Thus, the CB-SB bolted stirrup connection tested in this 
program can be classified as AASHTO Category B in the infinite life regime when similar 
polymeric bearings and elastomeric springs are provided, the enhanced SCP is used, the 
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bolts are pretensioned to the same level as specified, and the precompression in the 
connection is maintained. 
2.10.3 Bolted CB-SB Stirrup Connection with Steel Sliding Spring and Sliding 
Bearing 
For the first fatigue test of CB4 where the polymeric components of the CB-SB 
connections and SB-pedestal connections were replaced with steel discs, the bolts of the 
CB-SB stirrup connections fractured after undergoing approximately 42,000 loading 
cycles. It was postulated that the gap left between the stirrup feet and SCP caused 
significant prying to occur in the bolts, which in turn caused large stress ranges and rapid 
fatigue fracture. In the second test when no gap was left between the SCP and stirrup, the 
CB-SB connection bolts fractured after undergoing approximately 94,000 cycles. From 
these results, it was apparent that the replacement of the polymeric components with steel 
discs modified the response of the connection and significantly affected its fatigue 
performance. In contrast, none of the bolts fractured when the polymeric components 
within the connection were retained, where the gaps were fully closed after the bolts were 
pretensioned. In addition, it was clear that the final gap after the connection was fully 
tightened had an impact on the fatigue performance of the connection bolts, as the bolts for 
the first attempt fractured sooner than the bolts for the second attempt. The reasons for the 
rapid fatigue fracture of the bolts were explored analytically, the results of which are 
presented in Chapter 4. 
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2.10.4 ED-CB Connection 
The fatigue test results (S-N plot) for the ED-CB bolted connection are shown in 
Figure 2-43. A total of 28 connections were tested (two connections per specimen). Out of 
these, one attachment developed fatigue cracking (described in detail in section 2.11.2), 
which was attributed to improper tightening of the connection bolts. In the attachments 
tested after the crack was discovered, the bolts were tightened to the prescribed pretension, 
and a high-friction coating was applied to the faying surfaces to avoid any possibility of 
rubbing. No cracking was observed in these attachments following the changes. Therefore, 
the ED attachment tested in this program can be classified as AASHTO Category B in the 
infinite life regime when a high-friction coating is applied to the faying surfaces of the 
attachment and the bolts are properly tightened. 
2.10.5 Noise Reduction Plate Bolted Attachment 
The fatigue test results for the NRP attachments are shown in Figure 2-44. A total 
of 28 NRP attachments were tested. Out of these, cracking was observed in one NRP, but 
no cracking was observed in the CB in this particular attachment. As discussed previously, 
the NRP was redesigned following the test program (see section 2.2.5), and statically tested 
(section 2.5.5), which showed a significant reduction in stress at the critical location 
(section 2.8.10). 
From the results, the fatigue resistance appears to be at least AASHTO Category B′ 
if the infinite life regime is considered. However, it is possible that the NRP attachment 
also has AASHTO Category B fatigue resistance in the infinite life regime due to it being 
similar to other pretensioned bolted attachments, which exhibit a Category B CAFT. 
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It must be noted that the NRP was not subjected to the most critical loading, i.e., 
traffic impacting the NRPs causing prying in the attachment bolts. It is likely that this 
loading would produce more critical stresses in the NRP and NRP-CB connection, and 
should therefore take precedent over simply designing the NRP as an attachment. Further 
testing should be completed to establish the fatigue resistance of the NRP and NRP-CB 
connection under their most critical loading: impact from vehicles. 
2.10.6 CB Flange-to-Web Welds 
The fatigue test results for the CB flange-to-web welds are shown in Figure 2-45. 
No cracking was observed at this detail in any of the 14 tested specimens. The results show 
that the CB flange-to-web weld can be classified as at least Category B’ in the infinite life 
regime. However, this detail is synonymous with detail 3.1 in Table 6.6.1.2.3-1 of the 
LRFD BDS (2014), and therefore is classified as Category B in the infinite life regime. 
The measured bending stress ranges in the CB web above the CB-to-bottom flange 
weld as presented in section 2.8.5 were large and indicated that a fatigue problem could 
develop within the bottom flange-to-web weld. The stress range at the weld toe on the web 
on the south side of the CB was approximately 22 ksi (152 MPa). Assuming this weld and 
loading condition is similar to detail 5.4 in the LRFD BDS and using the adjustment 
equation, the detail classifies as a Category C detail, which has a CAFT of 10 ksi (69 MPa). 
No fatigue cracking was observed at this location in any of the specimens even though the 
stress range was more than double the CAFT. This is attributed to that fact that the gauge 
was installed approximately 1/4 in. (6 mm) from the weld toe in this region, and as such, 
the measured stress range was affected by the stress concentration at the weld toe. Using 
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the AASHTO fatigue specifications requires a comparison of the nominal stress range to 
the resistance, and as such, the stress range should not contain any local effects (the local 
effects are accommodated by the use of differing resistances for each detail). The stress 
range at this detail was probably lower than the CAFT when eliminating the effects of the 
stress concentration, and thus the detail did not experience any cracking. 
2.10.7 SB Flange-to-Web Welds 
The fatigue test results for the SB flange-to-web welds are shown in Figure 2-45. 
The stress in the SBs was low throughout the fatigue test due to their short span and large 
cross-sectional properties, and therefore this detail did not see a significant stress range. 
No cracking was observed at this detail in any of the specimens. As with the previous CB 
flange-to-web weld detail, the SB flange-to-web welds are similar to detail 3.1 in the LRFD 
BDS, and are therefore classified as Category B. 
2.10.8 CB Field Splices 
A total of 12 CB field splices were tested throughout the test program. Each CB 
field splice contained three separate regions which could potentially develop cracking: (1) 
the full depth welded splice of the CB, (2) the CP-to-web weld, and (3) the transverse splice 
of the CPs. For assessment of the overall resistance of the CB field splice, these details 
were separately considered. While the full depth splice and longitudinal CP splice showed 
no cracking in any of the specimens, cracking was observed in the CP transverse splice in 
6 of the 12 field splices. This cracking is discussed in detail in sections 2.11.4 and 2.11.5. 
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The fatigue test results for the CB full depth splices are shown in Figure 2-46. While 
two different weld details existed for this splice (thermite weld and a proprietary ESW 
called the Secheron system), both weld details were subjected to the same stresses and 
showed the same fatigue resistances, so both are presented simultaneously. As previously 
mentioned, no cracking originating from this welded splice was observed in the 12 
instances tested. Therefore, the CB full depth splice detail made from either the thermite 
process or ESW process may classify as AASHTO Category B in both the finite and infinite 
life regimes as per the test results. However, these details are similar to detail 5.3 in the 
LRFD BDS, because the weld reinforcement was left in place for both types of splices. As 
such, they would be classified Category C in both the infinite and finite life regimes as per 
the LRFD BDS. 
The fatigue test results for the CP-to-web weld are shown in Figure 2-47. No 
cracking was observed in this detail in any of the 12 tested instances of the full CB field 
splice. While the test data suggests that this detail can only be classified as AASHTO 
Category D in the finite life and infinite life regimes, this detail is like a longitudinal 
stiffener (detail 4.2 in the LRFD BDS) and can be classified as Category B in the infinite 
life regime. 
The fatigue test results for the CP transverse splices are shown in Figure 2-47. In 6 
of the 12 tested field splices, cracking occurred which originated from the CP transverse 
splice. Four of these were during Phase 1 (in CB1 and CB2), while the remaining two 
occurred during Phase 2 (in CB8). Due to the extensive cracking at this detail, the 
manufacturer decided to omit the detail from subsequent tests as mentioned previously. 
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2.11 Postmortem Studies 
2.11.1 SCP Cracking 
To determine the causes of the SCP cracking observed in CB1 and CB2, 
postmortem studies were conducted. An example of the SCP cracking observed in CB1 
and CB2 is shown in Figure 2-48. The cracks appeared to have originated at the fillet-
welded guide stud and propagated through the plate. At the time of discovery, the SCP in 
CB1 had cracked partially though the net section, whereas the plate in CB2 was completely 
fractured. To characterize the origin and growth of the cracks, the fracture surface was 
exposed by brittle fracture after cooling the sample in liquid nitrogen to cryogenic 
temperature, and the exposed surfaces were visually examined. The partially cracked plate 
in CB1 was considered for this fractographic evaluation due to its surface remaining 
undamaged by rubbing (as was observed for the completely fractured plate in CB2). 
The crack surface with the crack growth pattern indicated schematically is shown 
in Figure 2-49. Classical multistage fatigue crack growth was evident from the fracture 
surface. The fatigue crack growth initiated from the lack of penetration at the root of the 
plate-to-stud plug weld and propagated through the plate along the mid-section, one crack 
initiating on one side of the stud (Point A of Figure 2-49), and the other initiating on the 
opposite side. Due to its location on the underside of the CB, the SCP was subjected to 
significant stress normal to the crack surface (as seen in the static test results from CB17) 
that promoted type I crack growth. In the first stage the crack grew as a semi-elliptical 
crack. After the crack completely penetrated the plate thickness (point B of Figure 2-49), 
 80 
it continued as a through thickness crack towards the edge of the plate (point C of Figure 
2-49), where it ultimately fractured the plate (point D of Figure 2-49). 
To prevent similar cracking at this detail in the future, the stresses in the SCP were 
reduced by increasing the plate thickness from 3/8 in. (10 mm) to 
1/2 in. (12 mm). 
Additionally, the stud weld was deposited from both sides of the SCP, ensuring adequate 
penetration through the plate and adequate fusion between the plate and the stud. All weld 
reinforcements on the plate surface were ground smooth to reduce any possible crack 
growth from the weld toe. These changes were incorporated for the SCPs used in Phase 2. 
Following CB8, the enhanced SCP was used, which eliminated the need for the guide stud 
and corresponding welds. No fatigue cracking was observed in either the refurbished or 
enhanced SCP design, indicating that the revisions were sufficient in reducing stress 
concentrations in the region and enhancing the fatigue resistance of the SCPs. 
2.11.2 CB Cracking at ED-CB Bolted Connection 
As was previously mentioned, a large crack was discovered in the bottom flange of 
the CB at the bolted connection of the eastern ED connection during the testing of CB4. At 
the bolted connection, the net section of the bottom flange was reduced by the bolt holes. 
The bottom flange plate was completely fractured and the crack had progressed into the 
web. A photograph of this crack is shown in Figure 2-50. To characterize the origin and 
growth of this crack, the fracture surface was exposed and was examined visually and under 
a scanning electron microscope (SEM). 
Visual examination of the exposed fracture surfaces indicated fatigue cracking. 
However, the origin of the fatigue crack was not clear as no obvious large defect or 
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characteristic beach marks could be seen. Figure 2-51 shows an enlarged view of the 
fracture surface near the suspected origin of the fatigue crack. The darkened regions of the 
fracture surface were due to rubbing between the mating surfaces at closure, which further 
obscured any details of the fracture surface. 
One of the flange-to-web fillet welds appeared to have weld metal grain structure 
that is sometimes evident in weld metal solidification cracking (hot cracking). Figure 
2-52(a) and (b) (identified as “A” in Figure 2-51) show two scanning electron micrographs 
of this region at 75× and 500× magnifications. Only fatigue fracture was observed in the 
weld metal region, and no evidence of hot cracking as an initial flaw could be found. 
A small lack-of-fusion (LOF) existed at the web-to-flange weld root. The scanning 
electron micrograph of the weld root shown in Figure 2-52(c) (identified as “B” in Figure 
2-51) indicated presence of trapped slag, but did not show other evidence of being an origin 
of fatigue cracking. Since no other weld metal defects were observed, the origin of the 
fatigue fracture could not be associated with the weld. 
In the absence of a weld defect, the only other potential origins of fatigue cracking 
were the bolt hole edges in the flange plate. Since the crack surface was damaged by 
rubbing at both bolt holes (dark regions in Figure 2-51), fractographic evidence of the 
fatigue crack origin could not be obtained in these regions. Due to the presence of shear 
lips (identified as “C” in Figure 2-51), it appears that the left bolt hole in Figure 2-51 was 
probably not the origin of fatigue cracking. However, no such shear lips are evident at the 
right bolt hole, indicating this hole as a potential crack origin. Due to the additive effect of 
the biaxial bending within the CBs, the right hole was more highly stressed than the left 
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hole, making it more likely that the right hole was the origin of the cracking. Figure 2-52(d) 
shows an SEM view of the corner region of the right bolt hole (identified as “D” in Figure 
2-51), however, no significant surface discontinuity could be seen that would lead to 
fatigue cracking. 
Based on the above analysis, it was evident that crack initiation by fretting of the 
bolt hole surfaces and fatigue crack growth was the probable cause for the fracture. Since 
no other defects were observed anywhere on the fracture surface, fretting was the only 
remaining cause of the crack initiation. Additionally, a large deposit of steel shavings was 
found surrounding this bolt hole when the CB was removed from the MBJS, which would 
provide further evidence of fretting fatigue. This deposit can be seen around the bolt head 
and washer in Figure 2-50. 
To prevent similar cracking in the future, the ED-CB bolted connection was 
redesigned as slip-critical. This required that all bolts at the connection be properly 
pretensioned in order to develop adequate clamping force. In addition, a high-friction 
coating was used for the faying surfaces between the CB flange and the connection plate 
of the steering device to improve the frictional coefficient between the faying surfaces and 
reduce the chances of rubbing. These suggestions were implemented for subsequent 
specimens as noted previously, and no cracking was observed in any subsequent 
attachments. 
2.11.3 Noise Reduction Plate Cracking 
A photograph of the CB11 NRP crack is shown in Figure 2-53. This crack appears 
to have originated from an area of high stress concentration at the edge of the counterbored 
 83 
bolt hole, which was too close to the section edge, resulting in a thin ligament of section 
remaining. To better characterize the crack growth, the fracture surface was exposed in a 
manner similar to the previous postmortem studies. 
The exposed fracture surface of the CB11 NRP crack is shown in Figure 2-54. The 
crack appears to have initiated at the corner of the counterbored hole where the hole edge 
is near the edge of the plate. The thin ligament of material introduced a severe stress 
concentration at the ligament tip, where the width was approximately 0.07 in. (1.8 mm). 
Similar measurements were obtained at the other countersunk holes within the NRP, 
however no evidence of cracking was observed at other holes. 
Shown in Figure 2-54 is a fatigue beach mark which supports crack growth 
initiating at the edge of the counterbored hole. No visual evidence of a material flaw or 
surface discontinuity was seen at the ligament tip or along the ligament length (as shown 
in Figure 2-55[a] and [b]). SEM examination of the crack surface at regions ‘a’ and ‘b’ in 
Figure 2-54  verified the direction of crack propagation through the observation of fatigue 
striations (shown in Figure 2-55[a] and [b]). A small surface indentation (annotated in 
Figure 2-54) was a possible fatigue crack origin, but the fatigue striations on the crack 
surface and the evident beach mark preclude this region as a fatigue crack origin. Figure 
2-55(e) shows the indentation at a higher magnification, where fatigue striations 
demonstrate crack growth from left to right across the surface in this region. 
From the fractographic analysis, it was evident that the fatigue crack in one of the 
CB11 NRPs formed because of a design flaw which introduced a severe stress 
concentration. The plate was redesigned, providing a greater amount of material in this 
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region as an attempt to reduce the stress. The revised design was statically tested as 
discussed previously, which showed a significant reduction in stress and implies higher 
fatigue resistance. However, the revised design was not fatigue tested. As such, the newly 
revised NRPs should be tested in the future as both attachments and under the most critical 
traffic loading as previously discussed. 
2.11.4 Fatigue Cracking at CP Transverse Splice, Phase 1 
An example of the cracking discovered at the field splices in CBs 1 and 2 is 
presented in Figure 2-56. At the time of discovery, the cracks had fractured the CP 
transverse splices, had propagated through the thickness of the CB web and had progressed 
into the top flange of the CB. These regions were subjected to a primary stress field normal 
to the splice. The cracks were found at identical locations in each CB, four in total with 
two in each CB. To characterize the origin and growth of these two types of cracks, the 
fracture surface for a typical crack was exposed by brittle fracture after cooling the beam 
samples in liquid nitrogen to cryogenic temperature, and the exposed surfaces were visually 
examined. 
Figure 2-57 shows an enlarged view of the crack surface with the sequence of crack 
growth shown schematically. Classical multistage crack growth was evident from the 
fracture surface. In stage 1, the fatigue crack initiated as several semi-elliptical cracks along 
the lack of penetration in the weld root of the transverse PJP butt splice at the CP (Point A 
in Figure 2-57). The lack of penetration at the weld is clearly visible in the inset to Figure 
2-57. The semi-elliptical cracks then quickly coalesced to form long elliptical cracks that 
grew through the throat of the PJP weld as a single sided crack. The butt splice was 
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perpendicular to the direction of primary stress in the CB and thus promoted mode I crack 
growth through the PJP weld throat. A second set of cracks initiated similarly on the 
opposite CP (Point B in Figure 2-57) and grew independently on a separate plane. The lack 
of penetration at the weld root of both the splices is evident by the paint on the surface. 
Once the cracks fractured through the weld, they grew as single front cracks towards and 
into the CB web. The crack from the left CP splice penetrated the web separately on another 
plane from the crack originating from the right CP splice, and joined the crack through the 
web. This independent crack growth on two different planes is evident by the ratchet mark 
or step at the CP-to-CB connection at point C in Figure 2-57. The now singular crack grew 
on two fronts through the web towards the top (Point D in Figure 2-57) and bottom flange 
(Point E in Figure 2-57) as a large, embedded, circular crack. The upper crack front grew 
into the top flange and eventually broke through the top surface of the top flange as seen 
in Point F of Figure 2-57. The lower crack front continued to grow downward into the web 
(Point G in Figure 2-57). The brittle fracture from the breaking process is identified with 
“H” in Figure 2-57. 
To prevent similar cracking in the future, the transverse butt splice for the CPs 
should be specified and made as a CJP weld. Due to limited access, however, this weld can 
only be deposited from one side (the bottom flange side), and back gouging and re-welding 
of the weld root is not possible. To avoid any lack of fusion at the weld root, it was 
recommended to use ceramic or copper backing bars for fabricating this weld, which would 
be removed after welding. In addition, the quality of this weld should be ensured by 
ultrasonic testing. The weld reinforcement should be ground smooth to reduce the 
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possibility of crack growth from the weld toe. These suggestions were implemented in the 
specimens CB3 through CB8. However, similar cracking occurred in CB8, which is 
described in the next section. 
2.11.5 Fatigue Cracking at CP Transverse Splice, Phase 2 
Upon the termination of the testing of CB8, cracks were discovered that appeared 
to originate from the refurbished CP transverse splice. One of the two cracks discovered in 
CB8 is shown in Figure 2-58. The crack was exposed in the same manner as for the phase 
1 specimens, and a portion of the fracture surface is shown in Figure 2-59. The pattern of 
cracking is nearly identical to the previous cracking at this detail, although the CB8 cracks 
did not fully penetrate through the top flange and both CPs, implying a slightly higher 
fatigue resistance than previously seen. Further evidence of similar cracking pattern is seen 
in the form of a ratchet mark in Figure 2-59. 
The recurring cracking at this detail indicated that further work is necessary to 
quantify and enhance the fatigue resistance at this detail. The first instance of this detail 
(tested in Phase 1) has extremely low fatigue resistance and should not be used. The second 
instance of this detail (tested in Phase 2) is equivalent to detail 5.1 in LRFD BDS (2014) 
(Category B) if all weld reinforcement is ground smooth, or detail 5.3 (Category C) if the 
weld reinforcement is not removed. In this case, due to inaccessibility of the weld from the 
top flange side, it is likely that the CJP transverse CP splice detail is equivalent to category 
C, which has a CAFT of 10 ksi (69 MPa). The stresses at the edge of the CPs in this region 
were on the order of 16 ksi due to horizontal bending and small vertical bending 
component, and therefore significant cracking would be expected. Assuming a Category C 
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fatigue resistance and an applied stress range of 10 ksi (69 MPa) (to approximate the 
average nominal stress over the width of the clamp plates from their edges to the center of 
the CB web), the number of cycles to failure calculated as per equation 6.6.1.2.5-2 in the 
LRFD BDS (2014) is approximately 4.4×106 cycles, which correlates well with the 
observed cracking after 6.0×106 cycles. 
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Table 2-1 Test-to-Test Variation in Stress Ranges for CB16 Initial Static 
Tests 
Strain Gauge Test 1 Dataa Test 2 Data Test 3 Data 
Average 
Measurement 
Test 1 
% 
Diff.b 
Test 2 
% 
Diff. 
Test 3 
% 
Diff. 
SB-E 3.63 3.63 3.65 3.64 0.24% 0.04% 0.28% 
SB-W 3.21 3.21 3.21 3.21 0.07% 0.07% 0.01% 
TF-N-S0 18.12 18.13 18.19 18.15 0.17% 0.08% 0.25% 
TF-S-S0 9.54 9.53 9.50 9.52 0.13% 0.07% 0.20% 
TF-NW-S6 11.65 11.64 11.67 11.65 0.01% 0.13% 0.14% 
TF-SW-S6 5.27 5.24 5.23 5.25 0.47% 0.18% 0.29% 
BF-NW-S6 5.59 5.61 5.68 5.63 0.65% 0.31% 0.96% 
BF-SW-S6 13.74 13.67 13.60 13.67 0.51% 0.03% 0.54% 
TF-NE-S6 11.29 11.28 11.27 11.28 0.12% 0.04% 0.08% 
TF-SE-S6 5.34 5.30 5.27 5.30 0.67% 0.06% 0.62% 
BF-NE-S6 5.78 5.80 5.85 5.81 0.46% 0.24% 0.71% 
BF-SE-S6 13.30 13.22 13.13 13.22 0.64% 0.03% 0.67% 
TF-NW-S12 2.12 2.10 2.12 2.11 0.38% 0.57% 0.19% 
TF-SW-S12 0.25 0.23 0.23 0.23 4.72% 0.82% 3.89% 
BF-NW-S12 0.76 0.75 0.78 0.76 0.73% 2.24% 2.96% 
BF-SW-S12 2.29 2.26 2.28 2.28 0.74% 0.75% 0.01% 
TF-NE-S12 2.17 2.13 2.11 2.14 1.41% 0.11% 1.30% 
TF-SE-S12 0.21 0.20 0.20 0.20 2.69% 1.35% 1.34% 
BF-NE-S12 0.50 0.49 0.51 0.50 0.10% 2.07% 1.98% 
BF-SE-S12 2.31 2.27 2.22 2.27 1.98% 0.01% 1.99% 
TF-NW-S18 7.25 7.26 7.26 7.26 0.16% 0.08% 0.07% 
TF-SW-S18 4.44 4.31 4.32 4.35 1.94% 1.04% 0.90% 
BF-NW-S18 3.85 3.83 3.88 3.85 0.07% 0.64% 0.71% 
BF-SW-S18 8.21 8.17 8.09 8.16 0.60% 0.18% 0.78% 
TF-NE-S18 7.10 7.14 7.21 7.15 0.69% 0.17% 0.86% 
TF-SE-S18 4.66 4.56 4.59 4.60 1.35% 1.01% 0.35% 
BF-NE-S18 4.05 3.97 4.19 4.07 0.57% 2.51% 3.08% 
BF-SE-S18 8.25 8.22 8.24 8.24 0.16% 0.17% 0.01% 
Notes: 
a All measurements in ksi, 1 ksi = 6.9 MPa 
b Calculated as difference between measurement and average of three measurements 
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Table 2-2 Test-to-Test Variation in Stress Ranges for Intermittent CB16 
Static Tests 
Strain Gauge Initiala 1Mb 2M 3M 4M 
Final 
(6M) 
Average 
Std. 
Dev. 
SB-E 3.64 3.73 3.71 3.78 3.75 3.82 3.74 0.06 
SB-W 3.21 3.36 3.36 3.42 3.36 3.36 3.35 0.07 
TF-N-S0 18.15 18.04 17.99 18.47 18.25 18.57 18.24 0.23 
TF-S-S0 9.52 9.44 9.46 9.16 9.28 9.06 9.32 0.18 
TF-NW-S6 11.65 11.51 11.46 11.67 11.54 11.77 11.60 0.11 
TF-SW-S6 5.25 5.09 5.09 4.90 4.97 4.86 5.03 0.14 
BF-NW-S6 5.63 6.11 6.01 6.11 6.13 6.22 6.03 0.21 
BF-SW-S6 13.67 15.00 15.08 15.06 15.01 14.97 14.80 0.56 
TF-NE-S6 11.28 11.11 11.14 11.44 11.26 11.55 11.30 0.17 
TF-SE-S6 5.30 5.17 5.22 4.86 4.99 4.78 5.05 0.21 
BF-NE-S6 5.81 6.11 6.05 5.90 5.98 5.87 5.95 0.11 
BF-SE-S6 13.22 14.73 14.77 15.10 14.93 15.11 14.64 0.72 
TF-NW-S12 2.11 2.01 2.00 2.05 1.99 2.15 2.05 0.07 
TF-SW-S12 0.23 0.12 0.13 0.11 0.13 0.16 0.15 0.05 
BF-NW-S12 0.76 0.87 0.80 0.86 0.86 0.90 0.84 0.05 
BF-SW-S12 2.28 2.42 2.38 2.34 2.32 2.35 2.35 0.05 
TF-NE-S12 2.14 1.96 2.09 2.26 2.13 2.32 2.15 0.13 
TF-SE-S12 0.20 0.17 0.22 0.13 0.10 0.17 0.17 0.04 
BF-NE-S12 0.50 0.69 0.71 0.63 0.63 0.57 0.62 0.08 
BF-SE-S12 2.27 2.38 2.48 2.69 2.55 2.70 2.51 0.17 
TF-NW-S18 7.26 7.48 7.44 7.51 7.51 7.37 7.43 0.10 
TF-SW-S18 4.35 4.60 4.46 4.58 4.37 4.30 4.44 0.12 
BF-NW-S18 3.85 4.01 3.87 4.00 3.88 4.00 3.94 0.08 
BF-SW-S18 8.16 7.92 8.00 7.95 7.94 7.76 7.96 0.13 
TF-NE-S18 7.15 7.53 7.26 7.25 7.31 7.19 7.28 0.13 
TF-SE-S18 4.60 4.61 4.43 4.80 4.59 4.74 4.63 0.13 
BF-NE-S18 4.07 4.01 3.86 4.02 3.90 4.05 3.99 0.08 
BF-SE-S18 8.24 8.00 7.88 7.76 7.87 7.68 7.91 0.20 
Notes: 
a All measurements in ksi, 1 ksi = 6.9 MPa 
b Represents average of three tests performed at 1 million cycles, 2 million cycles, etc. 
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Table 2-3 Tabulated Static Test Load Ranges 
Specimen 
ID 
Initial Load 
Range 
(kip)b 
Stress Range at CB-SB 
Connection Bolt Holes 
(ksi)c 
Load Range for Target 
CB-SB Connection Stress 
Ranges (kip) 
CB1 53.4 
East 17.6 
51.5 
West 15.6 
CB2 52.3 
East 15.7 
55.7 
West 14.4 
CB3 57.5 
East 15.7 
56.9 
West 16.6 
CB4 60.0 
East 16.2 
60.4 
West 15.6 
CB5a 60.0 
East 18.2 
53.4 
West 17.8 
CB6 60.0 
East 16.0 
61.1 
West 15.4 
CB7a 60.0 
East 16.5 
57.8 
West 16.7 
CB8 60.0 
East 15.4 
62.8 
West 15.2 
CB11 55.0 
East 15.6 
55.6 
West 16.1 
CB12 60.0 
East 15.8 
61.6 
West 15.4 
CB13 60.0 
East 16.9 
59.0 
West 15.6 
CB14 60.0 
East 15.6 
59.1 
West 16.8 
CB15 60.0 
East 17.6 
56.3 
West 16.5 
CB16 60.0 
East 16.2 
58.3 
West 16.7 
CB17 60.0 
East 16.2 
60.1 
West 15.7 
CB18 60.0 
East 17.2 
56.8 
West 16.7 
Notes: 
a Specimens were not fatigue tested 
b 1 kip = 4.45 kN 
c 1 ksi = 6.9 MPa 
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Table 2-4 Static Test Stress Ranges at Gauges Installed on All Specimens 
Gauge 
CB 
1b 
CB 
2 
CB 
3 
CB 
4 
CB 
5 
CB 
6 
CB 
7 
CB 
8 
CB 
11 
CB 
12 
CB 
13 
CB 
14 
CB 
15 
CB 
16 
CB 
17 
CB 
18 
Avg. 
Std. 
Dev. 
Rng. 
TF-N-S0a 19.0 18.8 18.9 17.5 18.6 17.6 19.8 19.1 17.6 16.8 17.5 16.3 17.5 18.2 19.1 18.8 18.21 0.96 3.51 
TF-S-S0 10.0 9.0 10.0 9.0 10.5 9.5 7.9 10.0 9.2 9.0 10.3 9.7 9.8 9.5 8.9 8.4 9.40 0.70 2.58 
TF-NW-S6 11.7 10.9 11.5 10.8 11.7 11.1 12.6 11.3 11.0 10.5 10.9 10.5 11.3 11.7 11.7 11.8 11.31 0.54 2.11 
TF-SW-S6 5.7 4.5 5.3 4.9 5.2 5.3 3.9 4.8 5.0 4.8 6.0 5.8 5.5 5.2 4.4 4.2 5.04 0.59 2.07 
BF-NW-S6 6.3 5.3 7.5 4.9 5.3 5.8 5.6 5.2 6.0 6.2 7.4 6.8 6.0 5.7 5.7 5.5 5.94 0.75 2.60 
BF-SW-S6 14.1 13.0 14.0 12.4 14.4 12.3 13.4 12.1 14.2 12.3 12.6 13.7 13.4 13.6 12.6 13.4 13.22 0.76 2.28 
TF-NE-S6 11.5 11.3 11.6 10.9 11.8 11.0 13.1 11.9 11.6 10.8 11.5 10.5 11.7 11.3 11.9 11.8 11.51 0.60 2.55 
TF-SE-S6 5.1 4.4 5.1 4.8 5.9 5.6 4.7 5.7 5.3 4.9 5.9 5.8 5.5 5.3 4.5 4.1 5.16 0.56 1.79 
BF-NE-S6 5.7 5.1 7.0 4.9 6.6 5.6 5.8 5.3 5.7 5.8 7.2 7.6 6.5 5.8 5.2 4.6 5.90 0.86 3.02 
BF-SE-S6 16.2 14.5 13.3 12.9 14.8 12.8 13.3 12.2 13.8 12.7 13.8 12.6 14.3 13.1 13.2 13.9 13.58 1.00 3.98 
TF-NW-S12 1.6 0.9 1.4 1.0 2.2 1.6 2.0 1.3 1.8 1.2 1.4 1.5 1.7 2.1 1.8 1.8 1.58 0.37 1.28 
TF-SW-S12 0.3 0.7 0.0 0.3 0.1 0.4 0.4 0.1 0.1 0.1 0.2 0.4 0.3 0.2 0.2 0.2 0.25 0.17 0.73 
BF-NW-S12 0.5 0.2 1.0 0.5 0.1 0.2 0.3 0.3 0.3 0.3 0.8 0.5 0.7 0.8 0.5 0.1 0.44 0.26 0.86 
BF-SW-S12 2.6 1.4 1.9 1.3 2.6 1.7 2.0 1.2 1.8 1.4 1.9 1.8 2.1 2.3 1.8 2.2 1.86 0.41 1.40 
TF-NE-S12 1.6 1.4 1.7 1.0 2.2 1.4 2.3 1.8 2.3 1.7 2.0 1.6 2.3 2.1 2.3 2.0 1.85 0.39 1.30 
TF-SE-S12 0.4 1.1 0.0 0.5 0.4 0.2 0.0 0.3 0.2 0.1 0.4 0.4 0.3 0.2 0.2 0.4 0.32 0.24 1.01 
BF-NE-S12 0.1 0.4 0.7 0.5 0.5 0.0 0.9 0.3 0.6 0.4 0.9 0.6 0.8 0.5 0.2 0.1 0.46 0.29 0.93 
BF-SE-S12 2.7 1.9 2.7 1.3 2.4 1.5 2.6 1.6 2.5 1.9 2.2 2.0 2.5 2.2 2.6 1.6 2.13 0.47 1.45 
TF-NW-S18 8.4 9.4 8.7 8.4 7.1 7.6 8.4 8.4 7.4 8.0 7.5 7.0 7.5 7.2 7.4 8.0 7.90 0.66 2.40 
BF-SW-S18 8.9 10.5 9.1 9.5 8.9 8.8 9.4 9.4 8.6 8.7 8.3 7.8 8.2 8.1 8.7 9.0 8.86 0.65 2.68 
TF-NE-S18 8.2 8.2 8.2 8.6 7.2 7.7 8.0 8.0 6.8 7.2 6.9 6.9 7.0 7.2 7.1 7.6 7.55 0.59 1.78 
BF-SE-S18 8.4 9.5 7.6 9.9 8.6 9.3 8.3 9.6 7.9 8.4 7.8 8.2 8.0 8.2 7.6 8.8 8.52 0.71 2.23 
Notes: 
a All measurements in ksi, 1 ksi = 6.9 MPa 
b All measurements obtained under or prorated to a 60 kip load range 
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Table 2-5 Comparison of Measured Stress Ranges in CB4 for Differing Levels of Precompression 
Gauge 
Stress under DS Loading Stress under US Loading Stress Range 
0.18 in.b 
precomp.c 
0.35 in. 
precomp. 
Change 
0.18 in. 
precomp. 
0.35 in. 
precomp. 
Change 
0.18 in. 
precomp. 
0.35 in. 
precomp. 
Change 
TF-N-S0a 11.66 11.62 -0.05 -3.91 -4.71 -0.79 15.58 16.33 +0.75 
TF-S-S0 5.82 5.76 -0.06 -1.86 -2.32 -0.46 7.68 8.08 +0.40 
TF-NW-S6 7.32 7.27 -0.05 -2.35 -2.92 -0.57 9.68 10.20 +0.52 
TF-SW-S6 3.20 3.18 -0.02 -0.90 -1.26 -0.37 4.09 4.44 +0.35 
BF-NW-S6 0.85 1.54 +0.69 -3.62 -3.43 +0.19 4.47 4.97 +0.50 
BF-SW-S6 2.68 3.41 +0.73 -8.22 -7.88 +0.34 10.90 11.29 +0.39 
TF-NE-S6 3.13 3.09 -0.04 -0.93 -1.23 -0.30 4.06 4.32 +0.26 
TF-SE-S6 7.42 7.38 -0.04 -2.45 -2.99 -0.55 9.87 10.37 +0.51 
BF-NE-S6 0.86 1.60 +0.73 -3.36 -3.28 +0.08 4.22 4.87 +0.65 
BF-SE-S6 2.86 3.67 +0.81 -8.42 -8.23 +0.18 11.28 11.91 +0.63 
TF-NW-S18 2.32 2.18 -0.14 -4.42 -4.43 -0.01 6.73 6.61 -0.13 
BF-SW-S18 5.29 5.28 -0.01 -2.86 -2.22 +0.64 8.15 7.50 -0.65 
TF-NE-S18 2.26 2.06 -0.21 -4.72 -4.75 -0.03 6.98 6.81 -0.17 
BF-SE-S18 5.42 5.43 +0.02 -2.85 -2.15 +0.69 8.26 7.59 -0.67 
Notes: 
a All measurements in ksi, 1 ksi = 6.9 MPa 
b 1 in. = 25.4 mm 
c Precomp. = precompression of CB-SB connection 
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Table 2-6 Comparison of Measured Stress Ranges in CB4 for Polymeric Components vs. Steel Discs 
Gauge 
Stress under DS Loading Stress under US Loading Stress Range 
Polymeric 
Components 
Steel 
Discs 
Change 
Polymeric 
Components 
Steel 
Discs 
Change 
Polymeric 
Components 
Steel 
Discs 
Change 
TF-N-S0a 11.62 10.72 -0.90 -4.71 -4.42 +0.29 16.33 15.14 -1.19 
TF-S-S0 5.76 4.71 -1.05 -2.32 -2.00 +0.32 8.08 6.71 -1.37 
TF-NW-S6 7.27 6.59 -0.68 -2.92 -2.57 +0.35 10.20 9.16 -1.04 
TF-SW-S6 3.18 2.47 -0.71 -1.26 -1.00 +0.26 4.44 3.46 -0.98 
BF-NW-S6 1.54 1.43 -0.12 -3.43 -3.20 +0.23 4.97 4.63 -0.35 
BF-SW-S6 3.41 2.91 -0.50 -7.88 -6.85 +1.03 11.29 9.76 -1.52 
TF-NE-S6 7.38 6.80 -0.58 -2.99 -2.69 +0.30 10.37 9.49 -0.88 
TF-SE-S6 3.09 2.37 -0.72 -1.23 -0.92 +0.31 4.32 3.29 -1.03 
BF-NE-S6 1.60 1.41 -0.19 -3.28 -3.13 +0.15 4.87 4.53 -0.34 
BF-SE-S6 3.67 3.04 -0.64 -8.23 -7.02 +1.21 11.91 10.06 -1.85 
TF-NW-S18 2.18 2.16 -0.01 -4.43 -4.75 -0.32 6.61 6.91 +0.30 
BF-SW-S18 5.28 4.50 -0.77 -2.22 -1.96 +0.26 7.50 6.47 -1.03 
TF-NE-S18 2.06 2.12 +0.06 -4.75 -4.88 -0.14 6.81 7.00 +0.20 
BF-SE-S18 5.43 4.47 -0.97 -2.15 -1.85 +0.30 7.59 6.32 -1.26 
Notes: 
a All measurements in ksi, 1 ksi = 6.9 MPa 
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Table 2-7 Comparison of Measured Stresses in Orignal and Revised NRP 
Designs 
Gauge Identifiera 
Stress for Original 
Design (ksib) 
Stress for Revised 
Design (ksi) 
Reduction 
(%) 
SP_W2 21.42 13.50 37 
SP_W1 25.82 17.25 33 
SP_E1 23.55 13.19 44 
SP_E2 22.30 17.00 24 
Notes: 
a See Figure 2-17 for locations 
b 1 ksi = 6.9 MPa 
  
 95 
Table 2-8 Results of Skidmore-Wilhelm Bolt Tests – First Trial 
Bolt 
Stage 1 – Below Yield Stage 2 – At Yield 
Torque (ft-lba) Force (kipb) Torque (ft-lb) Force (kip) 
1 77 7.0 95 12.0 
2 50 4.0 95 11.5 
3 60 4.0 95 10.5 
4 60 4.8 90 10.5 
5 75 8.0 95 12.0 
6 55 4.0 95 11.0 
7 60 5.0 95 11.0 
8 65 5.0 95 11.5 
9 70 7.0 Stripped threads at less than 95 ft-lb 
10 75 6.3 90 9.5 
11 Not recorded Not recorded 90 9.5 
Notes: 
a 1 ft-lb = 1.36 Nm = 1.36 J 
b 1 kip = 4.45 kN 
 
Table 2-9 Results of Skidmore-Wilhelm Bolt Tests – Second Trial 
Bolt 
Stage 1 – Below Yield Stage 2 – At Yield 
Torque (ft-lba) Force (kipb) Torque (ft-lb) Force (kip) 
1 90 9.0 100 11 
2 100 11.0 120 14.5 
3 100 10.0 130 13.0 
4 100 11.0 130 13.5 
5 100 10.5 130 13.5 
6 100 11.5 130 13.5 
7 100 12.0 130 14.0 
8 100 10.0 130 12.5 
9 100 10.5 130 13.5 
10 100 11.5 140 15.0 
Notes: 
a 1 ft-lb = 1.36 Nm = 1.36 J 
b 1 kip = 4.45 kN 
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Table 2-10 Summary of Fatigue Test Results 
Phase 
Specimen 
IDa 
Location of 
CB-SB 
Connection 
Bolt Hole  
Stress Range 
at CB-SB 
Connection 
Bolt Hole 
(ksi)b 
Cycles Comments 
1 
CB1 
East 15.8 
6.0×106 
Cracking at CP transverse 
splice into CB, and SCP 
West 17.7 
CB2 
East 14.4 
6.0×106 
West 15.7 
2 
CB3 
East 16.6 
6.0×106 No detectable cracking 
West 15.7 
CB4 
East 15.6 
2.4×106 
Cracking in CB at steering 
device West 16.2 
CB6 
East 15.4 
6.0×106 No detectable cracking 
West 16.0 
CB8 
East 15.8 
6.0×106 
Cracking at CP transverse 
splice into CB West 16.0 
3 
CB11 
East 15.5 
6.0×106 Cracking in NR plate 
West 16.1 
CB12 
East 16.4 
6.0×106 No detectable cracking 
West 16.0 
CB13 
East 15.9 
6.0×106 No detectable cracking 
West 15.3 
CB14 
East 15.2 
6.0×106 No detectable cracking 
West 16.6 
CB15 
East 17.6 
6.0×106 No detectable cracking 
West 16.5 
CB16 
East 16.2 
6.0×106 No detectable cracking 
West 16.7 
CB17 
East 15.7 
6.0×106 No detectable cracking 
West 16.2 
CB18 
East 16.7 
6.0×106 No detectable cracking 
West 17.2 
Notes: 
aSpecimens CB5, CB7, CB9 and CB10 were not tested 
b1 ksi = 6.9 MPa 
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Table 2-11 Fatigue Test Stress Ranges at Bolted Details 
Specimen Cycles 
CB-SB Bolted Stirrup Connection NRP Attachment ED-CB Connection 
Sra 
SW Hole 
(ksib) 
Sr 
SE Hole 
(ksi) 
Average 
Sr 
(ksi) 
Sr 
East NRP 
(ksi) 
Sr 
West NRP 
(ksi) 
Sr 
East ED-CB 
(ksi) 
Sr 
West ED-CB 
(ksi) 
CB1 6.0×106 15.6 17.6 16.6c 12.8 14.7 16.9 16.5 
CB2 6.0×106 14.4 15.7 15.0c 12.5 15.2 16.9 17.3 
CB3 6.0×106 16.6 15.7 16.2 13.8 16.2 15.8 17.8 
CB4 2.4×106 15.6 16.2 15.9 15.3 16.1 19.0e 18.3 
CB6 6.0×106 15.4 16.0 15.7 13.6 15.3 18.3 17.5 
CB8 6.0×106 15.2 15.4 15.3 14.4 16.4 18.3 18.1 
CB11 6.0×106 16.1 15.6 15.8 11.9d 13.8 15.7 16.7 
CB12 6.0×106 15.4 15.8 15.6 13.0 15.5 17.2 15.3 
CB13 6.0×106 16.9 15.6 16.3 13.0 15.1 16.9 17.0 
CB14 6.0×106 16.9 15.6 16.3 12.5 14.3 16.9 16.9 
CB15 6.0×106 16.5 17.6 17.0 13.1 15.3 17.5 17.2 
CB16 6.0×106 16.7 16.2 16.5 13.2 15.1 17.1 17.2 
CB17 6.0×106 15.7 16.2 16.0 13.4 15.4 16.5 17.4 
CB18 6.0×106 16.7 17.2 16.9 13.9 16.1 18.3 18.2 
Notes: 
a Sr = stress range 
b 1 ksi = 6.9 MPa 
c SCP in CB-SB connection cracked  
d Detail cracked 
e Cracking within NRP 
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Table 2-12 Fatigue Test Stress Ranges at Welded Details 
Specimen Cycles 
SB Flange-Web 
Welds 
CB Flange-Web 
Welds 
CB CP-Web 
Welds 
CP Splices at 
CB Splice 
CB Welded 
Splices 
TF Sra 
(ksib) 
BF Sr 
(ksi) 
TF Sr 
(ksi) 
BF Sr 
(ksi) 
North Sr 
(ksi) 
South Sr 
(ksi) 
NE Sr 
(ksi) 
NW Sr 
(ksi) 
East Sr 
(ksi) 
West Sr 
(ksi) 
CB1 6.0×106 3.3 3.3 11.0 13.0 9.3 6.6 15.4c 15.7c 15.1 14.5 
CB2 6.0×106 3.1 3.1 11.0 12.0 9.4 6.3 16.6c 15.2c 16.4 14.9 
CB3 6.0×106 3.4 3.4 11.8 14.0 9.6 7.3 15.6 14.7 16.4 14.4 
CB4 2.4×106 3.4 3.4 12.3 14.2 10.2 7.3 15.9 16.7 16.8 17.5 
CB6 6.0×106 3.5 3.5 11.5 14.1 9.4 6.8 14.4 15.3 16.1 16.6 
CB8 6.0×106 3.5 3.5 11.9 13.3 10.1 7.0 16.8c 17.2c 17.1 17.2 
CB11 6.0×106 3.0 3.0 10.0 12.2 8.3 5.7 
Specimens did not contain splices 
CB12 6.0×106 3.3 3.3 11.3 12.6 9.5 6.6 
CB13 6.0×106 3.5 3.5 11.5 13.4 9.4 7.0 
CB14 6.0×106 3.0 3.0 10.8 13.5 8.7 6.5 
CB15 6.0×106 3.5 3.5 11.5 13.0 9.7 6.9 
CB16 6.0×106 3.4 3.4 11.0 12.4 9.3 6.4 
CB17 6.0×106 3.3 3.3 11.1 12.3 9.5 6.4 
CB18 6.0×106 3.4 3.4 11.2 12.6 9.7 6.3 
Notes: 
a Sr = stress range 
b 1 ksi = 6.895 MPa 
c Detail cracked 
 
 99 
 
Figure 2-1 Plan view of specimen 
 
Figure 2-2 Transverse section view of specimen  
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Figure 2-3 CB section details 
 
Figure 2-4 SB section details  
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Figure 2-5 Field splice details 
 
Figure 2-6 Bolted CB-SB stirrup connection details  
CP longitudinal splice (detail 
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Figure 2-7 SCP fabrication detail: (a) original design; (b) refurbished 
design; (c) enhanced design 
 
(a) 
 
(b) 
Figure 2-8 Schematics of polymeric components in CB-SB connection: (a) 
sliding bearing, (b) sliding spring  
(c) 
(b) 
(a) 
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3 IN. 
3 IN. 
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Figure 2-9 Equidistant device connection detail 
 
Figure 2-10 Noise reduction plate (NRP) bolted attachment
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Figure 2-11 Annotated schematic of test fixture 
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Figure 2-12 Schematic of load pad fixture 
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Figure 2-13 Instrumentation of CBs (gauge identifcations are shown for western gauges, eastern gauges are 
similar) 
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WB-N-S0 
WB-S-S0 
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Figure 2-14 Instrumentation at NRP region, specimen CB17 
 
Figure 2-15 Instrumentation of SCP, specimen CB17  
WEST NRP GAUGE DETAIL EAST NRP GAUGE DETAIL 
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Figure 2-16 Instrumentation of SB 
 
 
 
Figure 2-17 Instrumentation of NRP for additional CB17 static testing  
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Figure 2-18 Loading profile for static testing 
 
Figure 2-19 Loading profile for fatigue testing  
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Figure 2-20 Calculation of nominal stress at CB-SB connection bolt holes  
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Figure 2-21 Infinite life fatigue testing plan for Category B details  
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PF = probability of failure 
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 112 
 
Figure 2-22 Measured longitudinal stresses for all initial static tests at 
gauge locations along northern path on top flange (TF-N) 
 
Figure 2-23 Measured longitudinal stresses for all initial static tests at 
gauge locations along southern path on bottom flange (BF-S)  
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Figure 2-24 Measured longitudinal stress ranges for all initial static tests at 
gauge locations along northern path on top flange (TF-N) 
 
Figure 2-25 Measured longitudinal stress ranges for all initial static tests at 
gauge locations along southern path on bottom flange (BF-S)  
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Figure 2-26 Actuator load vs. vertical deflection at load points for all initial 
static tests 
 
Figure 2-27 Effect of differing levels of precompression on vertical 
deflection response for CB4  
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Figure 2-28 Actuator load vs. horizontal deflection of CB top flange above 
CB-SB connection 
 
Figure 2-29 Effect of different levels of precompression on horizontal 
deflection of CB4 top flange above CB-SB connection  
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Figure 2-30 Rotational restraint provided by horizontal shim system 
 
Figure 2-31 Effect of different levels of horizontal shim tightness on 
horizontal deflection of CB12 top flange above CB-SB connection   
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Figure 2-32 CB web bending stress near CB-SB connection in specimen 
CB17 
 
Figure 2-33 Stress response of SCP during actuator downstroke in 
specimen CB17  
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Figure 2-34 Stress response of SCP during actuator upstroke in specimen 
CB17 
 
Figure 2-35 Stress measurements at additional bolt hole gauges in CB17  
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Figure 2-36 Comparison of vertical deflections at load points for polymeric 
components and steel discs installed in the CB-SB connections of CB4 
 
Figure 2-37 Comparison of lateral deflections at the top flange over the 
CB-SB connection for polymeric components and steel discs installed in the 
CB-SB connections of CB4  
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Figure 2-38 Bolt strain during CB-SB connection assembly 
 
Figure 2-39 Bolt strain recorded at 20 hours after connection assembly  
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Figure 2-40 Southwest bolt strain during static test 
 
Figure 2-41 Northwest bolt strain during static test  
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Figure 2-42 Fatigue test results for bolted CB-SB stirrup connection 
 
Figure 2-43 Fatigue test results for ED-CB bolted connection  
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Figure 2-44 Fatigue test results for NRP bolted attachment 
 
Figure 2-45 Fatigue test results for flange-to-web welds  
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Figure 2-46 Fatigue test results for full-depth CB butt splice 
 
Figure 2-47 Fatigue test results for CP-to-web weld and CP transverse 
splices  
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Figure 2-48 Observed SCP cracking in specimen CB1 
 
Figure 2-49 Fracture surface for SCP crack  
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Figure 2-50 Observed cracking of CB at steering device attachment in CB4 
 
Figure 2-51 Enlarged view of fatigue origin region  
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(a) 
 
(b) 
 
(c) 
 
(d) 
Figure 2-52 SEM micrographs of (a) weld metal (A in Figure 2-51) 
magnified 75×; (b) weld metal magnifed 500×; (c) weld root defect (B in 
Figure 2-51); and (d) bolt hole corner (D in Figure 2-51) magnified 30×  
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Figure 2-53 NR plate crack in specimen CB11 
 
Figure 2-54 NR plate fracture surface  
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(a) 
 
(b) 
 
(c) 
 
(d) 
 
(e) 
Figure 2-55 SEM micrographs of NRP crack: (a) crack origin at 15× 
magnification; (b) crack origin at 40× magnification; (c) fatigue striations at 
for “a” in Figure 2-54 at 3000× magnification; (d) fatigue striations at “b” in 
Figure 2-54 at 3000× magnification; and (e) surface indentation at 
counterbored hole bottom at 40× magnification  
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Figure 2-56 Cracking in CB2 originating at CP transverse splice 
 
Figure 2-57 Fracture surface for CP transverse splice cracking (inset shows 
lack of penetration at CP transverse splice)  
CRACK 
LACK OF 
PENETRATION 
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Figure 2-58 Cracking originating from CP transverse splice in specimen 
CB8 
 
Figure 2-59 Ratchet mark on CB8 fracture surface 
CRACK 
RATCHET MARK 
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3. ASSESSMENT OF CONSTITUTIVE MATERIAL MODELS FOR 
POLYMERIC COMPONENTS 
3.1 Overview 
As observed during the experimental studies, the behavior of the polymeric 
components contributed significantly to the behavior of the SSB MBJS when loaded 
statically. In addition, as discussed in Chapter 1 the stiffening behavior and rate-
dependency of these components were likely to influence the dynamic behavior of the 
systems. To assess the influence of these polymeric components, static and dynamic 
responses of a SSB MBJS containing these polymeric components were quantified using 
Finite Element Analysis (FEA). These analysis results are presented in Chapters 4 through 
6. In this chapter, a material characterization for the polymeric components is completed 
and constitutive models representing their nonlinear elastic and hysteretic behavior are 
developed in this chapter for use in the analysis models. 
First, the behavior of these components (as determined from preliminary tests and 
literature review) is presented, typical constitutive relationships for these types of materials 
are discussed, and appropriate material models for the polymeric components are proposed. 
Next, the test data for determining the proposed material model parameters are presented, 
as obtained either through experiments or from the literature. Then, the methodology for 
determining the material parameters from the test data are presented. Finally, the resulting 
material model parameters and simulation results incorporating the models are compared 
to the test data, and their effectiveness in representing the response of the components is 
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assessed. Since the polymeric components are precompressed, the compressive stress-
strain behavior of these polymeric components is the primary focus of this chapter. 
3.2 Summary of Material Behavior and Appropriate Models 
3.2.1 Material Behaviors 
The results of preliminary uniaxial load-displacement tests of the sliding springs 
and bearings, which were provided by the manufacturer of the SSB MBJS used during the 
experimental studies, are presented in Figure 3-1. Both components exhibited: (1) a 
nonlinear elastic response that stiffened with increasing load or displacement; and (2) a 
hysteretic response with differing loading and unloading curves. Polymeric materials often 
exhibit rate-dependent hysteresis, where the amount of hysteresis (or the difference 
between the loading and unloading curves) is dependent on how quickly the material is 
loaded. Figure 3-1 also shows the estimated steady state (or equilibrium) response of the 
materials, which is the theoretical response when subjected to an infinitely slow strain rate 
(approximately zero), thus removing any rate-dependent hysteresis. These material 
behaviors are typical of polymers, and significant research has been performed to quantify 
their response using numerical models. For representing the nonlinear elastic behavior or 
the steady state response of polymers and elastomers, hyperelastic models are commonly 
used. For representing the time-dependent hysteresis displayed by these materials, 
viscoelastic models are often used. From the results of the preliminary tests, it appeared 
that combinations of existing hyperelastic and viscoelastic material models would be best 
suited for representing the polymeric components, i.e., the sliding springs and sliding 
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bearings, in SSB MBJS. Each of these material models are discussed in the following 
sections. 
3.2.2 Modeling of Hyperelastic Materials 
The hyperelastic (or Green elastic) constitutive relationship is derived from a strain 
energy density (or potential) function, which is a nonlinear mathematical function relating 
the strain energy per unit volume to the deformation gradient tensor. The stress response 
of the material is then obtained from this strain energy potential function using the principle 
of virtual work. 
Many forms of the strain energy potential function have been established based on 
different mathematical representations of the hyperelastic material behavior, including 
phenomenological representations (Yeoh 1993, Marlow 2003), mechanistic 
representations (Arruda and Boyce 1993), or a combination of both (Kilian 1981). 
Phenomenological representations are based purely on the observed behavior (or 
phenomena) of the material response, and are often derived by fitting curves to stress-strain 
test data. One example of a phenomenological representation is the Marlow (2003) model, 
whose strain energy density function is determined directly by the integration of stress-
strain test data. Mechanistic representations are based on the underlying mechanics at a 
molecular level, i.e. stretching and straining of the polymer chains within the material. For 
example, the mechanistic Arruda-Boyce (AB) model is also known as the “eight-chain” 
model because it is based on the deformation of a simplistic assemblage of eight polymer 
chains arranged as a cube. Combined representations include elements of both 
phenomenological and mechanistic models. An example is the van der Waals (VDW) 
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model developed by Kilian (1981), which is based on an extension of the van der Waals 
gas equation for realistic gases to a network of polymer chains. The mutual interaction 
between the polymer chains is considered within the model, much like the van der Waals 
equation for a gas considers the interaction between gas particles (whereas the ideal gas 
law does not). A constitutive equation is then derived based on examining the similarities 
between the polymer chain network and the network of particles within a realistic gas. 
Stress-strain test data is then used to calibrate the equations resulting from this comparison. 
Further background of hyperelasticity, including derivation of the Arruda-Boyce, 
Marlow, and van der Waals strain energy potential functions, is presented in Appendix B. 
3.2.3 Linear Viscoelasticity 
Linear viscoelasticity is commonly assumed for modeling hysteresis, where the 
viscous portion of the stress response is a linearly proportional to the strain rate (Findley 
et al. 1976). While the actual response of most materials does not typically follow this 
linear dependence, the linear theory of viscoelasticity offers a reasonable approximation to 
the true behavior of many materials while simultaneously allowing simple mathematical 
representations to be formulated. It should be noted that linear viscoelasticity is valid for 
small-strain situations only, as materials subjected to large strains typically exhibit 
nonlinear behavior that may not be well represented by a linear viscoelastic model. Further 
discussion of linear viscoelasticity is presented in Appendix B. 
Linear viscoelastic (LV) models are typically represented by a combination of 
linear springs and dashpots. The commonly used forms are the Maxwell model (single 
spring and single dashpot in series), Kelvin-Voigt model (single spring and single dashpot 
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in parallel), and the Standard Linear Solid (SLS) model (spring-dashpot in series, parallel 
with a second spring). These can be extended by using generalized Maxwell and Kelvin-
Voigt models, in which many Maxwell or Kelvin-Voigt models are connected in series or 
parallel. 
For numerical simulations, linear viscoelastic models are commonly formulated 
using a hereditary integration of the relaxation modulus. The relaxation modulus is defined 
as the change in stress that occurs when a strain is suddenly applied and held constant, and 
is determined through experiments. The stress response to a generic strain history can be 
calculated by assuming the strain history is a summation of constant strain inputs, and using 
hereditary integration of the relaxation modulus to calculate the response to the generic 
strain history. Mathematically, the hereditary integral is represented as 
 𝑇(𝑡) = 𝐺0𝛾(𝑡) + 𝐺0∫𝑔𝑅(𝑡 − 𝑐)
𝜕𝛾
𝜕𝑐
𝑑𝑐
𝑡
0
 (3.1) 
where T is the shear stress, γ is the shear strain, G0 is the instantaneous shear modulus 
(shear modulus when an extremely fast load is applied), t is time, c is the integration 
variable, and 𝑔𝑅(𝑡) is the relaxation modulus normalized by the instantaneous shear 
modulus. For FEA, the normalized relaxation modulus is often discretized as a Prony 
series, which is given as  
 𝑔𝑅(𝑡) = 1 −∑𝑔𝑖(1 − e
−𝑡/𝜏𝑖
𝑛
𝑖=1
) (3.2) 
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where 𝑔𝑖 and 𝜏𝑖 are material model parameters determined through fitting the Prony series 
representation of the relaxation modulus to relaxation test data. The creep response of the 
material is a counterpart to the stress relaxation response (or modulus), in that creep is a 
change in deformation under constant stress, whereas relaxation is a change in stress under 
a constant deformation. Both are manifestations of the same molecular mechanisms and as 
such, the creep phenomenon can also be represented by a Prony series. 
Parallels have also been drawn between the Prony series representation and the 
spring-dashpot representations of linear viscoelasticity. The Prony series can be physically 
visualized as a generalized combination of spring and dashpot elements, where the 
arrangement (series vs. parallel) and number of elements depends on the values of 𝑔𝑖 and 
𝜏𝑖 and the number of parameter sets (i) used in defining the series. 
3.2.4 Bergstrom-Boyce Viscoelasticity 
For large-strain applications, Bergstrom and Boyce (1998, 2000, 2001) 
decomposed the response of a viscoelastic material into two networks acting in parallel: 
(1) network A, the steady state response represented by a hyperelastic material model; and 
(2) network B, a time-dependent deviation from the steady state response represented by 
the same hyperelastic material model in series with a non-linear dashpot, as shown in 
Figure 3-2. While Bergstrom and Boyce used the AB model in their original 
implementation of the model for the hyperelastic components in networks A and B, they 
also noted that any available hyperelastic model could be used. 
The non-linear dashpot in network B of the model, so called because its response 
is not linearly proportional to the strain rate, represents the time-dependent response 
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associated with natural reptation motion, i.e. time-dependent interspersed relative 
movement, of polymer chains within the material over time. In other words, as the polymer 
chains in the material are stretched from their ends, they also interact with other chains. 
Over time, sliding between chains takes place, which releases some of the stored energy 
within the stretched chains and allows creep deformation to occur. The time-dependent 
response of network B is described mathematically by  
 ?̇?𝐵 = 𝑐1(𝜆𝑐ℎ𝑎𝑖𝑛
𝐵𝑝 − 1)
𝑐2
(
𝜏𝐵
?̂?𝐵
)
𝑚
 (3.3) 
where ?̇?𝐵 is the effective creep strain rate in network B, 𝜆𝑐ℎ𝑎𝑖𝑛
𝐵𝑝
 is the nominal chain stretch 
in network B, 𝜏𝐵 is the effective stress in network B, and 𝑐1, 𝑐2, ?̂?𝐵, and m are material 
model parameters. The equation can also be simplified by consolidating constants as 
 ?̇?𝐵 = ?̂?1(𝜆𝑐ℎ𝑎𝑖𝑛
𝐵𝑝 − 1)
𝑐2
(𝜏𝐵)
𝑚 (3.4) 
where ?̂?1 is equal to 𝑐1/?̂?𝐵
𝑚
.  
The BB model parameters are described in the following. The parameter 𝐶𝑅
(𝐵)
/𝐶𝑅
(𝐴)
 
(which does not appear in the equation above) defines the ratio of stress carried by network 
B to that carried by network A under instantaneous loading. In other words, 𝐶𝑅
(𝐵)
/𝐶𝑅
(𝐴)
 
describes the amount of stress carried through the spring-only arm of the BB model 
(Network A) versus the amount carried by the spring-dashpot arm (Network B). For 
𝐶𝑅
(𝐵)
/𝐶𝑅
(𝐴)
less than one, greater stress is carried through Network A, and for 𝐶𝑅
(𝐵)
/𝐶𝑅
(𝐴)
 
greater than one, greater stress is carried through Network B. This implies that to model 
greater creep in a material, 𝐶𝑅
(𝐵)
/𝐶𝑅
(𝐴)
 must be larger (allowing more relaxation to take place 
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due to more stress passing though the spring-dashpot arm). The parameters m and 𝑐2 define 
the dependence of the effective creep rate on the current stress and strain state of the 
material, respectively. The parameter ?̂?1 is a combination of constants which describe the 
Brownian motion of the polymer chains. 
To determine the BB model parameters, testing must be completed. The parameter 
𝐶𝑅
(𝐵)
/𝐶𝑅
(𝐴)
 can be determined from a single uniaxial stress-strain test through a procedure 
outlined by Bergstrom and Boyce (1998, 2001). Determination of parameters m and 𝑐2 are 
determined through trial and error, and parameter ?̂?1  can then be determined by comparing 
the results of the model to a stress-strain test completed at a different strain rate. Due to the 
interdependence of some of these parameters, particularly ?̂?1 and m, it is an involved and 
time-consuming process to determine well-fitting parameters without the use of 
sophisticated computer techniques such as optimization algorithms. For more detailed 
information on the theory of the BB model and its derivation, refer to Appendix B. 
3.2.5 Combination of Hyperelasticity and Viscoelasticity 
As mentioned previously, the nonlinear stiffening behavior and the time-
dependency can be represented by using a combined hyperelastic-viscoelastic model. In 
these combined models, the elastic elements of the viscoelastic models, i.e. the springs, are 
represented by hyperelastic constitutive relationships demonstrating the nonlinear 
stiffening behavior. Accordingly, the hyperelastic behavior is included within the 
viscoelastic models, resulting in a combined hyperelastic-viscoelastic model. When using 
linear viscoelasticity, this combination results from a direct combination of the responses 
of the independent hyperelastic and LV models. For the BB model, this combination is 
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implicit, in that the model directly includes hyperelastic models as part of its formulation, 
e.g., springs in Networks A and B for the one-dimensional representation. The following 
sections discuss the hyperelastic and viscoelastic models selected for each MBJS polymeric 
component, which are then combined in the manner discussed above to represent the full 
response. 
3.3 Selection of Models and Experimental Tests for Sliding Spring Material 
3.3.1 Hyperelastic Model 
To determine the hyperelastic strain energy potential function which could best 
represent the time-independent portion of the sliding spring response, each available strain 
energy potential function was evaluated using the built-in capabilities of the commercially 
available finite element software package, ABAQUS. Because ABAQUS would be used 
for all the FEAs within this dissertation, only the strain energy potentials available for use 
in ABAQUS were evaluated. These included the following strain energy potentials: (1) 
Arruda-Boyce; (2) Ogden; (3) Van der Waals; (4) Mooney-Rivlin; (5) Neo-Hookean; (6) 
Yeoh; and (7) Marlow. For further information on each of these potential functions, please 
refer to the ABAQUS User’s Manual. 
Using the test data for the steady state behavior taken from the preliminary load-
deflection test results presented in Figure 3-1, curve-fitting algorithms within ABAQUS 
were used to determine a set of material parameters for each strain energy potential function 
based on the best fit to the test data. The curve-fitting methods used by ABAQUS varied 
depending on the strain energy potential. For the potentials above numbered (4) through 
(7), the potentials were linear in terms of their material constants, and as such a linear least-
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squares procedure was used. For potentials (1) through (3), some of the material parameters 
were nonlinear, and as such a nonlinear least-squares regression was used. The Marlow 
potential (8) reproduces the test data exactly (as discussed later) and as such no curve-fit is 
required. Each of the fits was based on minimizing the relative error measure 
 𝐸 =∑(1 −
𝑇𝑖
𝑡ℎ
𝑇𝑖
𝑡𝑒𝑠𝑡)
2𝑛
𝑖=1
 (3.5) 
where 𝑇𝑖
𝑡𝑒𝑠𝑡 is a stress value from the test data and 𝑇𝑖
𝑡ℎ is the corresponding stress 
calculated from the considered hyperelastic strain energy potential function. For more 
information on the curve-fitting procedures, please refer to the ABAQUS User’s Manual. 
Along with the fits of each model, ABAQUS also estimated the numerical Drucker 
stability of each model (see Drucker 1959) and output the limiting stresses and strains at 
which the models were stable. The Drucker stability condition required that the scalar 
product of the stress and strain tensors was greater than zero for an infinitesimal change in 
the strain state, i.e., for an infinitesimal increase in strain, the change in stored energy was 
positive. As such, models that were stable from zero to the maximum estimated 
compressive strain of 20% (as estimated from simple preliminary analyses of the sliding 
springs within the SSB MBJS) were prioritized for selection. 
The fitting results are presented in Figure 3-3. The VDW model of Kilian (1981) 
was selected by ABAQUS as one of the best-fitting models for the sliding spring material. 
While other models such as the Ogden and Yeoh models also provided good fits, these 
models had more material model parameters (6 and 12 parameters, respectively). The 
Marlow model, while providing an exact fit, is computationally expensive, as discussed in 
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section 3.4.1. To minimize the number of parameters to be determined and the 
computational expense, the VDW model was ultimately chosen. As discussed previously, 
the VDW model is an extension of the van der Waals equation for a real gas to the extension 
of polymer chains. The governing equation for the VDW hyperelastic model is given as 
 𝑊 = 𝜇{−(𝜆𝐿
2 − 3)[ln(1 − 𝜂) + 𝜂] −
2
3
𝑎 (
𝐼1 − 3
2
)
3
2
} (3.6) 
where W is the strain energy potential, μ is the initial shear modulus of the material (at zero 
strain), λL is the locking stretch, i.e., the stretch at which the incremental increase in stress 
for a given increment of strain is infinite (or in other words, the stretch at which the material 
becomes infinitely stiff), and a is a parameter describing the physical interaction between 
different polymer chains (as the chains are stretched, they interfere with each other and do 
not allow full elongation). The variable I1 is the first strain invariant calculated from the 
principal strains of the material, and η is a function of the first strain invariant and the 
locking stretch given by 
 𝜂 = √
𝐼1 − 3
𝜆𝐿
2 − 3
 (3.7) 
The VDW model is ultimately governed by three parameters: the initial shear modulus μ, 
the locking stretch λL, and the interaction parameter a. 
It should be noted that the material model parameters for the VDW model 
determined from the preliminary ABAQUS fitting procedure were not used as the final 
parameters. The parameters for the VDW model were fitted together with those for the 
viscoelastic BB model as discussed in section 3.5.1. 
 143 
3.3.2 Experimental Tests and Viscoelastic Model 
The choice of the viscoelastic model (LV vs. BB) greatly depended on the 
availability of test data for use in determining the material properties. Compressive stress-
strain tests at multiple strain rates were required for determining the BB model parameters. 
Accordingly, to use the BB model to represent the sliding spring material, full size sliding 
springs of 3 in. (78 mm) diameter by 21/8 in. (53 mm) height were tested under axial 
compression, similar to the tests conducted by Bergstrom and Boyce (1998, 1999, 2001). 
Two types of tests were performed: continuous compressive stress-strain tests (to obtain a 
source of data for determining the BB model parameters), and stress relaxation tests (to 
examine the tendency of the stress response under constant strain to approach the steady 
state curve). All tests were conducted under displacement control in a universal testing 
machine (UTM). The specimens were compressed between the steel platens of the UTM, 
and the deformation of the specimen was estimated from the displacement of the loading 
frame. Any machine compliance errors were removed from the displacement 
measurements by subtracting the deformation measured under similar loads when the UTM 
platens were directly compressed against each other.  
For the continuous stress-strain tests, the specimens were strained to a maximum 
compressive true (logarithmic) strain of 0.295 (approximately 75% of the failure strain as 
determined from a preliminary test conducted to failure) and then immediately unstrained 
at the same strain rate as the loading phase. Tests were conducted at two constant strain 
rates of 0.001 s-1 and 0.01 s-1 respectively, so that test data at two different strain rates was 
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available to determine the time-dependent response of the material as per the BB model. 
Each test was repeated three times for examining the repeatability of the material response. 
The compressive stress relaxation tests were performed similarly to the 
compressive stress-strain tests described previously, with the following modification to the 
loading protocol. The specimens were strained in increments of approximately 0.07 true 
strain at a strain rate of 0.001 s-1 with displacement held constant for 5 minutes between 
each increment to allow stress relaxation. 
The results of the continuous compressive stress-strain tests are shown in Figure 
3-4, and the results of the stress relaxation tests are presented in Figure 3-5 and Figure 3-6. 
The sliding springs exhibited nonlinear-elastic hysteretic response and minor strain rate 
dependence. Under the higher strain rate, the sliding spring was stiffer than under the lower 
strain rate, but only slightly stiffer. 
The estimated equilibrium or steady state response is also depicted in Figure 3-4. 
The tendency to this equilibrium response is demonstrated by the results of the stress-
relaxation testing presented in Figure 3-5 and Figure 3-6. When the strain was held at a 
constant level during loading, the stress within the specimen decreased. Similarly, when 
the strain was held constant during unloading, the stress within the specimen increased. 
Both the relaxed and the increased stresses at a particular strain approached each other, 
tending towards a mean response between the loading and the unloading responses. The 
equilibrium response, shown as a dashed line in both Figure 3-4 and Figure 3-5, was 
estimated by placing the curve equidistant from the relaxed responses (“indentations”) in 
the relaxation stress-strain data shown in Figure 3-5. However, this equilibrium response 
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was ultimately not used to determine the VDW model parameters, as the VDW and BB 
model parameters were determined simultaneously using optimization processes as 
discussed in section 3.5.1. 
3.4 Selection of Models for Sliding Bearing 
3.4.1 Hyperelastic Model 
For the sliding bearing, the Marlow (2003) model provided the best fit during a 
preliminary selection process similar to that used for the sliding spring. The manufacturer 
data as shown in Figure 3-7 was used for the fitting, and the results of the process are 
presented in Figure 3-8. While the Mooney-Rivlin and Ogden models also provided 
satisfactory fits, both were unstable for compressive strains. 
The Marlow model does not require any material model parameters. Instead, the 
strain energy potential function is derived directly by integrating the stress-strain test data, 
using the equation 
 
 
𝑊 = ∫ 𝜎(𝜀)𝑑𝜀
𝜆(𝐼1)−1
0
 
 
(3.8) 
where σ(ε) is the stress-strain data, and λ(I1) is the stretch at the first strain invariant for the 
given deformation state. In this way, the Marlow model can exactly recreate the test data. 
However, the integration of the stress-strain data at each time/loading step is 
computationally intensive, which is why other models are usually preferred over the 
Marlow model. For the sliding bearing however, the Marlow model was the only model to 
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provide a reasonable fit that was stable over the expected range of compressive loading 
(from zero strain to 5% compressive strain). 
3.4.2 Viscoelastic Model 
It was initially desired to also use the BB model for representing the time-
dependence of the sliding bearings; however, due to time and budgetary constraints the 
time-dependent response of the sliding bearings could not be investigated experimentally. 
Therefore, the viscoelastic material model for the sliding bearings was ultimately decided 
based on data available in the literature. The stress-strain response of Nylatron at multiple 
strain rates was reported by Al-Maliky (1997). These tests, consisting of monotonic loading 
under compression to failure, demonstrated a stiffer response at higher strain rates 
compared to tests run at lower strain rates, indicating a rate-dependent hysteretic response. 
However, Al-Maliky did not conduct any cyclic tests, which were necessary for fitting the 
material parameters for using the BB model. Cyclic stress-strain data for Nylatron at 
multiple strain rates could not be found in the published literature. As discussed previously, 
the BB model required two sets of stress-strain data at different strain rates to fit the 
parameters for the model, and as such the manufacturer-provided data (presented in Figure 
3-7) could not be used because a test at only one strain rate was available. 
An extended literature search, however, revealed the work of Stan and Fetecau 
(2013), who conducted indentation tests to quantify the time-dependent response 
characteristics of Nylatron. The tests involved the indentation of thick sheets of Nylatron 
using a small pyramidal indenter while the force and indentation depth were recorded. Two 
types of indentation tests were performed: a 3-step indentation test and a 5-step indentation 
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test. The 3-step test included: (1) the application of a 2.25 lb. (10000 mN) load at a loading 
rate of 6.74 lb./min (30000 mN/min); (2) a constantly-held load for 600 seconds allowing 
creep deformation to occur; and (3) the unloading of the Nylatron at a rate of 6.74 lb./min 
(30000 mN/min). The creep deformation of the material was measured during the holding 
step; however, the researchers believed that the measurements included considerable 
plastic deformation due to the sharp indentation added to the material in the first step. The 
5-step indentation test was performed to quantify this plastic deformation. This test 
consisted of the same basic steps as the 3-step test, but included an unload-reload cycle 
immediately after the first loading step. The loading and unloading step prior to the holding 
phase was to eliminate the contribution of non-recoverable plastic deformation before the 
subsequent loading and holding phases by pre-indenting the material. Therefore, the plastic 
deformation due to the indentation and any associated creep would be removed prior to 
measuring the elastic creep deformation during the hold step, as the indenter would only 
be compressing the indentation rather than forming it. Each test was performed multiple 
times for repeatability. 
Load-deformation plots for the 3-step and 5-step indentation tests are reproduced 
in Figure 3-9 and Figure 3-10, respectively. The hold phase of each of the tests was isolated 
and plotted as a function of time as shown in Figure 3-11. The deformation of the material 
increased during the hold phase, indicative of a creep response. The results of the 3-step 
indentation test revealed larger creep deformations than the 5-step test, indicating the 
existence of additional deformation due to the plasticity as postulated by the researchers. 
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As discussed previously, the parameters for the Prony Series LV model could be 
determined using creep deformation data. As such, the creep deformation data provided by 
Stan and Fetecau was used to establish the Prony series material model parameters for the 
sliding bearing material, to be discussed in section 3.6.2. This required the assumption that 
the Nylatron exhibited a linear (or approximately linear) viscoelastic response, which was 
deemed sufficient for the sliding bearing material considering the small strains the sliding 
bearings would experience within the SSB MBJS relative to the much more flexible sliding 
springs. 
3.5 Determination of Sliding Spring Material Parameters 
3.5.1 Determination of VDW-BB Model Parameters by Optimization 
The final model selected to represent the sliding spring behavior was the combined 
VDW-BB hyperelastic-viscoelastic model. As discussed in section 3.2.3, the parameters 
for the BB viscoelastic model are coupled in nature and their determination using direct 
methods is quite involved. For this research, the material model parameters for the 
combined VDW-BB model of the sliding spring material were determined using a 
computer code written in MATLAB (2013), a numerical computing environment. The code 
utilized the in-built genetic algorithm (Goldberg 1989) optimization function in MATLAB 
with the objective of achieving the best fit of computationally-simulated response to the 
experimental data. The computational response was simulated by FEA of a representative 
material sample. The FEAs were carried out in ABAQUS. 
In ABAQUS, the response of Network B of the BB model is described by 
 𝜀?̇?
𝑐𝑟 = 𝐴(𝜀𝐵
𝑐𝑟 + 𝐸)𝐶(𝜎𝐵)
𝑚 (3.9) 
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where 𝜀?̇?
𝑐𝑟 is the effective creep strain rate in Network B, 𝜀𝐵
𝑐𝑟 is the nominal creep strain 
in Network B, 𝜎𝐵 is the effective stress in Network B, and A, E, C, and m are material 
model parameters. An additional parameter S is used to denote the distribution of stiffness 
between Network A and Network B, and is the same as 𝐶𝑅
(𝐵)
/𝐶𝑅
(𝐴)
 in the original 
implementation of the model (Bergstrom and Boyce 1998). Not considering the parameter 
E (which will be discussed in the next paragraph), it can be seen by comparing equations 
(3.4) and (3.9) that the original implementation by Bergstrom and Boyce and the ABAQUS 
implementation are identical, except for the notation. 
The constant E was added to the original implementation of the BB model 
(Bergstrom and Boyce 2001) to avoid numerical difficulties near zero deformation since 
for many materials the parameter C approaches -1. Bergstrom and Boyce recommended a 
small value for E (on the order of 0.01), to avoid the numerical difficulties without majorly 
affecting the mechanics of the model. ABAQUS utilizes a value of E equal to 0.01. 
While the VDW model parameters are not interdependent or dependent on the BB 
model parameters, they were also included in the optimization process for the following 
reason. The estimated steady state (or equilibrium) response curves shown in Figure 3-4 
and Figure 3-5 were approximated as the mean of the loading and unloading response, as 
no rigorous procedure exists in the literature for determining this response directly from 
the data (even when stress relaxation data is available). However, the steady state response 
is not typically equal to the mean of the loading and unloading responses, as it tends slightly 
closer to the unloading response. Inclusion of both the VDW and BB parameters in the 
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optimization process implicitly addressed any errors introduced by estimating the position 
of the steady state curve. 
The procedure for the optimization was as follows. First, the bounds for each of the 
governing parameters for the VDW and BB models were defined. The optimized 
parameters for the VDW model included µ, λm, and a, and the optimized parameters for the 
BB model included S, A, m, and C. The BB model parameter E was set by ABAQUS at 
0.01 and was not included in the optimization. These parameters and their meanings were 
discussed in previous sections. The bounds for each parameter were based on set the ranges 
of typical values in the literature (Kilian 1981, Bergstrom and Boyce 1998). The bounds 
for each of the parameters are shown in Table 3-1. 
Second, an initial generation consisting of sets of material parameters was 
established by MATLAB’s built-in genetic algorithm (GA). Each generation contained 100 
sets of material parameters to provide sufficient diversity within each generation while 
reducing the number of simulations required per generation. For each set of parameters (or 
individual) within the generation, the analytical response of a representative material 
sample was computed for two different strain rates (0.001 s-1 and 0.01 s-1) using ABAQUS 
as an analysis engine. 
The ABAQUS model of the representative material sample consisted of a 1 in. (25.4 
mm) cube. The cube was restrained from vertical displacement at the bottom surface and 
was loaded at the top surface by a downward displacement. The model consisted of a single 
20-node hybrid continuum element employing isoparametric formulation and reduced 
integration. Given that 200 analyses were conducted for each generation (100 individuals 
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in the generation times two simulations per individual), this simple model was used in 
preference to a fully modeled replica of the sliding spring (which would have contained 
many more elements) to reduce the solution time of each analysis. The simple model 
provided the same level of accuracy as a full representation of the sliding spring, given the 
strictly uniaxial stress state and incompressible material behavior. In addition, the aim was 
to determine the representative material response, and not the response of the sliding spring 
itself. The model was loaded to the same maximum strain as the test specimens, and then 
immediately unloaded. The strain rates were as discussed above. 
Third, the accuracy of each parameter set was estimated by comparing the FEA 
results to the corresponding experimental data. The Mean Absolute Error (MAE) between 
experimental and FEA results was computed as a quantitative assessment of the goodness 
of fit and was the objective for driving the optimization forward. The MAE was computed 
point-by-point for the experimental and analytical stresses at each time step for the 
experimental data. For the cases where the FEA results did not have a point corresponding 
to the same time as the experimental data, linear interpolation was used to determine the 
corresponding data point. The MAE values for all times for a single simulation were 
averaged, and then the averaged MAEs for the two simulations were averaged to determine 
a single MAE that evaluated the overall fitness of the numerical representation for the 
particular set of input parameters. Based on the best values of MAE for each generation 
and the corresponding set of parameters, the GA optimization identified the sets of 
parameters to be included as part of the next generation in the algorithm. The number of 
elite sets, crossover sets, and mutation sets contained in the next generation were 5%, 80%, 
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and 15% of the generation, respectively. The optimization was terminated when the MAE 
for a particular generation was less than 0.005 ksi (0.03 MPa) or if the change in the best 
value of fitness over 50 successive generations was less than 1×10-6 ksi (6.9×10-6 MPa). 
Following the completion of the GA, final simulations using the same simple cube 
model were conducted using the determined material model parameters, and the simulation 
results were plotted against the test data for qualitative assessment of the model accuracy. 
The final parameters and results are presented and discussed in section 3.7.1. 
3.5.2 Simulation of Expected In-Service Response 
As a check of the overall capabilities of the model, additional simulations were 
completed using the same ABAQUS single-element model for the expected in-service 
strain rates, strain ranges, and maximum strains. These simulations were also conducted to 
analytically test the notion introduced by Dexter et al. (1997) that the polymeric 
components within MBJS respond to passing vehicle loads with similar stiffness as 
equivalently-sized steel discs. 
To calculate the in-service strains and strain rates for the sliding springs, they were 
assumed to be dependent only on the following parameters: Positive Amplification Factor 
(PAF), Rebound Factor (RF), wheel load, load pulse shape, CB distribution factor (DF), 
truck velocity, and the CB flange width. These parameters are discussed in detail in Chapter 
5. Three values were assumed for each parameter as shown in Table 3-2, to include the 
possible range of values in service. The calculations detailed in the next paragraph were 
then completed for every possible combination of parameters (729 calculations total). 
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First, the load at the bolted CB-SB connection was calculated by assuming the 
wheel was passing directly over the connection and then multiplying the wheel load by the 
DF to determine the amount of load being transferred to the CB from the wheel (since each 
wheel impacts multiple CBs at once). This load was then amplified by the PAF and RF to 
determine the maximum upward and downward components of the reaction at the bolted 
CB-SB connection. The change in sliding spring force for this reaction force was 
determined using the CB-SB connection analysis results discussed in Chapter 4, assuming 
a 0.18 in. (4.5 mm) precompression gap. From the results discussed in Chapter 4, it was 
clear that adding downward load to the connection did not significantly change the sliding 
spring force, and as such, the change under downward loading was assumed to be zero. 
After obtaining the maximum and minimum loads in the sliding spring, the assumed steady 
state or equilibrium behavior for the sliding spring (shown in Figure 3-4) was used to 
determine the deformation. Then, using the deformation and the height of the sliding 
spring, the maximum and minimum strains were determined.  
The maximum strains as per these calculations ranged from 5.6% to 9.8%, where 
the larger value was controlled by the combination of large RF and large wheel load. To 
reduce the number of simulations required and the conservatism of assuming the large 
wheel load and large DAF at the same time, an intermediate value of 7.5% strain was 
chosen. The minimum strain experienced by the sliding spring was set at 5%, the 
approximate level of strain following assembly of the bolted CB-SB connection. 
To determine the strain rates, the time for maximum load to be developed was 
determined by assuming a triangular load pulse, and then calculating the amount of time 
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taken to reach this maximum given a particular speed of vehicle crossing. The triangular 
pulse was chosen for simulation due to its simplicity, including only linear loading and no 
hold phases. Different pulse shapes would have required more sophisticated analyses, 
which were deemed unnecessary given that these simulations were meant purely as a 
simple exploration of the capabilities of the model. The rise time for the model was then 
divided by the strain range to determine the approximate strain rate. The determined strain 
rates for vehicular loading varied between 0.7 s-1 and 25 s-1. 
Each simulation consisted of a preloading stage, where a strain rate of 0.001 s-1 was 
used to simulate the compaction of the bolted CB-SB connection, which brought the sliding 
spring to its minimum strain of 5%. The next step was a hold step, where the assembly 
level strain was held for approximately 5 minutes to simulate the relaxation of the 
component within the connection. The final step consisted of the model loaded to the 
maximum strain of 7.5% using strain rates of 2.5×10-4 s-1, 25 s-1 and all intermediate orders 
of magnitude, and then immediately unloaded. These strain rates were chosen to represent 
all possible strain rates from a static rollover of a vehicle to a vehicle travelling at highway 
speed. 
3.6 Determination of Sliding Bearing Material Parameters 
3.6.1 Determination of Equilibrium Behavior 
As discussed previously, the Marlow model was chosen to represent the 
equilibrium or steady-state hyperelastic behavior of the sliding bearing material. The 
response simulated from the Marlow model required no material parameters, as the model 
used stress-strain test data directly to obtain the simulated response. In the absence of other 
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data describing the equilibrium response, the stress-strain data provided by the 
manufacturer was used. The equilibrium response was estimated from the test data by 
averaging the values of stress for a given strain, tracing out a curve that was centered 
between the loading and unloading branches of the hysteresis loop. This data was directly 
inputted into ABAQUS as the set of data to be used in determining the equilibrium response 
of the material. 
As discussed for the sliding spring, the determination of the equilibrium response 
from the test data by averaging the loading and unloading curves was only an 
approximation to the true equilibrium response. For the sliding spring, any estimation 
errors were corrected implicitly by the optimization process. For the sliding bearing, 
however, optimization was not used and therefore the estimation was not corrected. This 
later resulted in differing responses between the experimental response (including the 
hysteretic response) and the simulated response when the viscoelastic behavior was also 
simulated. To correct this error, the stress-strain data entered into ABAQUS to define the 
equilibrium behavior was manually adjusted by trial-and-error, i.e. the stress was slightly 
increased or decreased for each level of strain, until the combined hyperelastic-viscoelastic 
response better matched the experimental response. 
3.6.2 Determination of Parameters for Linear Viscoelastic Model 
To determine the Prony series LV model parameters for the sliding bearings, the 
creep data provided by Stan and Fetecau (2013) was used. The Prony series parameters 
were determined using the LV curve fitting capabilities of ABAQUS. To use the fitting 
procedures within ABAQUS, the creep displacement data presented in Figure 3-11 had to 
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be normalized by the instantaneous modulus of the material. Stan and Fetecau did not 
directly provide the instantaneous modulus, so it had to be derived from the given 
information in the manuscript. The instantaneous modulus (in units of stress) could not be 
determined directly by examining the initial slope of the data at a load or unload step 
because the data was furnished as load-displacement rather than stress-strain, and the 
conversion to stress-strain from load-displacement is an abstract concept for an indentation 
test (e.g., the specimen length or cross-sectional area to be used in the calculations cannot 
be determined). In addition, ABAQUS required the normalized creep compliance data in 
terms of the shear response, and uniaxial compression data was provided. As such, some 
adjustment of the data was necessary to obtain the correct format, which is discussed in the 
following. 
In ABAQUS, the normalized creep compliance is defined by 
 𝑗𝑠(𝑡) = 𝐺𝑜𝐽𝑠(𝑡) (3.10) 
where Go is the instantaneous shear modulus and Js(t) is the creep shear compliance in units 
of stress-1. The creep shear compliance is related to the shear modulus as 
 𝐽𝑠(𝑡) = 1/𝐺(𝑡) (3.11) 
Combining these two equations results in the following expression for the 
normalized creep compliance 
 𝑗𝑠(𝑡) = 𝐺𝑜/𝐺(𝑡) (3.12) 
Using the well-known relationship between shear modulus, Poisson’s ratio, and 
Young’s modulus, and assuming the Poisson’s ratio did not vary with strain rate due to the 
incompressibility of the material, this equation can be rewritten as 
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 𝑗𝑠(𝑡) = 𝐸𝑜/𝐸(𝑡) (3.13) 
where the equation is now expressed in terms of uniaxial response. The time-dependent 
Young’s modulus, E(t), is defined as 
 𝐸(𝑡) = 𝜎/𝜀(𝑡) (3.14) 
where σ is the constantly held stress and ε(t) is the time varying uniaxial strain. The constant 
stress can be expressed as 
 𝜎 = 𝐹/𝐴𝑐𝑠 (3.15) 
and the uniaxial strain can be expressed as 
 𝜀(𝑡) = 𝑑(𝑡)/𝐿 (3.16) 
where d(t) is the time-varying creep displacement and L is the original length of the 
deformed body. Substituting equations (3.14) through (3.16) into (3.13) and simplifying, 
the following expression for the normalized creep compliance can be obtained 
 
 
𝑗𝑠(𝑡) =
𝐸𝑜𝐴𝑐𝑠
𝐿
𝑑(𝑡)
𝐹
 
 
(3.17) 
The first set of terms within equation (3.17) is equivalent to a uniaxial stiffness, and as 
such, the equation can be rewritten as follows 
 
 
𝑗𝑠(𝑡) = 𝑘𝑜
𝑑(𝑡)
𝐹
 
 
(3.18) 
Rather than retain the instantaneous stiffness term, ko, in the equation, an instantaneous 
displacement, do, can be substituted as follows 
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𝑗𝑠(𝑡) =
𝑑(𝑡)
𝑑𝑜
 
 
(3.19) 
where  
 
 
𝑑𝑜 =
𝐹
𝑘𝑜
 
 
(3.20) 
This instantaneous displacement represents the immediate elastic deformation 
caused by the application of load, F. Furthermore, the overall displacement, d(t), can be 
separated into the instantaneous component and time-dependent components as follows 
 𝑑(𝑡) = 𝑑𝑜 + 𝑑𝑐(𝑡) (3.21) 
Substituting this equation into equation (3.19) gives the following final expression 
for the normalized creep compliance: 
 
 
𝑗𝑠(𝑡) = 1 +
𝑑𝑐(𝑡)
𝑑𝑜
 
 
(3.22) 
From this expression, the normalized creep compliance was determined directly 
from the creep displacement data. The instantaneous deformation was determined from the 
load-displacement data by taking the tangent stiffness at the time of unloading as the 
instantaneous stiffness (where there was an abrupt change between differing loading states) 
as shown in Figure 3-10, and then calculating the instantaneous deformation from equation 
(3.20). 
The normalized creep compliances for the 3-step and 5-step indentation tests are 
presented in Figure 3-12. As explained in section 3.4.2, the larger creep response from the 
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3-step indentation test was due to the measured displacement being confounded by the 
plastic deformation beneath the indenter. Accordingly, the 5-step data was used for 
determining the Prony series parameters using the built-in functionality of ABAQUS. 
The built-in functionality of ABAQUS used the inputted data as a basis for 
determining the Prony series parameters, gi and τi, by a least-squares regression of equation 
(3.2) to the test data. The number of sets of gi and τi, i.e. the value of i in the summation of 
equation (3.2), was also determined by ABAQUS by completing regressions for successive 
values of i up to a maximum of i equal to 10. The value of i was chosen as the value which 
provided the best fit between the experimental and simulated creep responses as calculated 
by the average root-mean-square error between the two responses. The resulting 
parameters are presented and discussed in section 3.7.2. 
3.6.3 Simulation of Combined Hyperelastic-Viscoelastic Response 
To verify the combined response of the Marlow and Prony Series LV models, the 
experiments by the MBJS manufacturer were simulated using the same simple model as 
was used for the sliding spring material simulations. The strain rate and maximum strain 
were the same in the simulations as in the test data. The stress-strain results of the 
simulations were then compared to the stress-strain data provided by the MBJS 
manufacturer. Finally, the equilibrium data was adjusted as necessary (discussed 
previously) and the process repeated until the simulation response matched the test data. 
The results are presented and discussed in section 3.7.2. 
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3.6.4 Simulation of Expected In-Service Response 
Similarly to the sliding spring, simulations of the sliding bearing were also 
conducted under the expected in-service strain rates to 1) test the overall capabilities of the 
model, and 2) test the Dexter et al. (1997) hypothesis that the polymeric components 
behaved similarly to steel at higher strain rates. The expected in-service strain rates were 
calculated similarly as for the sliding spring. The amplified downward and upward 
components of loading at the sliding bearing were calculated assuming a wheel was 
centered over the CB-SB connection in the joint, and the CB-SB connection analysis results 
in Chapter 4 were used to determine the deflections, strains, and rate of strain subjected to 
the sliding bearing under this load. 
For an initial precompression gap of 0.18 in. (4.5 mm) the strain in the sliding 
bearing was approximately 0.5% under initial assembly loading only. Under downward 
loading, the maximum strain was 1.5%, and under rebound (upward) loading, the minimum 
strain was 0.1%. The strain rates varied between 0.2 s-1 and 7 s-1 for vehicles moving at 
highway speeds. 
Again, the simple cube model was used to conduct simulations of the sliding 
bearing material under these strains and strain rates. The sliding bearing experienced both 
increases and decreases in strain, and the simulations were performed as such. The 
simulations consisted of (1) loading of the material to the assembly strain of 0.5% at a 
strain rate of 0.001 s-1, (2) increasing the strain to the maximum strain of 1.5% at the 
specified strain rate for the simulation, (3) decreasing the strain to the minimum strain of -
0.1% at the same rate, and (4) returning to the assembly strain level at the same strain rate. 
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Simulations were conducted at strain rates of 0.001 s-1, 0.007 s-1, 0.07 s-1, 0.7 s-1, and 7 s-1, 
which captured the full range of strain rates from static loading to maximum-rate vehicle 
loading. The results of the analyses are presented and discussed in section 3.7.2. 
3.6.5 Verification of Material Model 
As a verification of the established material model, the simulation results of a 
representative material sample at various strain rates were compared to tangent modulus 
data at various strain rates provided for Nylatron by Al-Maliky (1997). The tangent moduli 
for the simulations were determined by fitting a linear function to the overall stress-strain 
response, neglecting the initial nonlinear response (also done by Al-Maliky). The tangent 
moduli calculated from the simulation results were then plotted as a function of strain rate 
along with the data provided by Al-Maliky. The comparison of results is presented and 
discussed in section 3.7.2. 
3.7 Presentation and Discussion of Material Characterization Results 
3.7.1 Sliding Spring 
The stress-strain curves obtained through the optimization process are compared 
with experimental data in Figure 3-13 and Figure 3-14 for strain rates of 0.001 s-1 and 0.01 
s-1, respectively. The determined parameters for the final material model are presented in 
Table 3-3. The MAE for the final set of material parameters was 0.12 ksi (0.83 MPa). The 
computed stress-strain response showed similar trends to the experimental data; however, 
the predicted response deviated from the experiments in a few regions. For lower strains, 
the simulated response over-predicted the experimental response during the loading phase 
and slightly under-predicted the response during the unloading phase, resulting in a larger 
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difference between the loading and unloading curves. At higher strains, the model under-
predicted the response during the loading phase and over-predicted the response during the 
unloading phase. Thus, the simulations slightly over-predicted the amount of hysteresis at 
lower strains, and under-predicted the amount of hysteresis at higher strains. The larger 
hysteresis at lower strains was due to the relatively large value of S (compared to values 
reported in the literature by Bergstrom and Boyce), which indicated that Network B of the 
BB model (the viscoelastic network) was carrying more stress than Network A (the purely 
hyperelastic network). Attempts to decrease the value of S to provide a better fit at lower 
strains would also cause a reduction in the amount of hysteresis at higher strains, resulting 
in a worse overall fit to the test data. Even with the noted differences, the model represented 
the behavior of the material well, especially when compared qualitatively with the fits 
presented for various polymers by Bergstrom and Boyce (1998, 2000, 2001). 
The results of the simulations where the sliding spring was subjected to the 
expected in-service strain histories are shown in Figure 3-15, along with the test data at a 
strain rate of 0.001 s-1 for qualitative comparison. Each simulation result follows the same 
loading path from 0 to 5% strain, as well as the same reduction in stress associated with 
the holding phase. From here, the responses differ depending on the strain rate of the 
imposed loading. For lower strain rates, the hysteresis loops remain comparable to the 
width of the loop of the experimental data, as shown in the plot. For higher strain rates, the 
overall stiffness of the response increases, and the amount of hysteresis decreases. For the 
two highest strain rates considered, 2.5 and 25 s-1, the response demonstrated almost no 
hysteresis and was nearly identical between the two strain rates (only 2.5 s-1 is plotted in 
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the figure due to the nearly identical response). This behavior matches the theoretical 
behavior of viscoelasticity; at higher strain rates, the material does not have enough time 
to fully generate a viscous response, and as such, the hysteresis is reduced in the responses 
for these strain rates. In addition, the average slope of the overall curve from the initial load 
at 5% strain (black point in Figure 3-15) to the maximum load at 7.5% strain (grey points 
in Figure 3-15) increases with increasing strain rate, indicating that increasing the strain 
rate resulted in an increased stiffness of the material. 
The tangent modulus under the maximum strain rate was calculated to be 20 ksi 
(138 MPa), demonstrating a relatively soft material compared to steel. Dexter et al. (1997) 
postulated that at high strain rates, the MBJS polymeric materials would be as stiff as steel 
due to their rate-dependent response. The results of the simulations suggest that these 
components do not act like steel under the strain rates experienced in service, and are much 
more flexible than steel even at very high strain rates. However, experimental study at the 
simulated strain rates is necessary to corroborate the simulation results.  
3.7.2 Sliding Bearing 
The material model parameters for the Prony series LV model are shown in Table 
3-4. The fitting algorithms within ABAQUS determined that three sets of parameters (gi 
and τi for i = 1, 2, and 3) provided the best fit to the creep data. The results of FE simulations 
using the combined Marlow hyperelastic-Prony Series LV model are shown in Figure 3-16 
along with the experimental data. The analytical and experimental responses shown in 
black (solid or dashed) match very well over most the response range. The response shows 
a deviation during unloading at small strains, where the analytical response shows much 
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larger residual deformation than the experimental data. This indicated that at lower strains 
during the unloading process, more residual deformation would be predicted by the model 
than in reality. Figure 3-16 also shows the results of simulations performed at higher strain 
rates for comparison purposes. The simulations performed at higher strain rates showed 
behavior like that of the sliding spring, namely larger stiffnesses and less hysteresis with 
increasing strain rate. 
The results of the simulations at expected in-service conditions are presented in 
Figure 3-17. For 0% strain to 0.5% strain (black point in Figure 3-17), all curves followed 
the same path which resulted in about 0.2 ksi (1.4 MPa) compressive stress. As the material 
was loaded to the maximum considered strain of 1.5% (grey points for each curve in Figure 
3-17), the results show increased stiffness and decreased hysteresis with higher strain rates, 
like the sliding spring results. However, the response did not stiffen as drastically as for 
the sliding springs, with only small increases in stiffness for higher strain rates. This is due 
to the sliding bearings having less overall viscoelastic behavior than the sliding springs, 
i.e. the sliding bearing material exhibited less hysteresis and less time-dependent behavior 
than the sliding spring material. 
Following reaching the maximum strain, the material was unloaded to the minimum 
strain of 0.1% (white points in Figure 3-17). The stress response was slightly tensile at this 
point, which represented the rebound phase (or an uplift between the CB and SB causing a 
reduction in sliding bearing force), even though the strain was still compressive. This was 
an artifact of the modeling procedure rather than realistic structural behavior. The 
simulations were run completely in strain control to simplify the analyses, however, in the 
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structure the bearing is strain/displacement-controlled during the initial assembly and 
stress/load-controlled when vehicular loading is experienced. These simulations, if 
analyzed under load/stress control rather than displacement/strain control during the 
vehicular load steps of the analysis would be stopped during the unloading phase if the 
stress became greater than zero (because the sliding bearings cannot carry tensile loads 
within the structure), and some permanent compressive deformation of the bearing would 
exist at zero stress, which is expected for viscoelastic materials. 
The tangent moduli of the simulations at various strain rates (calculated as 
discussed in section 3.6.5) are presented in Figure 3-18 along with the data provided by 
Al-Maliky (1997). While there was not any available data for the intermediate strain rates 
from 0.1 s-1 to 100 s-1, the response for lower strain rates matches extremely well with the 
data furnished by Al-Maliky. In addition, if a linear trend is extended between the low 
strain rate data (determined from testing in universal testing machines) and the high strain 
rate data (determined from Split-Hopkinson Bar testing), the response of the model at the 
intermediate strain rates matches this trend reasonably well. It should also be noted that the 
tangent modulus of the material at even the highest strain rates (as tested by Al-Maliky) 
shows a maximum value of 700 ksi (4830 MPa). This value is much less than the tangent 
modulus of steel of 29000 ksi (200000 MPa). As such, the stiffness of the sliding bearing 
under the highest impact loading (well beyond the strain rates expected in-service) does 
not approach that of steel, as postulated by Dexter et al. (1997). 
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Table 3-1 Bounds for Material Model Parameters for Genetic 
Optimization 
VDW Parametersa BB Parameters 
Parameter 
Lower 
Bound 
Upper 
Bound 
Parameter 
Lower 
Bound 
Upper 
Bound 
µ 0.1 1.0 S 0.50 5.00 
λm 0.5 3.0 A 0.00 10.00 
a 0.0 10.0 m 2.00 6.00 
   C -1.00 -0.50 
   Eb 0.01 0.01 
Notes: 
a All parameters in US Customary Units 
b Set by ABAQUS and not included in optimization 
 
Table 3-2 Values for Parameters Affecting the Expected In-Service 
Strains and Strain Rates Subjected to the Sliding Springs and Sliding 
Bearings 
Parameter Value 1 Value 2 Value 3 
Load (kipa) 5 10 15 
PAF 1.25 1.50 1.75 
DF 0.50 0.65 0.80 
RF 0.10 0.30 0.50 
bf (in.
b) 2.5 3.5 4.5 
v (mphc) 45 60 75 
Notes: 
a 1 kip = 4.45 kN 
b 1 in. = 25.4 mm 
c 1 mph = 1.69 km/h 
 
  
 167 
Table 3-3 Material Model Parameters as Determined by Genetic 
Optimization for Sliding Spring Material 
VDW Parametersa BB Parameters 
µ 0.9982 S 4.8578 
λm 1.8280 A 0.2445 
a 2.3374 m 3.7345 
  C -0.9704 
  Eb 0.0100 
Notes: 
a All parameters in US Customary Units 
b Set by ABAQUS and not included in optimization 
 
Table 3-4 Prony Series Parameters as Determined by ABAQUS for 
Sliding Bearing Material 
i gi τi 
1 0.1838 0.0348 
2 0.1994 20.267 
3 0.1447 271.61 
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Figure 3-1 Uniaxial compressive load-displacement response of: (a) sliding 
spring; and (b) sliding bearing 
 
Figure 3-2 One-dimensional representation of Bergstrom-Boyce model  
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Figure 3-3 Preliminary hyperelastic model determination for sliding 
spring 
 
Figure 3-4 Uniaxial compressive stress strain data for elastomeric sliding 
spring at different strain rates with estimated equilibrium response  
Notes: 
1.) Marlow model not 
plotted due to exact fit. 
2.) AB model calculations 
did not converge, 
indicating a bad fit. 
 170 
 
Figure 3-5 Uniaxial compressive stress relaxation test data for elastomeric 
sliding spring demonstrating tenedency to equlibrium response (inset shows 
strain-time history for test) 
 
Figure 3-6 Uniaxial true stress-time history for elastomeric sliding spring 
demonstrating stress relaxation behavior  
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Figure 3-7 Uniaxial compressive stress-strain data for nylatron material 
with estimated equilibrium curve (provided by MBJS manufacturer) 
 
Figure 3-8 Preliminary hyperelastic model determination for sliding 
bearing  
Notes: 
1.) Marlow model not plotted 
due to exact fit. 
2.) VDW model calculations 
did not converge, 
indicating a bad fit. 
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Figure 3-9 Three-step indentation test load-deformation data for nylatron 
(reproduced from Stan and Fetecau 2013) 
 
Figure 3-10 Five-step indentation test load-deformation data for nylatron 
(reprodiced from Stan and Fetecau 2013) and determination of instantaneous 
stiffness from data  
1 
ko 
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Figure 3-11 Creep deformation test data for nylatron (Stan and Fetecau 
2013) 
 
Figure 3-12 Normalized creep compliance data determined from creep 
deformation data of Stan and Fetecau (2013)  
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Figure 3-13 Experimental and analytical stress-strain curves for uniaxial 
compression of the sliding spring at a strain rate of 0.001 1/s 
 
Figure 3-14 Experimental and analytical stress-strain curves for uniaxial 
compression of the sliding spring at a strain rate of 0.01 1/s  
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Figure 3-15 Analytical stress-strain curves simulating in-service response 
for sliding spring material 
 
Figure 3-16 Comparison of experimental and FEA stress-strain response 
for nylatron material  
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Figure 3-17 Analytical stress-strain curves simulating in-service response 
for sliding bearing material 
 
Figure 3-18 Comparison of experimental and FEA tangent moduli for 
various strain rates 
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4. ANALYTICAL STUDIES OF SINGLE SUPPORT BAR MODULAR 
BRIDGE JOINT SYSTEM SUBJECTED TO ASSEMBLY CONDITIONS 
AND STATIC LOADING 
4.1 Overview 
Analytical studies of the SSB MBJS assembly that was physically tested are 
presented in this chapter. Three sets of analyses were performed: (1) structural analyses of 
the loaded CB within the SSB MBJS, (2) Finite Element Analyses (FEAs) of the SSB 
MBJS, and (3) localized analyses of the CB-SB connection within the SSB MBJS.  
The purpose of the structural analyses was to identify and verify a simple structural 
analysis model to represent the behavior of the SSB MBJS. Appendix A19 of the 2010 
AASHTO LRFD Bridge Construction Specifications (LRFD BCS) state that the results 
from a verified structural analysis model could be used in determining the stress ranges at 
critical details during fatigue tests rather than using measured stress ranges. While such a 
model was not used for the experimental studies in this dissertation (with the stress ranges 
determined from measurements), three analysis models were considered for investigating 
the intentions of the specifications, i.e., the use of a sufficiently accurate structural analysis 
model to represent the system behavior and to predict the stress ranges at fatigue critical 
details. The results were compared to the test data to determine which model could best 
represent the behavior of SSB MBJS. 
The FEAs of the tested SSB MBJS were conducted to more accurately predict the 
stresses within the tested system. These models also formed the basis for the dynamic 
analysis models presented in the next chapter, i.e., similar models were used for the 
dynamic analyses. The results of the structural analyses and FEAs were compared to the 
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experimental results to calibrate each set of models, and were compared to each other to 
determine if the accuracy of the predicted stresses improved if models more sophisticated 
than the simple structural analysis models were used. 
The third set of analyses were performed to (1) gain greater insight into the behavior 
of the CB-SB connection, (2) investigate the influence of the level of precompression on 
the connection behavior, (3) assess the effects of replacing the polymeric sliding springs 
and bearings with steel discs, and (4) determine how the fatigue resistance varied 
depending on the level of precompression or the components (polymeric vs. steel) used in 
the connection. As presented in Chapter 2, the fatigue test results demonstrated much lower 
fatigue resistance of the CB-SB connection when the polymeric components within the 
connection were replaced by steel discs, but the reasons for this reduction were not known 
definitively from the experimental studies. Simple spring-assemblage models and FEA 
models of the CB-SB connections were analyzed incorporating both polymeric 
components and steel disc components at various levels of precompression. The results of 
these analyses are presented, and conclusions are drawn regarding the fatigue resistance of 
the connection in light of the level of precompression and components used in the 
connection. 
4.2 Analysis Set 1 - Structural Analyses of Loaded CB in SSB MBJS 
Three structural analysis models were considered; the first was the model suggested 
by Appendix A19 of the LRFD BCS for modeling the bending behavior of the CBs in any 
type of MBJS, which assumed the CB acted as a rigidly supported continuous beam; the 
second model included the calculated support deflections at the SB locations; and the third 
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model was a more generalized model that incorporated adjustable-stiffness translational 
and rotational springs at each support location for defining the boundary conditions. The 
models were analyzed for the same loading as applied to the interior CB of the SSB MBJS 
specimens during static tests, as shown in Figure 4-1. During the experiments, half of the 
total load P was transferred to each loading pad mounted at the center of each CB span. 
Recall from Chapter 2 that the specimens were inclined in the test fixture at 11.3 degrees 
so that a vertically applied load (with respect to gravity) resulted in a “horizontal” load 
(parallel to the inclination plane) equal to 20% of the “vertical” load (normal to the 
inclination plane). Therefore, the load was applied in the structural analysis models as 
concentrated point loads (for simplicity) of 0.5P at the center of each CB span, where each 
load consisting of vertical (0.4905P) and horizontal (0.098P) components. The response to 
the total load was then determined as a linear combination (superposition) of the vertical 
and horizontal responses. The CBs and SBs were represented in all models as Euler-
Bernoulli beams because their large span-to-depth ratio indicated that shear deformation 
would be negligible. All models were solved symbolically for a generic total load P 
(resultant load at each load point was 0.5P) using slope-deflection equations or the stiffness 
method. 
4.2.1 LRFD BCS Appendix A19 Suggested Model 
Appendix A19 of the LRFD BCS suggests modeling the vertical response of the 
CB as the response of a two-span continuous beam over rigid supports (Figure 4-2). For 
the horizontal response, Appendix A19 suggested modeling the CB and SBs as a 
deformable coplanar frame with pinned supports at the end of each SB and a rigid 
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connection between each CB and each SB (Figure 4-3). This model for the horizontal 
response, while suggested for either type of MBJS, was developed based on the behavior 
of MSB systems (Dexter et al. 1997) containing a rigid CB-SB connection with restrained 
relative rotation between the CB and SB. However, the CB-SB connection within SSB 
systems permits relative rotation between the CB and SB, and accordingly a coplanar frame 
model is not appropriate. In its place, a two-span continuous beam over rigid supports was 
used to model the horizontal load effects (Figure 4-4). This representation allowed the 
relative rotation between the CB and SB and took into account the shim discs in the 
specimens which restrained horizontal motion of the CB at each support location. The 
combination of models using rigidly supported two-span continuous behavior in both 
vertical and horizontal directions is subsequently referred to as the A19 model. The section 
and material properties of the CB used in the analysis are presented in Figure 4-2 and Figure 
4-4. 
4.2.2 Advanced Model 
The advanced (ADV) model of the CB used the same assumptions as the A19 
model, but included settlements in the vertical direction of the supports of the CBs (Figure 
4-5) at the SB locations. These support settlements were modeled as springs, with spring 
stiffnesses determined by considering the bending stiffness of the SB and the axial stiffness 
of the sliding bearings in the CB-SB connection and at the ends of the SBs (Figure 4-5). A 
linear approximation for the stiffness of the sliding bearings was used, which was based on 
the tangent stiffness at the level of precompression used in the tested SSB MBJS of 0.35 
in. (9 mm). The horizontal response was modeled in the same manner as for the A19 model, 
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as the response of a two-span continuous beam on rigid supports. The section and material 
properties of the CB/SB and the spring stiffnesses of the sliding bearings used in the 
analysis are presented in Figure 4-4 and Figure 4-5. 
4.2.3 Model with Generalized Flexible Supports 
As an extension of the ADV model, a model with arbitrary translational and 
rotational springs at each support was also developed, as shown in Figure 4-6. The purpose 
of this generalized (GEN) model was to provide a model with flexible supports that could 
be calibrated against experimental data by adjusting the values for the translational and 
rotational spring stiffnesses. The horizontal response of the CB was modeled in the same 
manner as in the A19 model and the ADV model. 
4.2.4 Analysis Results 
The bending moments obtained from the analyzed models are shown in Figure 4-7 
as a generalized function of the applied (actuator) load, P (downward positive), plotted vs. 
distance along the CB from the center of the interior CB-SB connection. The typical result 
for all models is a typical moment diagram for a two-span continuous beam. Positive 
moments are sagging moments, and negative moments are hogging moments. The vertical 
response of the A19 model has a maximum positive moment of 4.14P at 27 in. (685 mm) 
on either side of the CB-SB connection (load application points), and a maximum negative 
moment of 4.96P at the interior CB-SB connection. The horizontal response for all models 
was identical, having a maximum positive moment of 0.83P at the points of load 
application and a maximum negative moment 0.99P at the interior CB-SB connection. As 
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expected, dividing the maximum horizontal moment by the maximum vertical moment at 
each location gives a ratio of about 20%. Note that if the actuator load is applied upward 
(negative P), the signs of the maximum moments from these linear models will be reversed. 
The vertical moment for the ADV model has a maximum positive moment of 4.37P 
at the load application points, and a maximum negative moment of 4.50P at the interior 
CB-SB connection. Including vertical settlement of the CB supports in this model increases 
the moment near the load application points, and reduces the moment near the CB-SB 
connection as compared to the rigidly-supported A19 model. 
The GEN model results are plotted in Figure 4-7 for an example vertical support 
stiffness of 500 kip/in. (34 kN/m) and an example rotational support stiffness of 20000 kip-
in./radian (2,260 kN-m/radian). As expected, the moments at the exterior CB-SB 
connections were non-zero (-1.2P) due to the restraint provided by the rotational springs. 
The peak positive moment, occurring at the load application points, is approximately the 
same as the ADV model (4.5P); however, the peak negative moment, occurring at the 
interior CB-SB connection is significantly reduced (-3.2P) relative to the A19 and ADV 
models. This is due to the shedding of load to the exterior CB-SB connections due to the 
more flexible support at the interior CB-SB connection (relative to the A19 model). 
By varying the support stiffnesses, various results from the GEN model are 
possible, as shown in Figure 4-8. For Model 1 in the figure, the low stiffness of the 
translational springs (extremely flexible supports) and absence of rotational springs (CB-
SB connection unrestrained against rotation) forces more load to be shifted to the outer 
support points, increasing the moment in the CB spans and decreasing the moment at the 
 183 
CB-SB connection. With the addition of rotational springs to Model 1 as shown in Model 
2, the bending moment in the CB spans was reduced (by increasing the moments at the 
exterior CB-SB connections) while maintaining approximately the same moment at the 
interior CB-SB connection. When a stiffer translational spring was used along with the 
same rotational spring as Model 2 (done for Model 3), the moment in the CB increases at 
the interior CB-SB connection while slightly reducing the moment in the outermost 
portions of the CB spans and at the exterior connections. The stiffer translational springs 
of Model 3 allowed more reaction to be developed at the interior CB-SB connection 
relative to Model 2. When a stiffer translational spring is used without rotational springs 
(Model 4), the results of the GEN model approach the ADV and A19 model responses. 
Stresses and stress ranges were calculated along the CB on the stress paths 
corresponding to the instrumentation plan for the tested SSB MBJS (see Chapter 2 for the 
locations of the stress paths on the CB cross section). The stresses were calculated from 
the biaxial moment state using Euler-Bernoulli beam theory. The support stiffnesses of the 
GEN model were calibrated so that the predicted stress was approximately the same as the 
average (over all tested SSB MBJS) of the measured stresses at each gauge location. The 
final translational and rotational stiffnesses were 750 kip/in (51 kN/m) and 11000 kip-
in/radian (1243 kN-m/radian), respectively. 
As an example, the stresses and stress ranges on the BF-S path (chosen because it 
corresponds to the largest magnitude stresses) are presented in Figure 4-9 and Figure 4-10, 
respectively. The results from all analytical models correlated well with the experimental 
results. The GEN model provides the best correlation, as expected since the model was 
 184 
calibrated to best match the test data. The A19 model, modified for horizontal behavior, is 
sufficient for design purposes, as it consistently overestimates the experimental stresses at 
the interior (critical) CB-SB connection. However, the use of the A19 model for 
interpreting fatigue test results can overestimate the stress ranges at the critical connection, 
which can erroneously lead to a higher classification of the connection, as discussed in the 
next section. Accordingly, it is proposed that the GEN model (with spring stiffnesses 
calibrated to match test data) be suggested in Appendix A19 as an appropriate model for 
representing the response of SSB MBJS during laboratory tests. 
4.2.5 Suggested Revisions to the Modeling and Verification Procedure in LRFD BCS 
Appendix A19 
As per the specifications, a verified structural analysis model may be used to 
determine stress ranges at critical details in lieu of measurements made using strain gauges. 
Currently, the model is considered verified if all predicted stress ranges are within ±25 
percent of the experimental results. This permissible margin of error seems very large, as 
a 25 percent under- or over-prediction of a stress range at a fatigue-critical detail could 
result in the misclassification of the fatigue category. For example, Table 4-1 shows the 
measured stresses at four gauge locations in CB11 and the stresses at two fatigue critical 
details (the bolt holes of the CB-SB connection) extrapolated from nearby gauges, as well 
as the stresses for each of these locations determined from the A19 model. The predicted 
stress ranges at the gauged locations are within ±25 percent of the experimental stress range 
and the model could be considered verified. The predicted stress range at the bolt holes is 
18.99 ksi (131 MPa), and this stress range would be reported as per the specifications. 
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However, the stress ranges extrapolated from measurements are approximately 16 ksi (110 
MPa), lower than the predicted values. This difference occurs because the model is 
underestimating the stresses at the gauges farther from the detail (E2 and W2) and 
overestimating the stresses nearer to the detail (E1 and E2). If the detail is fatigue tested 
under these stresses, the reported stress range will be 3 ksi (21 MPa) larger than the true 
stress range. This error can lead to the assessment of the detail as having a CAFT much 
larger than the true CAFT. 
Problems may also arise in verifying the analytical models under the current 
specifications if stress readings are of low magnitude. For example, according to the ±25 
percent range for verification, the corresponding analytical prediction for a measured stress 
of 2 ksi (14 MPa) should be between 1.5 ksi (10 MPa) and 2.5 ksi (17 MPa), a range of 
only 1 ksi (6.9 MPa). However, for a measured stress of 16 ksi (110 MPa), the analytical 
stress may be between 12 ksi (83 MPa) and 20 ksi (138 MPa), a range of 8 ksi (55 MPa). 
Therefore, for larger magnitude readings the permissible variation is much larger than for 
smaller magnitude readings. Additionally, the noise-to-signal ratio is typically larger for 
smaller magnitude measurements, because the noise is often of fixed magnitude, for 
example ±0.5 ksi (3.4 MPa). At locations of low magnitude measurements, the noise is 
close to the A19 range of acceptable predictions. As such, the model becomes difficult to 
verify when strain gauges are placed at locations with small strains. While measurements 
in regions of low strain magnitude could be avoided, the specification requires strain 
gauges be placed at sections d and 2d away from the centerline of the CB-SB connection 
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along the CB, where d is the depth of the CB. Unfortunately, the section at 2d often 
coincides with the inflection point in the CB, where low magnitude strains are present. 
Given the above considerations, measured experimental results should be used in 
preference to the analysis results for reporting of test data. If experimental measurements 
are not available at a detail (as may be the case with limited instrumentation capabilities), 
the verified analytical model may still be used for reporting of results; however, the model 
should be as accurate as possible. Additionally, the tolerance of ±25 percent for verification 
of the analytical model should be reduced so that misclassification of details is avoided. 
Rather than using a tolerance that is a percentage of the measurement, a fixed tolerance of 
± 2 ksi (13.8 MPa) is proposed. This is large enough to capture any variation and small 
enough so that the stress range at a detail can still be accurately predicted. In addition, this 
proposal removes the problem associated with using a percentage for the tolerances rather 
than a fixed value for low magnitude measurements. This proposed tolerance should be 
easily achievable by using a calibrated version of the GEN model presented in this chapter. 
Finally, some flexibility for the locations of strain gauges should be permitted in the 
specifications so that they do not coincide with regions of low stress magnitude. 
4.3 Analysis Set 2 - Finite Element Analyses of the Tested SSB MBJS 
Two FEAs of the tested SSB MBJS were performed. The first FEA model, 
identified as GM1, contained a full, three-dimensional representation of the tested SSB 
MBJS but employed reasonable simplifications (discussed later) for modeling the bolted 
connections and approximated the nonlinear material behavior of the sliding bearing and 
sliding spring components as linear. An associated FEA submodel of the CB-SB 
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connection was then created to examine its local behavior. This model employed frictional 
contact between connection faying surfaces, bolt pretension, precompression of the sliding 
bearing and sliding spring, and nonlinear material constitutive relationships for the 
polymeric components. The submodel was analyzed by applying the displacements from 
GM1at the boundaries. However, it was clear from the submodel analysis results that the 
additions of these behaviors had a significant effect on the overall system response 
characteristics, and the use of a submodel was therefore invalidated. A second global model 
(GM2) was then developed by modifying GM1 to include a more realistic representation 
of the CB-SB connections. The following sections document the model geometry, material 
constitutive relationships, loading, boundary conditions, analysis steps, and mesh of both 
GM1 and GM2. All FEAs were conducted using the commercially-available FEA software 
package, ABAQUS. 
4.3.1 Model Geometry 
The model GM1, shown in Figure 4-11, resembled the tested SSB MBJS and 
consisted of three equally spaced CBs over three equally spaced SBs. All details of the 
tested SSB MBJS were included in the model, including the CBs, SBs, stirrups, Stirrup 
Cover Plates (SCPs), sliding springs, sliding bearings, Noise Reduction Plates (NRPs), 
Equidistant Devices (EDs), and supporting components (at the ends of each SB). Each 
component was separately modeled as a part type to (1) expedite the generation of the 
complex model geometry, (2) allow independent mesh and element types for each part 
type, and (3) allow different material properties to be used for each part type. Independent 
part instances were then arranged in a model assembly. For GM1, contact between different 
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part instances was modeled by using tie constraints, which imposed identical displacements 
along the contacting surfaces of the part instances. The displacements of the master surface 
(the surface of the larger or stiffer component) controlled the displacements at the slave 
surface. The bolted connections within the tested SSB MBJS were designed as slip-critical, 
and accordingly significant slippage of the connection surfaces was not expected. This was 
confirmed by the static tests, where no connection slippage was observed. As such, tie 
constraints were considered to be appropriate for modeling the behavior. 
The model GM2 was derived from GM1 by modifying the model geometry as 
follows. The analysis results of GM1 demonstrated that the outer CBs experienced very 
little stress, as only the interior CB was loaded and the inter-CB force transfer through the 
Equidistant Devices (EDs) was small. Accordingly, the outer CBs and corresponding CB-
SB connections were eliminated for GM2 to reduce the required computational effort. 
Additionally, the stirrups and the attached base plates at the ends of the SBs were also 
removed, and the boundary conditions applied directly to the sliding bearings and sliding 
springs at those locations. Due to the rigidity of these steel components as compared to the 
sliding bearings and sliding springs, any difference in analysis results was unlikely due to 
this change. Furthermore, the required computational effort was reduced by omitting these 
part instances. 
The models for the components of the CB-SB connections in GM2 (shown in 
Figure 4-12) were modified to closely simulate the details of the CB-SB connections within 
the tested SSB MBJS. In GM2, the part types for the CB, SCP, and stirrup included four 
9/16 in. (14 mm) diameter holes, through which four ½ in. (12 mm) diameter bolts passed, 
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simulating the bolted connection in the specimen. In addition, the 3.2 in. (81 mm) diameter 
by 1/8 in. (3.1 mm) circular recess in the SCP for the accommodation of the sliding bearing 
was included in the modeled SCP part type to accommodate the modeled sliding bearing. 
A ¾ in. (19 mm) diameter cylindrical peg was included on the top surface of the bottom 
portion of the stirrup part type to accommodate a cylindrical recess in the modeled sliding 
spring. The sliding spring for GM2 was revised to include the details of the springs used in 
the experimental specimen, including the top and bottom recesses and the circumferential 
undulations on the outer surfaces. The sliding bearing was made 1/8 in. (3.1 mm) thicker to 
account for the depth of the recess in the SCP; otherwise no changes were made to this part 
from GM1 to GM2. 
Bolts were provided in GM2 at each of the bolt holes to connect the CB, the SCP, 
and the stirrup. For simplicity, each bolt was modeled as a single part comprised of a ½ in. 
(12 mm) diameter bolt shaft with a circular washer and hex-shaped head or nut at the top 
and bottom. The grip length of the bolt between washers was fixed as the combined 
thicknesses of the CB flange, the SCP, and the stirrup foot. The bolt shaft was smooth and 
the threads were not modeled. 
In GM2, the contact between part instances was simulated using ABAQUS’s built-
in surface-to-surface discretization. The small sliding formulation was used, which 
assumed relatively little sliding of one surface along another. Each pair of contact surfaces 
contained a master surface and slave surface, where the slave surface was disallowed from 
penetrating into the master surface. To promote faster convergence, the larger surface was 
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typically used as the master surface. If the surfaces were approximately the same size, the 
surface of the stiffer body was the master surface. 
The interaction behavior normal to the contact surfaces was specified as hard 
contact, with separation permitted after initial contact. The tangential behavior for bolt 
shaft-to-bolt hole contact was specified as frictionless to simulate the galvanized and 
lubricated bolts as were used in the experimental specimen. While no contact is truly 
frictionless, a significant contact shear between the bolt shaft and hole was considered 
unlikely. The sliding bearing-to-SB contact and sliding spring-to-SB contact were assumed 
to have a coefficient of friction of 0.1. In-service, the sliding bearings and sliding springs 
are expected to slide smoothly along stainless-steel slider plates mounted to the SBs. 
Although quite small, this interaction is not perfectly frictionless, and accordingly a 
coefficient of 0.1 was chosen as a small coefficient of friction. A coefficient of friction of 
0.33 was assumed for other steel-to-steel contact as a universally accepted average value 
(Kulak et al. 1987). 
To promote convergence, all surfaces in contact were purposely over-closed by 
0.001 in. (0.02 mm) to ensure initial contact and reduce chattering. Additionally, the mesh 
sizes of the components were chosen such that the master surface had a slightly coarser 
mesh than the slave surface. This aided in convergence by enforcing that each slave node 
and the portion of the surface surrounding it was not constrained by more than one node 
on the master surface. 
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4.3.2 Material Constitutive Relationships 
A linear elastic constitutive relationship with commonly accepted elastic modulus 
of 29,000 ksi (2×106 MPa) and Poisson’s ratio of 0.3 was specified for the steel 
components. As discussed in Chapter 3, the polymeric components, i.e., the sliding bearing 
and sliding spring, exhibited stiffening hyperelastic material behavior with rate-dependent 
hysteresis. Since these polymeric components were precompressed and negligible 
deformations were observed within them during static testing, the constitutive relationships 
for these components were approximated by linearizing the stress-strain curve at the 
approximate precompression in each component. Poisson’s ratio for the polymeric 
components was assumed as 0.495 for a nearly incompressible response while avoiding the 
numerical difficulties associated with pure incompressibility (Poisson’s ratio of 0.5). For 
GM2, combined hyperelastic-viscoelastic constitutive relationships were used for the 
polymeric components. The constitutive models established for these components were 
discussed in Chapter 3. 
4.3.3 Analysis Steps and Loading 
Static loads were applied to GM1 and GM2 in load patches centered at the center 
of the CB spans, or at 27 in. (690 mm) from the interior CB-SB connection, as shown in 
Figure 4-11. Load was applied only to the interior CB, as in the experimental program. 
Each load patch covered the CB flange width and was 10 in. (250 mm) in length. A pressure 
normal to the flange surface, and surface traction parallel with the flange surface and 
transverse to the longitudinal axis of the CB, were applied to simulate the vertical and 
horizontal loading. The pressure and surface traction were applied to the top or bottom 
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flange of the CB for downward or upward loading, respectively, to simulate the loading 
applied to the tested SSB MBJS by the load pads. The loading for GM1 was defined in two 
analysis steps which simulated static loading as applied to the specimen during the 
experimental testing: downward loading (down stroke or DS step) and upward loading (up 
stroke or US step). The resultant of all loads applied to the CB, i.e., over both load pads, 
was equal to 42 kip (187 kN) for the DS step and 18 kip (80 kN) for the US step for a total 
load range of 60 kip (267 kN), for comparison to the static test results prorated to this load 
range. 
The analysis of GM2 included three steps for simulating the assembly of the 
connections, followed by 13 steps for simulating the static loading. The nominal or un-
stressed depths of the sliding bearing, the SB, the sliding spring, and the stirrup were such 
that a 0.35 in. (9 mm) gap existed between the SCP and the stirrup foot when these 
components were out together before the bolts were tightened. This precompression gap 
identified as D, is shown in Figure 4-12. The precompression gap was chosen based on the 
value employed in the tested SSB MBJS. In the first assembly step, the stirrup was 
translated upward until contact was established between the stirrup and the SCP, generating 
compressive force in the sliding spring, the SB, and the sliding bearing. Temporary 
boundary conditions were used to restrain the CB and the SCP during this step. Contact 
interaction between the bolts and the stirrup was not enforced in this step, allowing the 
stirrup to move freely upward. Additionally, the sliding springs and sliding bearings at the 
ends of each SB were similarly compressed by applying a displacement to the top surface 
of the sliding spring. This displacement was enforced for the remainder of the analysis. In 
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the second assembly step, contact was enforced between the stirrup and the bolts, and the 
temporary boundary conditions were removed. Additionally, the bolts were pretensioned 
using the ABAQUS bolt load function, where the specified bolt force was simulated by 
reducing the length of the elements along a specified bolt cross-section near the center of 
the bolt shaft. The force in each bolt was set at 10.4 kip (45 kN), corresponding to a bolt 
torque of 90 ft-lb (122 N-m) as was used in the tested SSB MBJS and verified by Skidmore-
Wilhelm testing. In the third assembly step, the length of the bolts was locked, allowing 
the bolt force to change throughout the remainder of the analysis. The subsequent 13 
loading steps followed the loading protocol for the experimental static tests as shown in 
Figure 2-18, including the elapsed times of each step. This allowed the time dependent 
behavior of the polymeric components and its effects on the response to be captured. 
4.3.4 Boundary Conditions 
For GM1, the bottom surface of the base plate at the end of each SB was restrained 
against translation in all three directions, simulating the installed SSB MBJS in the test 
fixture. For GM2, the bottom surfaces of the sliding bearings at the ends of each SB were 
restrained against translation in all three directions. This allowed the precompression of the 
sliding springs using a displacement boundary condition as discussed in the previous 
section, while simultaneously supporting the specimen throughout the analysis. 
Additionally, some load-step specific boundary conditions were also enforced for 
both models. In addition, the SBs were restrained against translation in their axial direction 
at the ends opposite to the lateral loading. Similar knife edge support was employed in the 
specimens. The CBs were also restrained against translation on their bottom flange edges 
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at the centerline of the CB-SB connections, on the sides opposite to the lateral loading 
direction, to prevent rigid body sliding along the SB. Similar knife edge supports were also 
used for the experiments. 
4.3.5 Finite Element Mesh 
Solid 20-noded second-order isoparametric reduced integration serendipity 
elements (designated as C3D20R in ABAQUS) were used to model all steel components 
and the polymeric components in GM1. Hybrid elements (C3D20RH) were used for the 
polymeric components in GM2 to avoid issues associated with using a purely-displacement 
based solution with nearly incompressible materials. When the material response is almost 
incompressible, a uniform pressure can be added to the element without changing the 
displacements. Alternately, small changes in displacement can cause extremely large 
changes in pressure, which causes fictitious stresses to develop and convergence issues to 
occur. The hybrid formulation includes the hydrostatic or pressure stress as an independent 
variable in the solution and relates it to the displacements of the element, thus avoiding 
these issues. 
A mesh size of approximately 1 in. (25 mm) was used for all parts in GM1, and the 
mesh sizes for each component in GM2 were chosen to improve the potential for 
convergence of the contact interactions. To promote convergence, the slave surface had a 
slightly denser mesh than the master surface, so that each master surface node influenced 
multiple slave nodes. The approximate mesh sizes for the CB, the SB, and the stirrup in 
GM2 were 0.25 in. (6.3 mm). The mesh sizes of the stirrup, bolts, and sliding spring/sliding 
bearing were 0.20 in. (5.1 mm), 0.15 in. (3.8 mm), and 0.10 in. (2.5 mm), respectively. The 
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aspect ratios of all elements were less than 1:4, and the corner angles of all elements were 
between 30° and 150°. The models GM1 and GM2 had approximately 1.6 million and 2.8 
million total degrees of freedom, respectively. 
4.3.6 Solution Procedures and Control 
Both analyses were conducted using the available solvers in ABAQUS. For GM1, 
the analysis was linear because it contained no contact or nonlinear material behavior, and 
the ABAQUS linear solver was used. For GM2, the model contained contact and material 
nonlinearities, and accordingly the built-in nonlinear solver in ABAQUS, implementing 
the Newton-Raphson (NR) iteration algorithm, was used. Automatic incrementation was 
used, and the convergence/solution control parameters for the solver algorithm were set to 
the ABAQUS-recommended defaults. 
4.3.7 Discussion of Results 
The normal stresses from all static tests and the FE results for both GM1 and GM2 
along the BF-S path for the DS and US loading steps are shown in Figure 4-13. Model 
GM2 provided a slightly better correlation with the average of all static test results at each 
location than GM1; however, both models demonstrated good correlation. The deviations 
from the expected linear biaxial bending stress response at 54 in. (1370 mm), 36 in. (910 
mm), and 0 in. from the center of the CB (or the interior CB-SB connection) were 
respectively due to the exterior CB-SB connections, ED connections, and interior CB-SB 
connection. A high stress gradient followed by a general reduction in stress was 
characteristic at these locations, due to the stress concentration provided by the change in 
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effective section size followed by the increase in section size. This behavior was observed 
at the simplified tied bolted connections, such as all the connections in GM1, as well as the 
more advanced connection model used for the CB-SB connections in GM2. This indicated 
that the tie constraints used in GM1 provided a similar response to the more sophisticated 
bolted connections modeled as part of GM2.  
The largest difference between GM1 and GM2 was in the stresses near the load 
application points, where the maximum stresses differed by approximately 4 ksi (28 MPa) 
for DS loading only. The larger stress response for GM1 indicated that the system 
experienced larger strains and was more flexible than GM2 for the DS loading. In 
comparing this situation to how the response of the GEN model changed with varying 
vertical support stiffnesses, it was determined that the larger stiffness of GM2 relative to 
GM1 was most likely caused by an increase in CB-SB connection stiffness in GM2. In the 
CB-SB connection analyses presented later in this chapter (section 4.4), it was determined 
that the sliding bearing stiffness was largely responsible for the stiffness of the CB-SB 
connection. Considering that the increase only occurred for the DS, and not the US, it was 
likely that the stiffening behavior of the sliding bearing (which would experience an 
increase in load and deformation and therefore stiffness for DS loading) modeled in GM2 
was responsible for the differences in response. The difference in response did not appear 
during US loading because the stiffness of the sliding bearing did not change as drastically 
under US loading as it did for DS loading. The GM1 did not include the stiffening behavior 
of the polymeric components, and as such, the stiffness did not depend on the directionality 
of the loading. 
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In the regions of load application and at the interior CB-SB connection, the stress 
response was characterized by a more gradual variation in both GM1 and GM2 than the 
structural analysis models of the CB presented in section 4.2. These were respectively due 
to the distributed loads and distributed supports in the FE models as compared to the 
structural analysis models of the CB, which were supported and loaded at discrete points. 
Stress ranges (the algebraic difference between the stresses due to the DS and US 
loading) along the southern path on the bottom flange are presented in Figure 4-14 and 
show similar behavior and correlation to the experimental results. 
The maximum principal stresses in both global FE models under assembly, DS, and 
US loading are presented in Figure 4-15. The two FE models showed similar patterns of 
principal stress, which indicated that they were behaving similarly. The large stresses over 
the CB-SB connection during DS loading occur on the north side of the specimens only 
(the far side of the joints in Figure 4-15), which indicated that the CB was behaving in 
biaxial bending as expected. It should also be noted that the stresses in the exterior 
(unloaded) CBs in GM1 were insignificant. A closer examination of the analysis results, 
presented in Figure 4-16, showed negligible vertical moments (obtained as a resultant of 
cross-sectional stresses) compared to the loaded interior CB. The shape of the moment 
diagrams indicated that the vertical moment in the exterior CB were generated by the 
deflection of the SBs due to the reactions from the interior CB, and that load sharing 
between CBs through the EDs was practically non-existent. Therefore, it may be concluded 
that the inclusion of three CBs, as required by LRFD BCS Appendix A19 for the testing of 
SSB MBJS, is not necessary. The presence of the exterior CBs during the testing made the 
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inspection of the loaded interior CB rather difficult, and their absence would have 
expedited the testing and the inspections. 
While the EDs within the tested specimen experienced negligible vertical force 
transfer, this may not be true for other types of EDs. As such, it is proposed that language 
be added to LRFD BCS Appendix A19 that allows either multiple or single CB SSB 
specimens to be tested, where the choice of single vs. multiple CB assembly is determined 
from the amount of vertical force transferred through the EDs. These forces can be 
determined through sophisticated analyses (as done in this case), or through the use of 
engineering judgement. For example, the control springs used in this study were 
approximately three orders of magnitude less stiff than the surrounding components, and 
it was expected (prior to obtaining analysis results) that they would transfer little force 
between CBs. 
The accuracy of the FE models was also assessed by comparing the vertical 
displacements at the center of each CB span with those from the static test for CB11, as 
shown in Figure 4-17. The results for GM1 are shown simply as the maximum and 
minimum displacements, as the analysis of GM1 did not include time-dependent effects. 
Both models predicted the test results reasonably well. The results of GM1 show slightly 
better correlation with the overall maximum and minimum values of displacement; 
however, GM2 predicts the displacement profile well, including the slight creep seen in the 
response during the sustained loading steps, e.g., between 25 and 35 seconds in Figure 
4-17. This specimen behavior was attributed to the rate-dependent behavior of the 
polymeric components, which allowed creep to occur under sustained loading. The 
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presence of similar behavior in the analysis results for GM2 indicated that the material 
constitutive relationships employed for the polymeric components in this model (discussed 
in Chapter 3) successfully captured the time-dependent behavior observed during 
experimental testing. 
As discussed in the beginning of the chapter, the FEAs were conducted to determine 
if using a sophisticated FEA model provided more accurate predictions of the nominal 
stress ranges at fatigue-critical details than a simple structural analysis model. The results 
of the FEAs, when compared with the structural analysis results, revealed that a sufficiently 
advanced structural analysis model (such as the GEN model) could predict the stress ranges 
with similar accuracy to the FEAs. It should be noted however that the FEAs provide much 
better accuracy than the model suggested by LRFD BCS Appendix A19. As such, it is 
recommended that LRFD BCS Appendix A19 be updated to include the GEN model as a 
more accurate predictor of stresses within a MBJS, and also allow more sophisticated FEAs 
(such as the FEAs conducted herein) to be used in place of structural analysis models if 
desired. The sophisticated FEA models have the advantage of including localized effects 
(such as the assembly stresses in the CB-SB connection) which could not be included using 
a simple beam model, and may help determine measurement locations to be used in an 
experimental program. 
4.4 Analysis Set 3 - Local Analysis of Bolted CB-SB Stirrup Connection 
Recognizing the importance of the CB-SB connections on the performance of SSB 
MBJS, the influence of the connection assembly process on the behavior of the CB-SB 
connections and their fatigue resistance, and the complexity of the CB-SB connections in 
 200 
general, detailed analytical study of the CB-SB connection was performed to (1) examine 
the behavior of the CB-SB connection during assembly and under static loading, (2) 
determine the influence of the level of precompression introduced within the connection 
on the connection response and its fatigue resistance, and (3) investigate the behavior of 
the connections when steel discs were used in place of the polymeric components. As 
discussed in Chapter 2, the SSB MBJS fatigue-tested with steel parts rather than polymeric 
components in their CB-SB connections demonstrated low fatigue resistance relative to the 
SSB MBJS fatigue-tested with the intended polymeric components. The last objective was 
to ascertain the reasons for this reduction in fatigue resistance. 
Two types of CB-SB connection models were analyzed. Nonlinear analyses were 
conducted using simplified spring assemblage models of the CB-SB connection 
considering compatibility, constitutive relationships, and force equilibrium of components 
within the connection. As a comparison to the spring assemblage models and to include 
three-dimensional aspects of the behavior that could not be represented using the spring 
assemblage model, nonlinear 3D FEAs of an isolated CB-SB connection were performed. 
The FEAs contained accurate models of the components in three dimensions. The 
connection precompression introduced by the precompression gap during assembly was 
perceived to have the most significant influence on the connection behavior, and as such, 
analyses were performed for four different precompression gaps. The effects of replacing 
the polymeric components with steel discs on the connection behavior were also examined 
by conducting similar analyses using steel components. Both analyses were conducted 
extensively for vertical load only, with the consideration of horizontal loading added later. 
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The analysis models and results are discussed in this section, along with recommendations 
for effective design. 
4.4.1 Analysis of CB-SB Connection Spring Assemblage Model 
Free body diagrams of the CB-SB connections subjected to vertical forces are 
presented in Figure 4-18 for (a) the post-assembly condition under no external load and (b) 
under an applied load, P. The forces on the CB in the unloaded condition (self-equilibrated 
system following assembly) consisted of the reaction force from the sliding bearing (SSB) 
and the forces at the CB-stirrup interface, which consisted of the bolt force (SB) and the 
clamping force between faying surfaces (SC). The bolt and clamping forces on the stirrup 
were equilibrated by the sliding spring force at the stirrup bottom flange. The SB was acted 
upon by both the sliding bearing and the sliding spring forces. The applied load to the 
connection at the CB was equilibrated by a continuity reaction at the SB. As is evident, the 
system is statically indeterminate, and as such, compatibility of deformations must be 
considered for determining the component forces. 
The CB-SB connection system was modeled as a one-dimensional assemblage of 
springs, each representing the components of the connection as shown in Figure 4-19. Two 
models were developed. The first model, Model A, pertained to the system containing the 
polymeric sliding bearing and spring, and the second model, Model B, pertained to the 
system where the polymeric components were replaced with steel discs. Two models were 
necessary to address the changes in behavior of the connection due to the significantly 
different stiffnesses of the polymeric and the steel components. Two sets of analyses were 
performed for each model respectively: Case 1 for a downward load (considered as 
 202 
negative) simulating the initial passage of a vehicle; and Case 2 for an upward load 
(positive) simulating the dynamic rebound response after the vehicle passed. All applied 
loads were statically applied, and all inertial effects were neglected. 
 Model A, shown in Figure 4-19a, consisted of five deformable components, 
including: (1) the sliding bearing (SB); (2) the sliding spring (SS); (3) the bolts (B); (4) the 
clamping element (C) representing the contact between the stirrup and the CB; and (5) a 
gap element (G) to model the initial (zero stress) precompression gap. The rationale for 
modeling the gap and clamping elements separately was primarily to keep the components 
of the model as analogous to the physical connection components as possible, where the 
precompression gap exists independent of the stirrup top flange that generates the clamping 
force. A combined element, simultaneously modeling both the open gap and the closed gap 
(clamping) could be used instead, without any change in results. The deformations of the 
stirrup and the SB as compared to the polymeric components were negligible due to the 
stiffnesses of the polymeric components being orders of magnitude less than the steel 
components, and so these parts were assumed to be rigid during the analysis (shown 
hatched in Figure 4-19a). Model A had three translational degrees of freedom (DOFs), r1, 
r2, and r3, which represented the gap closure, the stirrup movement, and the SB movement, 
respectively. In reality, the CB and SB would undergo free-body motion in addition to 
deformation under loading. However, only the relative displacement between the CB and 
the SB (DOF r3) would contribute to forces in the connection, and as such, the CB was 
assumed to be restrained for these analyses (Figure 4-19a). The model could also be 
formulated with the SB fixed in place and the load applied to the CB, producing the same 
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result. During assembly of the connection, the bolt force, FBI, was assumed to be acting 
upward at r2, simulating the tightening of the bolts and the closing of the gap. The 
remaining elements were compressed due to this force, and element forces were developed 
based on the constitutive behaviors described later. Following the application of the bolt 
force, load was applied to the connection at r3, the location of the SB. 
For Model B shown in Figure 4-19b, the deformations of the SB and the stirrup 
were not negligible compared to the steel sliding bearing and steel sliding spring due to the 
much larger stiffness of the steel discs. Accordingly, the deformations of the SB and the 
stirrup were retained in the analysis. This model had eight deformable components, 
including: (1) the steel sliding bearing (STB); (2) the steel sliding spring (STS); (3) the 
bolts (B); (4) the clamping element (C); (5) the gap element (G); (6) the stirrup (S); and 
two instances of the SB (7a) SB1, and (7b) SB2. The load P was assumed to be acting at 
the mid depth of the SB section which required two elements to represent the axial stiffness 
of the web of the SB compressed in-plane above and below the load application point. The 
hatched components shown in Figure 4-19b do not necessarily represent specific CB-SB 
connection components, and were introduced as necessary to represent connectivity 
between various components of the connections. 
Model B had six DOFs, r1 to r6, which represented, respectively, the gap closure, 
the movements of the stirrup top and bottom flanges, the sliding spring-to-SB interface, 
the SB, and the sliding bearing-to-SB interface. Similar to Model A, the bolt force FBI was 
applied at r2, the load P was applied at r5, and the CB was fixed in place. 
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The constitutive (force vs. deformation) relationships for the components of the 
modeled systems were defined based on their basic behavior (in the case of the gap and 
clamping elements) or their material properties (for all other components). As discussed in 
Chapter 3, the polymeric components exhibit a stiffening response with hysteresis 
(viscoelasticity), as shown in Figure 4-20 for uniaxial compression tests of typical sliding 
springs and sliding bearings. These load-displacement data, provided by a MBJS 
manufacturer, were produced under a strain rate of 0.001 s-1. For the purpose of simplifying 
the analysis, the equilibrium response was estimated by averaging the deformation values 
at a given load for each set of test data, thus eliminating the rate-dependent hysteretic 
component of the response. 
Mathematical constitutive relationships for these polymeric components were 
obtained by fitting polynomial functions to the steady state (or equilibrium) data for each 
material by the method of least squares in Microsoft Excel. The order of the polynomial 
for each fit was chosen to provide the most reasonable behavior over the expected 
displacement and load ranges. For example, the sliding bearing response was fitted best by 
a second order polynomial function, since it displayed strictly stiffening behavior. For the 
sliding spring, however, the response first stiffened, then softened slightly, and then 
stiffened again. This behavior was best represented by a fourth-order polynomial over the 
range of the data. Since the polymeric components cannot carry tensile force within the 
CB-SB connections, any tensile deformation of either component would yield zero force. 
As such, the behavior of the polynomial functions for negative deformation was of no 
concern. Note that in Figure 4-20, the compressive deflections and loads are plotted as 
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positive numbers, but are considered negative within the analyses. Both regressions (shown 
in Figure 4-20) had a coefficient of determination (R2) greater than 99.9%. The constitutive 
behavior could have also been formulated using the constitutive relationships obtained 
during the material characterization presented in Chapter 3. However, these models are 
complex and difficult to implement outside of a FE software program. As such, the more 
simplified approach of curve-fitting was used. 
The force-deformation behavior for each of the components within Model A is 
summarized in Figure 4-21, and a similar schematic is presented for Model B in Figure 
4-22. Each deformation is set to zero at the beginning of the assembly process. The force-
deformation of the polymeric sliding bearing and sliding spring components was as 
previously discussed. The force-deformation response of the steel sliding bearing and 
sliding spring discs was linear elastic in compression as they cannot carry tension force 
within CB-SB connections, similar to the polymeric components. The stiffnesses of the 
steel sliding bearing and spring were 300,000 kip/in. (2650 kN/mm) and 127,500 kip/in. 
(1130 kN/mm). For the stirrup in Model B, a linear elastic relationship was assumed, where 
the flexural deformation of the stirrup top and bottom flanges as well as the axial 
deformation of the stirrup legs were included in the overall stirrup force-deformation 
behavior (see Figure 4-23). 
The constitutive relationships for the gap, the clamping, and the bolt elements were 
the same for both models as shown in Figure 4-21 and Figure 4-22. The gap element was 
formulated to represent the closing of the precompression gap, and its constitutive 
relationship was given as: 
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 𝑆𝐺(𝑣𝐺) = {
𝑘𝐺(𝑣𝑔 + 𝐷), 𝑣𝐺 < 𝐷
0, 𝑣𝐺 ≥ −𝐷
 (4.1) 
where SG is the force in the gap element, vG is the deformation of the gap element, and kG 
is the stiffness of the gap element. As is evident from the equation, this element 
incorporates a behavior such that for positive deformations, i.e., widening of the 
precompression gap, and negative deformations up to the precompression gap, i.e. closing 
of the gap, the element does not carry any force. At negative deformations of greater 
magnitude than the precompression gap, D, the negative force in the element increases 
rapidly. This behavior was modeled by a relatively large stiffness (kg = 10,000,000 kip/in. 
= 884,700 kN/mm) to ensure that there was very little deformation of the component once 
the gap was closed. 
The clamping element was modeled as a linear elastic element with constitutive 
relationship given as 
 𝑆𝐶(𝑣𝐶) = 𝑘𝐶𝑣𝑐 (4.2) 
where SC is the clamping force, vC is the deformation of the clamping element, and kC is 
the stiffness of the clamping element, which was equivalent to the axial compressive 
stiffness of the steel block making up the stirrup foot (kc = 780,000 kip/in. = 6910 kN/mm). 
Although the stirrup clamping force would be zero when the gap is open, explicit modeling 
of this behavior was not necessary since the clamping element was in series with the gap 
element, which by equilibrium ensured that the force in the clamping element was zero 
when the gap was open. 
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The bolt element was included in the post-assembly steps of the analysis. During 
the assembly process, the initial bolt pretension force was incorporated as an externally 
applied load, FBI, simulating compaction of the connection. In subsequent steps, the bolt 
pretension was maintained as an initial force, and the constitutive relationship of the bolt 
element was used for modeling the incremental bolt response under applied load. 
Therefore, the constitutive relationship represented the force-deformation relationship after 
the assembly, where the bolt element force was specified as zero at the bolt deformation 
following the assembly process, vBI, which was equivalent to the displacement of r2. The 
constitutive equation for the bolt is given by 
 𝑆𝐵(𝑣𝐵) = 𝑘𝐵(𝑣𝐵 − 𝑣𝐵𝐼) (4.3) 
where SB is the force in the bolt element, vB is the deformation of the bolt element, and kB 
is the stiffness of the bolt element. The bolt stiffness used in the analysis was 10,700 kip/in. 
(94 kN/mm). The initial bolt force was added to the bolt element force to obtain the total 
bolt force.  
The models were analyzed by the stiffness method using a code written in 
MATLAB. The nodes for the analysis consisted of the locations of DOFs r1 to r3 and r1 to 
r5 for Models A and B, respectively, and all loads were applied at these nodes. For the 
assembly step, the nodal loads consisted of the full initial bolt force only, and the initial 
displacements and internal forces at the nodes were set to zero. The following downward 
or upward loading step (where load P was applied) was continued directly from the post-
assembly results, and as such the initial internal forces and displacements at the nodes for 
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these loading steps were set to the values obtained at the end of the assembly step. Due to 
the nonlinear force-deformation relationships of the polymeric and gap components, the 
analysis was conducted in increments using the Newton-Raphson (NR) iteration algorithm. 
The global stiffness matrix was linearized during each iteration to reduce the number of 
required iterations for each increment. Each analysis increment was considered converged 
when the Euclidian norm of the unbalanced force vector (difference between applied nodal 
loads and internal nodal loads) was less than 10-6 kips (4.45×10-6 kN). For the polymeric 
system, load was applied from the assembly condition (P = 0 kip) to -70 kip (-312 kN) or 
+70 kip (+312 kN) in 1 kip (4.45 kN) increments for downward or upward loading, 
respectively. 
A downward and upward analysis was performed for precompression gaps of 0 in. 
(0 mm), 0.18 in. (4.5 mm), 0.35 in. (9 mm), and 0.53 in. (13.5 mm). The 0 in. (0 mm) gap 
was chosen to highlight how the absence of precompression changes the connection 
behavior. The 0.18 in. (4.5 mm) and 0.35 in. (9 mm) gaps were chosen, respectively, 
because they are the typical precompression for in-service systems and the precompression 
used during the experimental studies. The 0.53 in. (13.5 mm) gap was chosen to highlight 
the behavior of the connection at a much larger precompression than typically used. For 
the steel system, load was applied from the assembly condition to -70 kip (-312 kN) or +70 
kip (+312 kN) in 1 kip (4.45 kN) increments for downward or upward loading, respectively. 
Analyses were performed for precompression gaps of 0 in. (0 mm), 0.024 in. (0.6 mm), 
0.048 in. (1.2 mm), and 0.071 in. (1.8 mm). These gaps were chosen to provide a range of 
response characteristics for the steel disc component system and were not based on the 
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experimental studies. The initial bolt force in all analyses was 10.4 kip (46.3 kN) per bolt, 
corresponding to the bolt force used during the experimental studies. Four bolts, a typical 
bolt pattern for these connections, were simulated by using four times this initial bolt force 
within the analyses. 
4.4.2 Finite Element Analysis of CB-SB Connections 
Isolated 3D FE CB-SB connection models were analyzed using ABAQUS. These 
models were identical to the CB-SB connections in GM2 (see Figure 4-12), except they 
consisted of a single CB-SB connection and 12 in. (305 mm) and 4.35 in. (110 mm) lengths 
of the CB and the SB, respectively, from the centerline of the connection. In other words, 
the model can be thought of a standalone model of the interior CB-SB connection in GM2. 
Submodel analysis (i.e., where the results of the submodel are driven by the displacements 
of a global model) was not used because the submodel approach was proven invalid as 
discussed earlier in this chapter (section 4.3). The cut ends of the SB were restrained from 
translating, and the load was applied as a surface traction over the cut ends of the CB. For 
further details of the connection model as were previously discussed for GM2, refer to 
section 4.3.1. 
Two models were developed: one with the polymeric components, and the other 
with the steel disc components. The models with steel disc components were largely similar 
to the models with polymeric components, except that (a) the circumferential surface of 
the steel sliding springs were smooth (without any surface undulations) as the real physical 
steel sliding springs and (b) the height of the steel sliding bearings and steel sliding springs 
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were adjusted according to the reduced precompression gaps used for the steel system 
analysis. 
The polymeric and steel system models were analyzed using the same 
precompression gaps and loadings as for the corresponding spring assemblage models, and 
the connection assembly steps were the same as described for GM2 in section 4.3.3. Other 
details of the analyses including mesh discretization, element type, and material properties 
were identical to the CB-SB connections in GM2. The analyses used the built-in nonlinear 
solvers in ABAQUS with automatic incrementation and the default convergence and 
incrementation criteria.  
4.4.3 Results and Discussion for Polymeric Component System 
The forces in the polymeric sliding bearing and sliding spring as obtained from the 
spring assemblage and FE analyses of the polymeric component system are shown in 
Figure 4-24 as functions of the applied load, P. Downward and upward applied loads are 
represented by negative and positive values, respectively, and compressive forces within 
the components are indicated as positive. The plot shows a family of curves for each 
polymeric component, where each curve corresponds to a particular precompression gap, 
D, used in the analysis. The spring assemblage and FE results were very similar for the 
sliding bearing and sliding spring response; the FEAs predicted smaller forces for all 
precompression gaps. The maximum difference in responses was noted for the 
precompression gap of 0.53 in. (13.5 mm). The reason for this difference is discussed in 
detail later. 
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In the unloaded (as-assembled) condition (zero applied load), the sliding bearing 
and sliding spring forces were equal for each level of precompression, consistent with a 
self-equilibrated CB-SB connection. This self-equilibrating force in the connection, where 
the compression of the sliding bearing and sliding spring opposed the tension within the 
stirrup, increased nonlinearly with the precompression gaps due to the stiffening non-linear 
response characteristics of the polymeric components as shown in Figure 4-25. 
For cases with non-zero precompression gap, the compressive force in the sliding 
bearing increased with downward load, while the force in the sliding spring decreased 
slightly. With upward load, however, the force in the sliding bearing continued to decrease 
until complete decompression (zero component force), while the force in the sliding spring 
increased slightly. These results are consistent with the composition of the CB-SB 
connection in that the downward load on the CB has a direct path through the sliding 
bearing into the SB. The relatively stiffer SB reacts against this force, slightly compressing 
the sliding bearing against the CB. Due to its stiff connection to the CB, the stirrup 
displaced as a rigid body along with the CB. As a result, the sliding spring expanded to 
accommodate the difference in displacements between the stirrup and the SB, caused by 
the compression of the sliding bearing. The compressive deformation of the sliding bearing 
was small because of its large stiffness, and therefore the extension of the sliding spring is 
also small. This small extension of the sliding spring translates into a small decrease in the 
sliding spring force, due to its small stiffness. An alternate explanation may be provided 
by the observation that the net change in deformation between the sliding bearing and 
sliding spring must be approximately zero, because both components are constrained by 
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steel parts of much larger stiffnesses that undergo negligible deformation. Accordingly, the 
sliding spring and sliding bearing will undergo opposite deformations, which would be 
small due to the large combined stiffness of the two components acting as springs in 
parallel. For a given deformation under these conditions, the sliding bearing will develop 
much more force than the sliding spring due to its larger stiffness. 
During upward loading, the force distribution between the sliding bearing and the 
sliding spring was marked by several events. Initially, the condition was the reverse of the 
downward displacement, where the force decreased in the sliding bearing and increased in 
the sliding spring until the bearing completely decompressed. The sliding bearing 
decompression force for a precompression gap of 0.35 in. (9 mm) is labeled as “A” in 
Figure 4-24, with similar points plotted for other precompression gaps. Following 
decompression of the sliding bearing, all applied load passed entirely through the stirrup 
and the sliding spring, which caused the sliding spring force to increase proportionally with 
the applied loading. This occurred for all precompression gaps. This transition point in the 
sliding spring force associated with the decompression of the sliding bearing is labeled “B” 
in Figure 4-24 for a precompression gap of 0.35 in. (9 mm), with similar points plotted for 
other precompression gaps. The bilinear nature of the curves may be explained by the 
transformation of the system from an indeterminate system, when both the sliding bearing 
and the sliding spring maintain preload, to a determinate system, when the sliding bearing 
decompresses and the entire load is carried by the sliding spring. The sliding bearing 
decompression force was directly related to the precompression gap; with smaller 
precompression gaps, less force was required to decompress the sliding bearing, and vice 
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versa. In addition, the sliding bearing decompression force was also dependent on the 
force-deformation characteristics of the polymeric components, which determine the 
distribution of forces between the components when upward load is applied. Further study 
would be necessary to determine how the force-deformation behavior of these components 
affect the sliding bearing decompression force, as only one sliding spring behavior and one 
sliding bearing behavior was used within this study. In other words, if the sliding bearing 
and sliding spring used different materials with different force-deformation characteristics, 
further study would be needed. 
Theoretically, the decompression of the sliding spring under downward loads 
(analogous to the decompression of the sliding bearing under upward loads) may also occur 
for a non-zero precompression gap. However, this would require the compression of the 
sliding bearing to a greater level than the precompression in the sliding spring, which could 
not occur until the sliding bearing (and likely all other components in the connection) had 
reached its ultimate capacity. As such, the decompression of the sliding spring could never 
occur in a realistic loading situation. 
For the case of zero precompression gap, no self-equilibrating force developed in 
the system because no force was required to compress these components within the stirrup. 
The sliding bearing was still compressed slightly between the CB and SB under downward 
loading; however, the uncompressed sliding spring remained stress free because it could 
not carry tensile loads. Under upward load, the sliding spring was compressed, but the 
sliding bearing remained stress-free. Therefore, the sliding bearing immediately 
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decompresses when upward load is applied, and the sliding bearing decompression force 
for the zero precompression gap case is zero. 
The differences between the spring assemblage results and FE results are attributed 
to flexure of the stirrup bottom and feet under the larger precompression gap. Note that the 
flexibility of the stirrup was considered in the FE models, but the stirrup was assumed as 
rigid in the spring assemblage models. As the precompression gap was increased, the 
differences between the two types of models became more pronounced, and were largest 
at the case of 0.53 in. (13.5 mm). For larger precompression gaps, the differences were 
further amplified because the stiffnesses of the sliding springs and the sliding bearings 
increase nonlinearly with increasing deformation (recall their stiffening response 
characteristics), which nonlinearly increase the forces in these components. The larger 
forces resulted in a perceptible elongation of the stirrup. This stirrup elongation in the FE 
model was approximately 0.021 in. (0.53 mm). As such, the effective precompression of 
the sliding spring and bearing was only 0.51 in. (13 mm) rather than 0.53 in. (13.5 mm) as 
would be for the case of a rigid stirrup (assumed for the spring assemblage model). 
Accordingly, the compressive forces in the sliding spring and bearing by 5.25 kips (23 kN). 
The variations in the bolt force (for a single bolt) and the resultant stirrup clamping 
force (defined as the integrated pressure over one of the stirrup foot-to-SCP interfaces) 
against the applied load P are shown in Figure 4-26. The magnitude of the bolt force and 
clamping force are plotted as ordinate, although the bolt force was tensile and the clamping 
force was compressive. The load is plotted on the abscissa with downward and upward 
loads as negative and positive, respectively.  
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Since all bolts were tightened to a specified force, the initial bolt force (or the bolt 
pretension) immediately after the CB-SB connection assembly was independent of the 
precompression gap. The initial clamping force immediately after assembly, however, was 
dependent on the precompression gap. The clamping force developed due to continuing the 
bolt tightening after the stirrup came in contact with the CB and the precompression gap 
was closed. Higher clamping force developed with smaller precompression gap, since a 
smaller portion of the bolt force was used in compressing the sliding spring and closing the 
precompression gap. With increased precompression gap, more force was required to 
compress the sliding spring and close the gap. This reduced the remaining portion of the 
specified bolt pretension that could be developed after the gap is closed, resulting in a 
decreased clamping force. Thus, it may be inferred that for a large enough precompression 
gap the bolt force would not be adequate to close the gap, resulting in zero clamping force. 
For the spring assemblage model, this situation occurred for any precompression gap 
greater than 0.46 in. (11.6 mm), as shown in Figure 4-24 and Figure 4-26 for a 
precompression gap of 0.53 in. (13.5 mm). For the FE models however, some clamping 
force (on the order of approximately 3 kip [13 kN]) still existed at a precompression gap 
of 0.53 in. (13.5 mm). As previously mentioned, the flexibility of the stirrup was naturally 
included in the FE model, which became significant at higher precompression gaps. The 
elongation of the stirrup during bolt tightening reduced the effective precompression gap, 
which in turn caused a reduction in the sliding spring and bearing forces and an increase in 
the clamping force. In addition, localized rotation/flexure of the stirrup foot and prying on 
the bolts in the FE models (note the bolts were also naturally modeled as flexible in the FE 
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model) allowed the stirrup foot to maintain contact with the stirrup cover plate near the 
bolts and separate closer to the centerline of the connection. This prying effect is discussed 
in more detail later. 
It could also be inferred that the clamping force was dependent on the initial bolt 
force for given polymeric materials and a given precompression gap, with the stirrup 
clamping force increasing as the initial bolt force increased. However, this was not tested 
by increasing or decreasing the initial bolt force in this study. 
For precompression gaps less than 0.46 in. (11.6 mm) where clamping force 
developed during assembly (in both models), the bolt force and the clamping force were 
approximately constant during downward loading, although the clamping force underwent 
a small change. This was a result of the sliding bearing carrying the majority of the load 
from the CB to the SB, with the sliding spring and stirrup experiencing a small change in 
load. This small change was accommodated by a small change in the clamping force, while 
causing almost no change in the bolt force. This behavior is typical of pretensioned bolted 
connections, where a small compressive deformation of the connecting plates (due to 
applied compressive load perpendicular to the faying surfaces) and corresponding 
shortening of the bolts causes large changes in the clamping force between faying surfaces 
(the stiffer load path), and small changes in the bolt force (the more flexible load path). 
For upward load in the spring assemblage models, the deformation of the plates and 
the bolts is reversed, and the clamping force decreases slightly until the sliding bearing 
decompresses. At this point (denoted “C” in Figure 4-26 for a precompression gap of 0.35 
in. [9 mm] and with similar points for other precompression gaps), the sliding spring 
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carried all upward load. As such, the clamping force decreased more quickly, while the 
bolts approximately maintained the same load. With the continued application of upward 
load, the clamping force was eventually decreased to zero, as shown by point “D” in Figure 
4-26. At this point, the clamping force was lost, and all load was transferred through the 
bolts. Equilibrium requires that the bolt force must equal the applied load, and as such the 
bolt force and applied load formed a 45-degree line following the loss of the clamping 
force. This line was the same for all levels of precompression. For the FE models however, 
the clamping force decreased to approximately 10 kip (44 kN) at an upward load of 30 kip 
(133 kN), and then increased as further load was applied. This was attributed to localized 
flexure/rotation of the stirrup feet as shown in Figure 4-27, which caused the portion of the 
foot closer to the centerline of the connection to separate from the SCP. The portion of the 
stirrup foot on the outer side of the bolts was then pushed into the SCP, causing a large 
increase in clamping force. In addition, the bolt force also increased, due to the prying 
action on the bolts. This increase in bolt force started at an applied upward load of 
approximately 20 kip (89 kN) for precompression gaps of 0, 0.18, and 0.35 in. (0, 4.5, and 
9 mm), which was much earlier than the bolt force increase in the spring assemblage model, 
which occurred at approximately 40 kip (178 kN). This early increase in the bolt force per 
the FE model was due to the inherent flexibility of the stirrup that was neglected in the 
spring assemblage model (the stirrup was assumed rigid). 
For the case of a precompression gap larger than the limiting value of 0.46 in. (11.6 
mm) in the spring assemblage model, the behavior is slightly altered. Due to the clamping 
force being zero for the entire range of loading (both downward and upward), the bolts 
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must accommodate all changes in force that would have been accommodated by changes 
in the clamping force if it existed. Therefore, the bolt force decreased slightly for downward 
loading, and increased slightly for upward loading. Further application of load caused a 
decompression of the sliding bearing, shown as point “F” in Figure 4-24. Following 
decompression of the sliding bearing, all load was transferred through the bolts, and the 
curve joined the same 45-degree line as plotted for the precompression gaps smaller than 
the limiting value as shown at point “G” in Figure 4-26. For the FE analysis corresponding 
to 0.53 in (13.5 mm) precompression gap, the stirrup feet rotated and caused some prying 
forces in the bolts during the assembly state. As upward load was applied, the stirrup and 
bolts experienced small force changes until the sliding bearing decompressed (at 
approximately 40 kip [178 kN] upward load, refer to Figure 4-26. Subsequently, the 
rotation of the stirrup feet increased, increasing both the clamping forces and bolt forces. 
From Figure 4-26, it is evident that the force range in each bolt for the spring 
assemblage models was approximately zero (negligible) between the highest considered 
downward loading and an upward loading of about 42 kip (200 kN) when sliding bearing 
decompression did not occur, i.e. for precompression gaps less than 0.46 in. (11.6 mm). 
When the upward loading exceeded approximately 42 kip (200 kN), the clamping force in 
the connection was lost and the bolts immediately carried the entire loading. It is also 
worthy to note that the level of force at which the clamping force diminishes to zero is 
equal to the number of bolts times the initial pretension force in each bolt, i.e., the initial 
clamping force supplied to the connection. For the FE models however, the force range in 
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each bolt was approximately zero only until an upward loading of about 20 kip (89 kN) 
due to the flexibility of the stirrup and the prying action applied to the bolts. 
4.4.4 Results and Discussion for Steel Component System 
The component forces for the steel sliding bearing and the steel sliding spring as 
obtained from the spring assemblage and FE models of the steel component system are 
shown in Figure 4-28 as functions of the applied load P. Applied downward and upward 
loads are represented by negative and positive values, respectively, and compressive forces 
within the components are indicated as positive. The plot shows a family of curves for each 
steel sliding component, where each curve corresponds to a particular precompression gap 
used in the analyses. 
The variations in the bolt force and the stirrup clamping force (defined as the 
integrated pressure over one of the stirrup foot-to-SCP interfaces) against applied load P 
are shown in Figure 4-29 for the steel component system. The magnitude of the bolt force 
and clamping force are plotted as ordinate, although the bolt force was tensile and the 
clamping force was compressive. The load is plotted on the abscissa with downward and 
upward loads as negative and positive, respectively. 
These figures indicated similar behavior of the connection using the steel 
components to the connection using polymeric components, except that the curves 
displayed linear behavior due to all components having a linear force-deformation 
relationship. For the steel component system, the specified bolt pretension force was not 
sufficient to close a precompression gap of greater than 0.057 in. (1.46 mm), much smaller 
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than the limiting value for the polymeric component system due to the large stiffness of 
the steel sliding bearing and steel sliding spring. 
4.4.5 Stages of CB-SB Connection Behavior 
From the results discussed previously, three stages of connection behavior were 
identified in terms of the precompression gap used at assembly and the subsequent applied 
load. These stages are shown in Figure 4-30 and Figure 4-31, respectively, for the 
elastomeric and steel component spring-assemblage models. Only the connection behavior 
under upward (positive) load is shown on the ordinate, because the connection did not 
exhibit any significant behavioral changes during downward (negative) load. The stages of 
connection behavior for the FE models are similar to that of the spring assemblage models 
unless noted otherwise in the following discussion. 
Stage I is the initial connection behavior, consisting of two mutually exclusive 
connection stages dependent on the precompression gap. Stage IA behavior consists of the 
intended (normal) connection behavior, where the connection remains compressed. In 
Stage IB behavior, a gap exists between the CB and the stirrup faying surfaces after the 
bolts are tightened to the specified preload. For the FE models, Stage IB can be extended 
to the case where large rotation of the stirrup foot has caused a gap to form nearer to the 
centerline of the connection, causing large prying on the bolts. Stage II of connection 
behavior occurs subsequent to the decompression of the sliding bearing for the connections 
exhibiting Stage IA behavior. Stage III connection behavior occurs when both (1) the 
sliding bearing has decompressed, and (2) the clamping force has been completely 
exhausted. For the FE models, Stage III behavior manifests as a sharp increase in the 
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clamping force and the bolt force due to the rotation of the stirrup foot about the toe and 
separation near the heel, resulting in prying of the bolts. 
Paths “A” and “B” in Figure 4-30 show transitions of connection behavior when 
the connection begins in Stage IA and Stage IB, respectively, depending on the 
precompression gap used in the assembly of the connection. Stage IA behavior occurs for 
precompression gaps less than 0.455 in. (11.55 mm) and 0.058 in. (1.46 mm) for the 
polymeric and steel component systems, respectively, and Stage IB occurs when these 
limits are exceeded. For Stage IA, the load is resisted primarily by compensating force 
changes in the sliding bearing and the sliding spring and insignificant force changes in the 
bolts and the stirrup. As such, fatigue cracking of the bolts is not expected in Stage IA, and 
fatigue cracking initiating from the bolt holes within the CB is also not expected because 
the bolted connection is still fully compressed and there is significant clamping force 
between the CB and stirrup. For the FE models, the boundary between Stage IA and Stage 
IB behavior is more fluid due to the prying action of the stirrup feet. For larger 
precompression gaps, this prying action is large enough that the clamping force would not 
be effective in transferring any significant load through the connection, and is comparable 
to not having any stirrup clamping force at all. As such, the limiting precompression gap 
would be shifted to the left (made smaller) for larger precompression gaps, which are still 
less than the limit determined from the spring assemblage models. The determination of a 
particular transition force curve including this prying effect was not attempted here, as in 
practice the limiting precompression gap is decided based on service life considerations for 
the polymeric components (at higher compression, the polymers degrade earlier). This 
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practical limit is typically 0.18 in. (4.5 mm) to 0.24 in. (6 mm), well below the limits 
determined from the spring assemblage model. 
For the upward loading of connections exhibiting Stage IA behavior, the connection 
will transition to Stage II, following a path similar to Path “A” in Figure 4-30 . The 
boundary between Stage IA and Stage II is primarily dependent on the precompression 
gap. For example, at a precompression gap of 0.35 in. (9 mm), Stage IA is maintained from 
fully considered downward load to approximately 14.8 kip (65.9 kN) upward load, but this 
transition occurs at only 3 kip (13.4 kN) for a precompression gap of 0.20 in. (5 mm). For 
steel disc components, the transition between Stage IA and Stage II is similar; however, 
the boundary is linear as shown in Figure 4-31 due to the linear constitutive relationship of 
steel. 
In Stage II following the decompression of the sliding bearing, the applied load is 
carried entirely by the sliding spring, the stirrup, and the stirrup-to-CB bolted connection. 
With a much larger change in stirrup force (equivalent to the sliding spring force) than in 
Stage IA, Stage II can be detrimental to the fatigue performance of the welded connections 
in the stirrup, namely, the stirrup foot-to-leg connections, and the stirrup bottom-to-spring 
retaining stud connections. The bolt force and the stirrup clamping force also change during 
Stage II since all forces are transferred from the CB to the stirrup directly through the bolted 
connection, causing slight increase in the bolt tensile force and rapid reduction in the 
clamping force. For the more-realistic FE models however, significant bolt force changes 
may occur in Stage II due to the prying of the bolts, and as such, fatigue cracking or failure 
of the bolts may occur if the connection is continuously cycled through Stage II behavior. 
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In Stage IB behavior, the applied load is still resisted by changing forces in the 
sliding bearing and sliding spring. Due to the absence of the clamping force, the bolt force 
undergoes larger change than when the connection is fully compacted. However, this force 
range is not much larger (see the curves labeled “Gap” in Figure 4-26 for the polymeric 
component system and labeled “D = 1.8 mm” in Figure 4-29 for the steel disc component 
system). As demonstrated by the FE models, the rotation of the stirrup foot and contact 
with the SCP at the toe can result in large clamping force and prying of the bolts. 
Accordingly, fatigue cracking of the bolts may occur during this stage, and fatigue cracking 
from the bolt holes may also occur due to the connection not being fully compressed. 
For continued upward loading of connections exhibiting either Stage II behavior 
(Path “A” in Figure 4-30) or Stage IB behavior (Path “B”), the connection transitions to 
Stage III behavior. For transitions from Stage II behavior, the applied load eliminates the 
remaining clamping force. Alternatively, the applied load eliminates initial compressive 
force at the sliding bearing for transitions from Stage IB. In Stage III, the load is resisted 
entirely by the bolts, resulting in large increase in bolt force. This transition is nearly 
independent of the precompression gap, and occurs at approximately the total specified 
bolt tightening force at the connection, which was approximately 42 kip (187 kN) for four 
bolts tightened to the specified bolt pretension, FBI. The FE models showed that Stage III 
behavior was manifested as extremely large rotation of the stirrup feet about their toes 
contacting the SCP, causing large increase in clamping and bolt forces. The transition force 
to Stage III behavior could not be defined as rigidly as it was for the spring assemblage 
models due to the fact that both Stage II and Stage III exhibit some level of rotation of the 
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stirrup feet and prying of the bolts. However, as noted earlier the Stage III transition load 
(as determined from the spring assemblage models) and Stage III behavior in general are 
both well beyond the loads experienced by a typical bolted CB-SB connection in an in-
service SSB MBJS. 
From the analysis results, it is suggested that Stage IA behavior be maintained at 
all times, to keep the stress ranges in the bolts and stirrups low, and to maintain full 
clamping force at the bolted connection. Stage IB can be avoided by specifying a smaller 
precompression gap that goes not result in a gap between the connection faying surfaces 
after assembly. Stage II behavior should be reserved for extreme load conditions, as the 
bolts and clamping force undergo large change during stage II behavior that may be 
detrimental for the fatigue resistance of the connection. 
4.4.6 Comparison of Connection Behavior for Polymeric Components vs. Steel Discs 
As seen from Figure 4-30 and Figure 4-31, the stages of behavior are extremely 
similar for connections employing polymeric components and steel disc components, albeit 
with different critical precompression gaps demarking the Stage IA and the Stage IB 
behavior, and different Stage IA to Stage II transitions. The most important difference is 
the limited precompression gap for Stage IA behavior with the steel components. It is 
practically impossible to achieve uniform clamping for a limiting precompression value of 
0.058 in. (1.46 mm), as plate thickness and flatness tolerances are typically much greater 
than this size. Therefore, with steel components either there is no effective precompression 
in the connection, i.e., the gap closes too early due to the unevenness of the stirrup feet and 
the components are not precompressed, or the stirrup clamping force is zero as the steel 
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bearing and spring become precompressed enough that the gap does not close. As such, 
Stage IA behavior cannot be achieved, and the benefits of this stage, namely the small 
stress ranges in the bolts and stirrups, cannot be ensured when the steel components are 
used in the connection. In addition, any horizontal loads also cause additional prying on 
the bolts, which can precipitate fatigue fracture of the bolts as further discussed in the next 
section. 
4.4.7 Effect of Horizontal Loading on the CB-SB Connection 
A horizontal loading was applied to the specimens within the experimental study 
to simulate the braking of trucks over the SSB MBJS in service. Due to the eccentricity of 
the CB and SB within the CB-SB connection, any horizontal load applied to the CB will 
cause a forward rotation of the CB-SB connection along with an out-of-plane bending of 
the CB web. The CB within the tested SSB MBJS was restrained from horizontal motion 
at the bottom flange at each CB-SB connection location to simulate the observed 
continuous beam behavior of the CB under lateral loading as detected during field studies 
but to still allow forward rotational response of the CB. The flexibility of the sliding bearing 
and sliding spring facilitate the majority of this forward rotation and the out-of-plane 
bending of the web is negligible, as shown in Figure 4-32(b). With steel disc components 
however, the connection cannot easily rotate due to the stiffness of the steel sliding bearing 
and sliding spring, and the horizontal force applied to the CB causes a significant bending 
of the CB web out of plane, as well as additional prying forces in the bolts. For the case 
where no gap is present in the connection as shown in Figure 4-32(c), the prying forces 
within the bolts would be somewhat lessened due to the presence of the clamping force. If 
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a gap is present in the connection as shown in Figure 4-32(d), significant additional prying 
forces may develop in the bolts due to the horizontal loading. 
To quantify the effects of horizontal loading on the stress ranges in the bolts when 
steel discs are used in the connection, FE analyses of the CB-SB connections model with 
steel disc components were performed for 0 in. (0 mm) and 0.071 in. (1.8 mm) 
precompression gaps under combined vertical and horizontal loading. These analyses were 
similar to the previously discussed analyses, but a horizontal load of 20% of the vertical 
load was applied to the CBs along with the vertical load. 
The analysis results for the both precompression gaps for both vertical loads only 
as well as vertical plus horizontal loads are presented in Figure 4-33 as plots of bolt force 
vs. applied load. The limits of the applied resultant loads in Figure 4-33 are -50 kip (-22.5 
kN) and 20 kip (89 kN), corresponding to the 70 kip (311.5 kN) load range used for the 
fatigue tests when the polymeric components were replaced with steel discs. Under this 
load range, the bolts experienced load ranges of 0.87 kip (3.87 kN) and 2.99 kip (13.4 kN) 
for the 0 in. and 0.071 in. (1.8 mm) precompression gaps, respectively. The axial stress 
ranges in the bolts were 6.1 ksi (42 MPa) and 9.5 ksi (65.5 MPa), indicating a 55% increase 
in stress range when the gap could not be fully closed (precompression gap of 0.071 in. 
[1.8 mm]) versus the case when no precompression was present (precompression gap of 0 
in.). These stress ranges due to the combined vertical and horizontal loading were also 
approximately 60-70% greater than those for vertical load only. 
In addition, some bending of the bolts was also noted near the bolt head and nut, 
resulting in increased localized stress ranges. Figure 4-34 shows the stress range in the 
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bolts for four different conditions. For the case where no gap exists after assembly of the 
connection and only vertical load is applied, the stress range at the most critical location 
(at head-to-shaft or nut-to-shaft junction) was approximately 15 ksi (103 MPa). When 
horizontal load was applied, the most critical stress range exceeded 20 ksi (138 MPa). For 
the cases where a precompression gap existed following assembly of the connection, the 
stress range was greater than 20 ksi (138 MPa) at the critical location irrespective of the 
horizontal load. It should be noted that the stresses occurring at the corner of the bolt shaft 
to the head or to the nut are theoretically infinite; the stresses shown here are a function of 
the mesh discretization (which was the same for all models) and are used for comparative 
analysis only. The critical stress locations coincided with the location of fracture initiation 
in the bolts during laboratory testing (shown in Figure 4-35). Fatigue cracks initiated early 
in the bolts due to the high stress ranges at the critical locations that were amplified by the 
bending of the bolts and grew through the bending stress gradient to fracture. The fracture 
surfaces of the fracture bolts are consistent with this assessment. 
The stress ranges were larger for the connection containing a gap than when the 
gap was closed, which correlates well with the observation of lower fatigue resistance when 
a gap was present compared to the closed gap case. With the small stress ranges 
experienced by the bolts when polymeric components are used, it is clear that exchanging 
the polymeric components with steel disc components significantly reduces the fatigue 
performance of the connection bolts. Therefore, it is recommended that the polymeric 
components be retained when fatigue testing SSB systems that employ these components 
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within their CB-SB connections, so that the fatigue resistance of the connections can be 
properly assessed. 
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Table 4-1 Comparison of Measured Stresses for CB11 and Predicted 
Stresses for A19 Structural Analysis Model 
Location 
Measured Stresses for 
CB11 (ksia) 
Variation on Measured 
Sr (ksi) A19 Model Sr 
(ksi) 
DS US Sr -25% +25% 
Gauge W2 5.50 -2.38 7.88 5.91 9.86 5.94 
Gauge W1 -9.02 4.04 13.06 9.80 16.33 15.82 
Detail W -11.1 4.97 16.12 N/A N/A 18.99 
Detail E -10.7 4.84 15.56 N/A N/A 18.99 
Gauge E1 -8.71 3.94 12.66 9.49 15.82 15.82 
Gauge E2 5.08 -2.19 7.27 5.46 9.09 5.94 
Notes: 
a 1 ksi = 6.9 MPa 
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Figure 4-1 Distribution of actuator load to tested SSB MBJS and 
determination of loads to be applied to analysis models 
 
Figure 4-2 Elevation view of LRFD BCS Appendix A19 structural 
analysis model for vertically applied load  
Transferred to inclined specimen as 
“horizontal” and “vertical” load. 
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Figure 4-3 Elevation view of LRFD BCS Appendix A19 structural 
analysis model for horizontally applied load 
 
Figure 4-4 Elevation view of revised structural analysis model for 
horizontally applied load  
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Figure 4-5 Elevation view of advanced (ADV) structural analysis model 
for vertically applied load 
 
Figure 4-6 Elevation view of generalized (GEN) structural analysis model 
for vertically applied load  
27 in. 27 in. 
0.4905P 0.4905P 
27 in. 27 in. 
Rotational 
spring 
Translational 
spring 
CB* CB CB CB 
* Same CB section properties as in Figure 4-5. 
kBS = 
2400 kip/in. 
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Figure 4-7 Bending moments for structural analysis models as a function 
of applied actuator load, P 
  
Figure 4-8 Bending moments as a function of actuator load, P, for four 
versions of the GEN model  
 kv 
(kip/in.) 
kr 
(kip-in./rad) 
Model 1 250 0 
Model 2 250 20000 
Model 3 1000 20000 
Model 4 2000 0 
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Figure 4-9 Stresses along CB bottom flange south path for structural 
analysis models compared to experimental measurements 
 
Figure 4-10 Stress ranges along CB bottom flange south path for structural 
analysis models compared to experimental measurements  
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Figure 4-11 Global finite element analysis model, GM1 
 
Figure 4-12 CB-SB connections in GM2  
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Figure 4-13 Comparison of stresses along CB bottom flange south path for 
FE analyses and static tests 
 
Figure 4-14 Comparison of stress ranges along CB bottom flange south 
path for FE analyses and static tests  
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Figure 4-15 Maximum principal stresses in FE models: (a) post-assembly 
stress in GM2, (b) DS stress in GM1, (c) DS stress in GM2, (d) US stress in 
GM1, (e) US stress in GM2  
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Figure 4-16 Bending moments in interior and exterior CBs in GM1 
 
Figure 4-17 Comparison of vertical displacement time-histories at center of 
CB span  
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Figure 4-18 Free body diagram of CB-SB bolted connection for (a) 
assembly conditions and (b) applied loading 
  
Figure 4-19 Model formulations: (a) Model A for polymeric components; 
and (b) Model B for steel disc components  
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Figure 4-20 Test data, estimated equilibrium response, and polynomial 
curve fit of equilibrium response for: (a) sliding spring; and (b) sliding 
bearing 
 
Figure 4-21 Constitutive relationships (force vs. deformation) for 
components in the polymeric system model: (a) sliding bearing; (b) sliding 
spring; (c) clamping element; (d) gap element; and (e) bolt force  
Notes:  
1. SSB and SSS are 
polynomial 
functions of vSB and 
vSS 
2. vBI is a function of 
D and initial 
pretension force 
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Figure 4-22 Constitutive relationships (force vs. deformation) for 
components in steel system model: (a) steel sliding bearing; (b) steel sliding 
spring; (c) clamping element; (d) stirrup; (e) gap element; (f) bolt force; (g) 
support bar above load point; and (h) support bar below load point 
 
Figure 4-23 Flexibility of stirrup in Model B  
Notes:  
SSTB and SSTS are no longer polynomial functions of vSTB and vSTS 
vBI is a function of D and initial pretension force 
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Figure 4-24 Compressive forces in sliding bearing and sliding spring as a 
function of precompression gap and applied actuator load for nonlinear 
spring assembage (NLSA) models and FE models 
 
Figure 4-25 Sliding bearing force following assembly as a function of 
precompression gap  
A 
B 
F 
Downward Load Upward Load 
- GAP 
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Figure 4-26 Stirrup clamping force and bolt force as a function of 
precompression gap and applied actuator load for nonlinear spring 
assembage (NLSA) models and FE models  
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Figure 4-27 Prying force imposed on bolts during upward loading post-
sliding bearing decompression  
P = 56 kip 
P = 28 kip 
P = 42 kip 
P = 14 kip 
GAP OPENING GAP OPENING 
AREA OF INTEREST 
MAX PRINCIPAL 
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Figure 4-28 Compressive force in steel disc replacements for sliding 
bearing and sliding spring as a function of precompression gap and applied 
actuator load for nonlinear spring assembage (NLSA) models and FE models 
 
Figure 4-29 Stirrup clamping force and bolt force as a function of 
precompression gap and applied actuator load for system with steel disc 
components for nonlinear spring assembage (NLSA) models and FE models   
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Figure 4-30 Connection behavior stages for spring assemblage model with 
polymeric sliding bearing and sliding spring components 
 
Figure 4-31 Connection behavior stages for spring assemblage model with 
steel discs for sliding bearing and sliding spring  
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B 
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Figure 4-32 Horizontal connection behavior for: (a) top and bottom flanges 
blocked from lateral movement; (b) only bottom flange blocked from lateral 
movement with polymeric components; (c) only bottom flange blocked with 
steel components and no connection gap; (d) only bottom flange blocked with 
steel components and precompression gap in connection 
 
Figure 4-33 Bolt force as a function of applied load for horizontally loaded 
CB-SB connection FE models  
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Figure 4-34 Stress range in bolts for (a) no gap with vertical load only; (b) 
no gap with vertical and horizontal load; (c) precompression gap with 
vertical load only; (d) precompression gap with vertical and horizontal load. 
 
Figure 4-35 Fractured bolts from CB-SB connection with steel discs 
installed 
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5. DYNAMIC ANALYSIS OF BOLTED SINGLE SUPPORT BAR 
MODULAR BRIDGE JOINT SYSTEMS UNDER SIMULATED 
VEHICULAR LOADING 
5.1 Overview 
As discussed in Chapter 1, analytical assessment of the dynamic response 
characteristics of SSB MBJS is necessary for assessing the stress ranges experienced by 
these systems and for their effective fatigue design. Previous analytical studies on the 
dynamic behavior of MBJS have concentrated on other types of MBJS, such as MSB MBJS 
(Steenbergen 2004) or hybrid SSB-MSB MBJS (Ancich 2006). The studies on SSB MBJS 
were analyses of SDF idealizations (Crocetti and Edlund 2003) which did not include the 
contributions of multiple modes in the calculation of DRFs, or modal analyses (Roeder 
1993) performed to determine only mode shapes and frequencies of the system and not the 
DRFs for the subject joint(s). The primary goal of the research discussed in this chapter 
was to develop a FEA model of the SSB MBJS that could accurately simulate the response 
of the SSB MBJS due to the passage of a vehicle and provide an assessment of the DRFs. 
The research also aimed to identify an efficient FEA model for parametric dynamic studies 
of SSB MBJS (discussed in Chapter 6) for determining DRFs as a function of joint 
geometry and service conditions. This efficient model aimed to retain the most important 
system response characteristics while keeping computational requirements to a reasonable 
minimum. The efficacy of the FEA models were compared against available field test 
results in the literature (Dexter et al. 1997). 
First, the field-tested SSB MBJS chosen for modeling and the test results for the 
system are presented. Next, load pulse models for simulating the passage of vehicle wheels 
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over CBs during dynamic analyses are discussed. Dynamic time-history analyses 
performed using models of the field-tested SSB MBJS with three levels of sophistication 
are discussed. These models, in increasing order of sophistication, are: beam element 
models; beam element models with increased refinements for the CB-SB connections; and 
solid element models. The results of these analyses are discussed, and conclusions are 
presented regarding the dynamic behavior and analysis of SSB systems. Finally, the results 
and computational efficiency of the different models are compared to determine the best 
model for the parametric dynamic studies. 
5.2 Field Study used for Developing Dynamic Analysis Models 
The models for dynamic analyses were based on the in-service bolted SSB MBJS 
in the I70/I25 Flyover Ramp interchange bridge in Denver, Colorado that was field-tested 
by Dexter et al. (1997) as part of NCHRP Project 12-40. This system had three CBs 
supported on seven SBs, and was designed to accommodate movements of about 1 ft. (305 
mm). The span lengths of the CBs (shown in Figure 5-1) varied from 4 ft. 6 in. (1371 mm) 
to 5 ft. 6 in. (1676 mm). The CBs and SBs were I-shaped sections similar to those presented 
for the SSB MBJS fatigue-tested in Chapter 2, and the CB flange width was 31/8 in. (79 
mm). The gap opening at the time of field testing was approximately 1.3 in. (32 mm). A 
cross-sectional view of the system (section C-C in Figure 5-1) is shown in Figure 5-2. 
The SSB MBJS was field-tested using conducted using a two-axle dump truck (one 
front and one rear axle) travelling over the joint at approximately 40 mph (64 km/h). The 
front and rear axle loads were 10.2 kip (45 kN) and 17.6 kip (78 kN), respectively. The 
measured tire footprints of the truck are shown in Figure 5-3. As shown in Figure 5-1, the 
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truck was run across the joint at two positions. As is evident, the truck positions #1 and #2 
were respectively to investigate the maximum moment response of the SB and the CB. For 
the dynamic analyses, the CB response was of primary interest. Accordingly, only truck 
position #2 was considered, where the load was placed approximate at the center of each 
CB span on each side of SB3 causing the maximum CB moments at both center span and 
the supports. 
The time history of vertical and horizontal bending moments at midspan between 
SB2 and SB3 were available in Figure 2.33 in NCHRP Report 402 (Dexter et al. 1997), 
which was taken from the report and is shown in Figure 5-4. The original field test results 
were not available in tabulated form, and had to be extracted from this plot. The data was 
extracted using WebPlotDigitizer, an open source program designed specifically for 
extracting numerical tabulated data from images. The data obtained from the program 
output is presented in Figure 5-5, and shows a good reproduction of the original plotted 
data. This reproduced data was used for the comparisons to the field test results throughout 
this chapter. 
As the vehicles cross an MBJS, each wheel typically loads more than one CB at 
once. Distribution Factors (DFs) are typically used during design to distribute the full 
wheel load to the CBs. The DF is a function of the gap width, the CB flange width, the tire 
contact length, and the CB height mismatch. While many expressions for the DF exist in 
the literature (Dexter et al. 1997), the simplest form assumes that a particular CB carries a 
portion of the wheel load equal to the fraction of the total tire width over the CB and half 
the gap on either side, mathematically expressed as 
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 𝐷𝐹 =
𝑏𝑓 + 𝑔
𝐿𝑡
 (5.1) 
where bf is the CB flange width, g is the gap opening, and Lt is the tire contact length. 
For the dynamic analyses however, the DFs utilized for each CB were those 
published in the NCHRP Report 402 (Dexter et al. 1997), which were estimated from the 
loads acting on each CB of the I70/I25 Flyover Ramp SSB MBJS during the field study. 
For example, for truck position #2 the rear wheels were centered over CB2, and the loads 
acting on all three CBs were back-calculated from strain measurements taken from each 
CB. The load acting on CB2 was estimated as 4.5 kip (20 kN), which indicated a DF of 
approximately 0.51 (51% of total wheel load of 8.8 kip [39 kN]). 
The field study noted that a considerable amplification of the wheel loads occurred 
at higher test speeds due to the bridge (and SSB MBJS) being on a 490 ft. (150 m) radius 
horizontal curve. As the truck traversed the joint, the wheel loads towards the outside of 
the curve were higher than the wheel loads towards the inside of the curve, due to 
centrifugal force effects. For analyses including this horizontal curve effect, the loads 
towards the inside of the curve were reduced by a factor of 0.83, and the loads on the 
outside of the curve where increased by 1.45, consistent with the decreases and increases 
in loads listed in the NCHRP Report 402 (Dexter et al. 1997). 
5.3 Investigation of Load Pulse Models for Simulation of Wheel Passage over 
SSB MBJS 
An important consideration in time-history analysis of structures is the time-
varying nature of the loading. For SSB MBJS this corresponds to the load pulse imparted 
to the CBs by the crossing vehicle wheel. As a vehicle crosses the SSB MBJS, the wheel 
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imparts a brief loading or load pulse onto each CB, which begins as the wheels first 
encounter the CB and ends as the wheels leave the CB entirely. Determining the real 
variation of the load pulse in time, or the load pulse model, for MBJS would require the 
consideration of many different interacting influences, including but not limited to: the tire 
inflation pressure; the tire stiffness; the stiffness of the truck suspension system; the 
roadway roughness; mismatches in height between the roadway and the top surface of the 
CBs; the stiffness and mass of the MBJS; the gap opening; the vehicle speed; and the 
condition of the MBJS. 
Triangular, sinusoidal, and haversine load pulse models (shown in Figure 5-6) were 
employed for dynamic analyses of MBJS in previous studies (Roeder 1993, Crocetti and 
Edlund 2003, Steenbergen 2004), which are reviewed in Appendix A. These load pulse 
models were postulated based on phenomenological observations, in that the amplitude of 
the load pulse varies as the wheels roll on and off each CB. Analytical studies using these 
load pulse models were not compared with field measurements, and as such, the accuracies 
of the load pulse models are not known. 
In the current study, the triangular, sinusoidal, and haversine load pulse models 
were evaluated with respect to the selected SSB MBJS. In addition, two load pulse models 
were derived mathematically, considering the physical interaction of the tires with the CBs 
as the wheels crossed the SSB MBJS, without any presumption of the shape of the load 
pulse. Accuracy of these load pulse models were also evaluated with respect to the selected 
SSB MBJS. Development of the new models are discussed in the following sections. 
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It should be noted that all load pulse models considered variation only with respect 
to time, since the CBs were approximated as line elements for load application. Therefore, 
the spatial variation of the load on the CB due to its finite width was neglected. This 
assumption is reasonable due to the small width of the CB compared to its length.  
5.3.1 Determination of Load Pulse Model through Convolution 
The first new load pulse model was derived by convolving the tire contact area of 
each wheel with the CB flange, assuming the wheel load is uniformly distributed over the 
tire contact area. As presented in previous studies (Roeder 1993, Crocetti and Edlund 2003, 
Steenbergen 2004), the duration of the wheel contact with a CB flange, td, which is same 
as the duration as the load pulse, can be expressed as a function of the tire contact length, 
Lt, the CB flange width, bf, and the vehicle speed, v, as 
 𝑡𝑑 =
𝐿𝑡 + 𝑏𝑓
𝑣
 (5.2) 
The shape of the tire contact on an uninterrupted flat surface is assumed to be 
rectangular as is customary in bridge engineering practice. The tire contact length, Lt, is 
defined as the length of this rectangular patch in the direction of travel. The expression 
above for the pulse duration can be derived by direct examination of the events during the 
rolling of a wheel over a single CB, as shown in Figure 5-7, for a simple two-gap joint 
(Figure 5-7a). As the wheel footprint first contacts the CB (Figure 5-7b), the pulse duration 
begins. When the CB flange is first fully enveloped by the wheel footprint (Figure 5-7d), 
the wheel has travelled a distance equal to the CB flange width. For the wheel to completely 
leave the CB, it must travel an additional distance of Lt. Assuming a constant vehicle speed, 
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the duration of the load pulse is thus the total distance travelled by the wheel divided by 
the speed, as presented in equation (5.2). However, the shape of the pulse as a function of 
time is not defined by this equation, and was assumed in the previous studies as a triangular, 
half sine, or haversine pulse with peak at one half of the pulse duration. 
The proposed load pulse model was determined noting that the load pulse occurs 
as each point of the wheel contacting the CB imparts a unit impulse at each instant during 
the rolling of the wheel over the CB. Thus, the overall pulse loading on the CB results from 
the collection of the many unit impulses as the wheel crosses the CB, or in other words, 
the convolution of the wheel contact pressure distribution over the contact duration and the 
time variation of the wheel contact area. 
The wheel pressure distribution, p(t), can be defined by an appropriate 
mathematical expression considering the variation of wheel contact pressure as a function 
of the contact surface rigidity and time. A uniform contact pressure distribution over the 
wheel footprint was assumed in view of the general observation that a relatively compliant 
air-filled rubber tire contacting a relatively narrow and rigid CB flange would produce an 
approximately uniform contact pressure distribution. In the time domain, this can be 
expressed as 
 𝑝(𝑡) = {
 𝑝0     0 < 𝑡 < 𝑡𝑡
0     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (5.3) 
where p0 is the constant wheel contact pressure over the contact area, and tt is the duration 
for the entire wheel contact to pass a single point at constant vehicle speed, defined as: 
 𝑡𝑡 =
𝐿𝑡
𝑣
 (5.4) 
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The interaction of each section of the wheel contact with a CB (a line transverse to 
the rolling direction) is defined by a boxcar or rectangular pulse function, which is the 
integration of each wheel contact line at each instant over time. This function assumes an 
ordinate of 1 when the wheel is on the CB and 0 when the CB is unloaded. Thus, the wheel-
to-CB contact interaction in the time domain is defined as 
 𝑓(𝑡) = {
 1     0 < 𝑡 < 𝑡𝑐𝑏
0     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (5.5) 
where tcb is the time required for a single point on the wheel to cross the CB flange traveling 
at speed v, given by: 
 𝑡𝑐𝑏 =
𝑏𝑓
𝑣
 (5.6) 
The convolution of the two time-varying functions (5.3) and (5.5) is expressed as: 
 𝑦(𝑡) = 𝑓(𝑡) ∗ 𝑝(𝑡) = ∫ 𝑓(𝜏) 𝑝(𝑡 − 𝜏) 𝑑𝜏
∞
−∞
 (5.7) 
This expression produces non-zero values only when the two functions overlap, or 
within the pulse duration, td. Therefore, equation (5.7) can be expressed as: 
 𝑦(𝑡) = ∫ 𝑓(𝜏) 𝑝(𝑡 − 𝜏) 𝑑𝜏
𝑡𝑑
0
 (5.8) 
Integrating graphically, the resulting piecewise pulse function y(t) was obtained as: 
 𝑦(𝑡) = {
𝑝0𝑡 0 < 𝑡 < 𝑡𝑐𝑏
𝑝0𝑡𝑐𝑏 𝑡𝑐𝑏 < 𝑡 < 𝑡𝑡
−𝑝0(𝑡 − 𝑡𝑑) 𝑡𝑡 < 𝑡 < 𝑡𝑑
 (5.9) 
The function in equation (5.9) increases linearly from time zero to time tcb, remains 
constant from time tcb to time tt at a value of potcb, and then decreases from this value to 
zero. The constant portion of the pulse corresponds to the event where a CB is completely 
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enveloped by the wheel and therefore the pressure on the CB is the distributed wheel 
contact pressure, p0. Accordingly, equation (5.9) was normalized by tcb to obtain the final 
load pulse model: 
 𝐿(𝑡) =
{
 
 
 
 𝑝0
𝑡
𝑡𝑐𝑏
0 < 𝑡 < 𝑡𝑐𝑏
𝑝0 𝑡𝑐𝑏 < 𝑡 < 𝑡𝑡
−𝑝0
(𝑡 − 𝑡𝑑)
𝑡𝑐𝑏
𝑡𝑡 < 𝑡 < 𝑡𝑑
 (5.10) 
This load pulse model, shown in Figure 5-8, is a pulse of trapezoidal shape in time, as is 
the traditional result for any convolution of two rectangular functions. The result physically 
conforms to the situation of a wheel impacting the CB. As the wheel impacts and starts to 
move across the CB, the pressure increases up to a maximum value, attained when the CB 
is entirely covered by the wheel footprint. As the wheel continues to roll forward, the CB 
remains constantly loaded, until the trailing edge of the wheel contact area begins to leave 
the CB flange. Subsequently, the wheel load on the CB decreases and eventually reaches 
zero as the wheel leaves the CB entirely. The trapezoidal load pulse will be evaluated and 
compared to the other commonly used load functions in section 5.3.3. 
It should be noted that po and L(t) in equation (5.10) are expressed as pressures. 
These variables may also be expressed as loads, where each load would be defined as the 
associated pressure multiplied by the maximum area of overlapping contact between the 
CB and the wheel, which is equal to the CB flange width multiplied by the tire patch width. 
This implies that po is equal to the portion of the total wheel load acting on the CB, or in 
other words, the wheel load multiplied by the DF. As discussed previously, the DFs for the 
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analyses within this chapter were considered implicitly by using the directly measured load 
being distributed to each CB. 
The distribution of tire pressure can be non-uniform over the length and width of 
the tire patch, depending on the stiffness of the tire and the surface rigidity. A uniform 
pressure distribution was assumed in view of the general observation that a relatively 
compliant air-filled rubber tire contacting a relatively narrow and rigid CB flange would 
produce and approximately uniform contact pressure. The uniform pressure is also easy to 
implement for design purposes. For more advanced analyses, it may be desired or required 
to modify the load pulse model to include this non-uniformity. The load pulse model 
proposed above can be easily modified, by using a different tire pressure distribution 
function and re-computing the convolution integral through graphical or numerical means. 
In addition, a tire pressure distribution which does not conform to any mathematical 
function (as might be the case for a set of contact pressure measurements) can also be used 
by numerically computing the convolution. For example, MATLAB does not require 
mathematical functions to perform convolutions, and can perform convolutions of two 
vectors each consisting of discrete data points. 
5.3.2 Determination of Load Pulse Model through Equilibrium 
While the convolution approach mathematically established the shape of the load 
pulse when the wheel rolls over a single CB, the interaction of a wheel load with multiple 
CBs was considered using a DF without any consideration of force equilibrium. In other 
words, it was not verified if the sum of the loads carried by all the CBs in contact with the 
wheel at an instant of time was equal to the total wheel load. A check showed that force 
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equilibrium was not always satisfied when the trapezoidal load pulse model was used with 
DFs for wheels interacting with multiple CBs. 
As an alternative to the convolution approach, a Direct Equilibrium Method (DEM) 
was developed for determining the pulse shape and the amount of load transferred to each 
CB. As a wheel crosses a joint (as shown in Figure 5-7), the wheel encounters the edge 
beams (EBs), CBs, and spans the gaps between these components. At each instant of time, 
a portion of the load from the wheel spanning a gap must be distributed to the adjacent CBs 
or EBs. A common method for estimating DFs as presented in equation (5.1) assumes equal 
distribution of the load over the gaps to each of the adjacent CBs/EBs. This is similar to 
the traditional method of tributary area distribution, and is also identified as the “FDL” 
method by Poellot (1991) for MBJS in particular. For the DEM however, the portion of the 
tire contact over the gaps is ignored; instead only the areas in contact with the CBs are 
considered for distributing the wheel loads. Since the tires are relatively flexible compared 
to the CBs and EBs, it is assumed that the pressure acting on each of the contact surfaces 
is uniform and approximately the same for all contact surfaces. Accordingly, the load 
transferred to each component is directly proportional to the area of the wheel contacting 
each component (CB or EB). By vertical force equilibrium, integration of the uniform 
pressure over each contact area and summation over all contact areas (all CBs and EBs) 
must be equal to the total wheel load. Accordingly, the fraction of total wheel load 
transferred to a CB or EB, i.e. the DF, is the area of tire contact with the respective 
component divided by the total area of the tire contact for all components. If the transverse 
tire width is assumed to be approximately constant due to the relatively rigid tire sidewalls, 
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the tire contact area for each component is directly proportional to the length of the contact 
between the tire and each CB or EB. Therefore, the DF is also equal to the length of the 
contact for the component divided by the total length of contact for all components. 
Derived independently by employing equilibrium, this result is the same as what was 
proposed in the 1994 LRFD BDS for distributing wheel loads on interrupted surfaces, 
called the “PDL” method by Poellot (1991) for MBJS in particular. The DEM extends the 
results further for deriving a load pulse model as discussed in the following. 
The distribution of total wheel load to each component described above can be 
repeated for each instant of time and for each CB or EB, producing a time variation of the 
DF. The plot of the time variation of the DF provides both the shape of the load pulse 
model in time, as well as the magnitude of loading applied to each CB as a function of 
time. The DF for a CB or EB remains constant when (1) the CB or EB is completely in 
contact with the tire and (2) the total tire contact over all CBs and EBs does not change; 
the DF changes if either of these conditions are violated. 
As an example of the calculation method, three instances of time in the passage of 
a wheel load over a three CB joint are presented in Figure 5-9. At time t1 (Figure 5-9a), the 
wheel is centered directly over CB2, and as such CB2 is fully encompassed by the tire. 
Some loads are transferred to CB1 and CB3 due to partial contact with the tire. Table 5-1 
shows the amount of tire contact for CB1, CB2, CB3, and the EB. From this, the DF for a 
CB or EB at a particular time may be calculated as: 
 𝐷𝐹𝑖(𝑡) =
𝑙𝑖
∑ 𝑙𝑖
 (5.11) 
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where li is the length of tire contact for component i at time t. As the wheel moves to time 
t2 and time t3 in Figure 5-9 (b) and (c) respectively, the individual contact lengths and the 
sum of the contact lengths change, changing the DFs for each component as shown in Table 
5-1. 
The length of tire contact on each component depends on the tire contact length, 
the CB flange width, and the gap opening. The resulting load pulse models vary as a 
function of these three variables. Figure 5-10 through Figure 5-13 show the pulse shapes 
and DFs for various combinations of these three parameters for a 3-CB SSB MBJS, plotted 
against a normalized time. This normalized time is defined as 0.0 when the leading edge 
of the tire leaves the first EB, and 1.0 when the trailing edge of the wheel contacts the last 
EB. Since both the length of tire contact with a particular component, i.e., the numerator 
of equation (5.11), and the total length of tire contact with all components, i.e., the 
denominator of equation (5.11), are independent of the vehicle velocity, the velocity was 
not necessary to determine the normalized time. When the joint is fully closed, i.e., zero 
gap openings or interrupted load area (as shown in Figure 5-10 and Figure 5-11), the load 
pulses were trapezoidal in shape, similar to the load pulse model obtained by the 
convolution method for a single CB (i.e., without the interaction effects of multiple CBs). 
With larger gap openings (shown in Figure 5-12 and Figure 5-13), the pulses 
approached a triangular shape, and the DFs increased as tire contact with the adjacent 
CBs/EBs decreased. Due to the gaps between the CBs and EBs, the sum of total contact 
length changed as the wheel moves across the joint and the interaction effects of multiple 
CBs/EBs were more pronounced. Accordingly, the DF for a particular component did not 
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remain constant for all times when it was completely in contact with the tire. For example, 
in Figure 5-12, the DF for CB1 increased to about 0.44, when CB1 was completely 
encompassed by the tire, while the DF for EB1 decreased to 0.58. As the leading edge of 
the tire left the trailing edge of CB1 and moved over the gap between CB1 and CB2, the 
DFs for CB1 and EB1 continued to increase and decrease, respectively, but at a lesser rate, 
until CB2 was encountered by the tire. Then, for a brief period the reduction of tire contact 
with EB1 was the same as the increase in tire contact with CB2, and the DF for CB1 
remained constant. As the trailing edge of the tire left EB1 and the leading edge of the tire 
continued to overlap CB2, the DFs for CB1 and CB2 decreased and increased, respectively, 
until CB2 was completely encompassed by the wheel. Then, the DFs for CB1 and CB2 
both remained constant until the trailing edge of the tire started to leave CB1, where the 
DFs for CB1 and CB2 decreased and increased, respectively. The evolution of the DFs for 
the other CBs and EB followed the same chronology, and similar cycles of loading and 
unloading continued for each CB as the wheel crossed the joint. 
For smaller CB flange widths (shown in Figure 5-10 and Figure 5-12), the DFs 
were generally smaller than those for larger flange widths (shown in Figure 5-11 and Figure 
5-13). For smaller flange widths, the wheel load with a fixed tire contact length was 
distributed to more CBs, decreasing the DFs. For the same reasons, the time variation of 
DFs (the pulse shapes) become more triangular with increased CB flange width. A similar 
trend is also observed with larger gap openings for a fixed CB flange width. When the total 
of the flange width and the gaps on both sides of a CB exceeded the tire contact length, the 
entire wheel was carried by the single CB, generating a DF of 1.0. 
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5.3.3 Comparison of Load Pulse Models 
Figure 5-14 through Figure 5-17 show a comparison of various load pulse models 
for the flange widths and gap openings of a 3-CB joint illustrated in Figure 5-10 through 
Figure 5-13 for the DEM load pulse model. The trapezoidal and DEM load pulse models 
were considered, as well as those reported in the literature (triangular, sinusoidal, and 
haversine). The horizontal axis for each of these plots is a normalized time scale as 
described previously in section 5.3.2. For clarity, only the pulses acting on CB2 are shown. 
The DFs for the triangular, sinusoidal, haversine, and trapezoidal pulses were determined 
using the universally accepted DF presented in equation (5.1), which is based on tributary 
distribution of load as discussed by Dexter et al. (1997). 
For zero gap openings in Figure 5-14 and Figure 5-15, the trapezoidal and DEM 
load pulse models overlaid each other exactly, indicating that the trapezoidal load pulse 
model derived by convolution is an ideal representation for uninterrupted tire contact and 
fulfills equilibrium for zero gap openings. The other load pulses (sinusoidal, triangular, 
haversine) were inscribed within the trapezoidal and DEM models, and had the same 
maximum DF as the DEM model. 
For the large gap opening of 3 in. (76 mm) (the typical maximum opening for which 
MBJS are designed), as shown in Figure 5-16 and Figure 5-17, the DEM load pulse model 
deviated from a trapezoidal shape and approached a more triangular shape, with the 
maximum DF exceeding that of the trapezoidal load pulse model. The trapezoidal load 
pulse model, inscribing the other load pulse models, somewhat averaged the DEM pulse in 
a sense that both produced the same impulse (area under the pulse loading). As such, the 
 264 
trapezoidal load pulse model was a better approximation of the DEM load pulse model 
compared to the other load pulse models. 
The appropriateness of the trapezoidal, DEM, triangular, sinusoidal, and haversine 
load pulse models are evaluated further in section 5.8.5 by dynamic FEA of the field-tested 
SSB MBJS identified in section 5.2 and comparing the results. 
5.4 Dynamic Finite Element Simulations of the Field-Tested SSB MBJS 
Three-dimensional time history analysis of the SSB MBJS field-tested as part of 
the NCHRP Project 12-40 (Dexter et al. 1997) was performed using ABAQUS. Different 
modeling techniques were investigated to identify the most suitable model for the 
parametric studies presented in Chapter 6. First, a linear-elastic beam element (BE) model 
was analyzed, which was used to investigate the basic dynamic behavior of the SSB MBJS 
and to evaluate the sufficiency of the load pulse models discussed in the previous section 
in representing the vehicle wheel impacts on the SSB MBJS. These BE models are 
presented in section 5.5. 
Second, a detailed three-dimensional solid element (SE) model of the SSB MBJS 
was developed, which included all the features and components of the system. The model 
incorporated the nonlinear time-dependent material behavior for the polymeric 
components that was discussed and quantified in Chapter 3. In addition, the SE model 
employed the detailed CB-SB connection and the connection assembly process as 
described in Chapter 4. The goals of the SE model analyses were: (1) to investigate the 
influence of polymeric components and the connection assembly condition on the dynamic 
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response of the SSB MBJS; and (2) to evaluate the efficacy of the SE model in simulating 
the field response. These SE model simulations are presented in section 5.6. 
While the FEA results of the SE models produced the most realistic response that 
correlated well with the observed field behavior, these models required excessive 
computational resources. Accordingly, an alternate model, the Enhanced Beam Element 
(EBE) model, was developed by adding the nonlinear material behavior of the polymeric 
components and the assembly of the CB-SB connections from the SE model to the BE 
model. This model was an attempt to include both the simplicity of the BE model and the 
relevant complexity of the SE model, maintaining the good correlation between analysis 
results and observed field behavior while greatly reducing computational demands. The 
simulations using the EBE models are presented in section 5.7. 
The analysis results of the BE, SE, and EBE models are presented and discussed in 
section 5.8. 
5.5 Simulations using BE Models 
5.5.1 Model Description 
The modeled SSB MBJS (shown in Figure 5-18) consisted of three continuous CBs 
spanning over seven SBs, with 3.1 in. (79 mm) wide CB flanges and a gap width (at the 
time of the field tests) of 1.3 in. (33 mm). The EBs were not modeled. The CBs and SBs 
were modeled as beam elements. The stirrups around the SBs were modeled as beam-
element frames connected to the CBs. The sliding bearing and sliding spring within each 
CB-SB connection were also modeled as beam elements, connected respectively with the 
CB and the SB, and the SB and the stirrup. All beam element connections were rigid. At 
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the ends of the SBs, sliding bearings and sliding springs within the support boxes were 
included in the model as beam elements. 
5.5.2 Element Type 
The model employed shear-flexible (Timoshenko) beam elements formulated using 
cubic interpolation functions (identified in ABAQUS as B32). 
5.5.3 Dimensions and Section Properties 
The CB spans varied between 4 ft. 6 in. (1372 mm) and 5 ft. 6 in. (1676 mm), as 
shown in Figure 5-18. Additional details of the CBs, the SBs, the stirrups, the sliding 
bearings, and the sliding springs were not reported. As such, the dimensions of these 
components (shown in Table 5-2) were determined as follows. The dimensions of the CBs 
and the SBs were scaled from the figures provided in the report, and the dimensions of the 
sliding bearings and sliding springs were taken as those of the SSB MBJS tested in the 
current research (see Chapters 2 and 3). 
5.5.4 Material Properties 
The material properties of the components for the in-service system were also not 
reported. The material properties for the steel CBs, SBs, and stirrups were assumed linear 
elastic with the commonly accepted Young’s modulus and Poisson’s ratio of 29000 ksi 
(200 GPa) and 0.3, respectively. Material properties for the sliding bearings and sliding 
springs were based on those of the sliding bearings and sliding springs in the SSB MBJS 
tested in this research. The precompression gap for assembly was assumed as 0.18 in. (4.5 
mm), commonly used for modern SSB MBJS similar to the modeled system (internal 
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communication with a major manufacturer of SSB MBJS). To simplify the analysis, linear 
elastic behavior was assumed for the sliding bearing and sliding spring by taking Young’s 
modulus as the tangent modulus of the steady state stress-strain curve corresponding to the 
estimated precompression stress at assembly (as shown schematically in Figure 5-19). The 
precompression stress was estimated based on the charts presented in Figure 4-24 
determined from a spring assemblage analysis of the CB-SB connection as discussed in 
Chapter 4. The tangent moduli for the sliding bearing and sliding spring thus obtained were 
270 ksi (1.96 GPa) and 18 ksi (124 MPa), respectively. With this simplification, the 
nonlinear hyperelastic and hysteretic material response of the polymeric components were 
neglected. This linearization of the stress strain behavior for the polymeric components 
was justified for the following reasons. First, the sliding spring experienced almost no 
change in force for downward or upward reactions at the CB-SB connection unless the 
sliding bearing decompressed (see the chart referenced above), and the sliding bearing was 
not expected to decompress during the analysis. Accordingly, the stiffness of the sliding 
spring would be the same as for the post-assembly conditions. Second, the nonlinear 
response of the sliding bearing was only mildly nonlinear, and was reasonably 
approximated with a linear relationship. Since the BE model was intended as a simplified 
analysis model that could be utilized by designers not necessarily familiar with the 
nonlinear time-dependent models used for the polymeric components in other analyses, 
any small errors due to this estimation were deemed necessary for making the model more 
accessible. For both polymeric materials, incompressibility was imposed by assigning 
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Poisson’s ratio to 0.495 (to avoid numerical issues with assigning the true value for 
incompressibility of 0.5). 
5.5.5 Boundary Conditions 
The top and bottom ends of the simulated sliding springs and sliding bearings, 
respectively, at the SB ends were fixed to simulate the mounting of these components 
inside a support box on each side of the bridge deck joint, as shown in Figure 5-20. The 
larger flexibility of the sliding springs and bearings compared to the steel SB and 
surrounding support box allowed rotation of the SB end like a pinned support. 
5.5.6 Analysis Procedure and Loading 
Each analysis was performed in two steps. In the first step, loading representing the 
rear axle of a passing truck was applied to each CB in sequence as two 8 in. (203 mm) line 
loads separated by a 5 in. (127 mm) gap (matching the reported tire contact in the transverse 
direction shown in Figure 5-3) consistent with the transverse position of the vehicle in the 
field tests (Dexter et al. 1997) such that the truck centerline was centered over SB3. 
Accordingly, one wheel was approximately centered between SB2 and SB3, and the other 
wheel was approximately centered between SB3 and SB4. The passage of the wheel loads 
over each CB flange was modeled using the proposed trapezoidal load pulse model defined 
in equation (5.9) and shown in Figure 5-8, with the time parameters calculated for the CB 
flange width of 3.1 in. (80 mm), the wheel contact length of 10.5 in. (267 mm) as shown 
in Figure 5-3, and a vehicle speed of 40 mph (64 km/h) as reported by Dexter et al. (1997). 
This resulted in tcb of 4.4 ms, tt of 14.9 ms, and td of 19.3 ms. For the first CB, the 
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trapezoidal load pulse model was initiated at time zero of the first analysis step. For the 
second and third CBs, the trapezoidal load pulse models were delayed respectively by 6.25 
ms and 12.5 ms (the time required for wheel to travel the CB flange width plus the gap 
between the CBs), to cater for the arrival time of the wheels to these CBs.  
In the second analysis step, the system was permitted to freely vibrate for four times 
the load step duration of 31.8 ms for a total step time of 127.2 ms. Note that the impact of 
the first (front) axle of the truck was not simulated to reduce the required analysis times. A 
review of the field test data shown in Figure 5-5 suggested that the response of the system 
to each axle was independent. 
Analyses were also performed using the triangular, sinusoidal, haversine, and DEM 
load pulse models, with all parameters determined per the characteristics of the each load 
pulse model and the arrival times to the CBs similarly defined. The maximum magnitude 
of the loading function, po, was determined using the static CB loads provided in the report, 
distributed as line loads over the contact width of the rear axle tire (as shown in Figure 
5-3). These wheel loads were also adjusted to cater for the centrifugal force effects, as the 
SSB MBJS was on a horizontal curve as discussed previously. Analyses were also 
conducted without considering the horizontal curve effects, to examine the results of a 
truck crossing if the SSB MBJS was located on a straight alignment. Analyses were also 
performed for this hypothetical straight alignment, but for a horizontal load equal to 20% 
of the applied vertical load, to examine the response to possible horizontal loading from a 
vehicle braking over the joint. 
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The time history analysis was performed using Hilber-Hughes-Taylor Integration 
with α = 0, β = 0.25 and γ = 0.50 (same as Newmark-β Method with constant average 
acceleration). This analysis method was chosen since it is unconditionally stable for any 
time increment, and adds no numerical damping to the system. An automatic time 
incrementation limited to a maximum of 0.4 ms was used for improved accuracy within 
reasonable computational demands. 
5.5.7 Energy Dissipation 
The energy dissipation characteristics of the system were modeled using damping 
of the polymeric components only as explained in the following. The primary sources of 
energy dissipation within the structure were thought to be provided by the hysteretic sliding 
springs and sliding bearings within the CB-SB connections, and therefore damping was 
implemented at an element level within these components using Rayleigh damping. 
Rayleigh damping at the element level in ABAQUS is characterized by the following 
equation 
 𝒄 = 𝑎0𝒎+ 𝑎1𝒌 (5.12) 
where c, m, and, k are the element damping, mass, and stiffness matrices, respectively, and 
a0 and a1 are constants that describe the mass and stiffness proportionality of the element 
damping matrix. The Rayleigh damping parameters used within the analysis were a0 = a1 
= 0.001 and a0 = a1 = 0.01 for the sliding bearings and sliding springs, respectively. Since 
no data characterizing the damping of the SSB MBJS was available, these values were 
decided based on trial and error, to match the post-loading decay in response observed in 
the field test results. In general, the sliding bearing provided much less energy dissipation 
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(hysteresis) than the sliding spring, as shown by the area enclosed by the hysteresis loops 
for each material (Figure 3-1). Accordingly, the Rayleigh damping parameters for the 
sliding bearing were chosen as an order of magnitude smaller than those of the sliding 
spring. A damping matrix was assembled by ABAQUS internally for each element based 
on their mass and stiffness matrices and the specified Rayleigh damping parameters. 
For this model, the steel components were assumed to provide negligible energy 
dissipation. As such, no damping was specified for these components, and the damping 
matrices for these components consisted of zeros. As a result, the global damping matrices 
assembled from the element damping matrices were not proportional to the global mass or 
stiffness matrices or their linear combination, resulting in non-proportional or non-classical 
damping. 
5.6 Simulations using SE Models 
5.6.1 Model Description 
The detailed SE model of the field-tested SSB MBJS included the CBs, the SBs, 
the stirrups, the sliding bearings, the sliding springs, and the bolted CB-SB connections. 
The model, which is shown in Figure 5-21, generally followed the GM2 model discussed 
in Chapter 4, with the incorporation of the details of the field-tested SSB MBJS. 
Accordingly, a detailed description of the modeling is omitted here. 
The EDs between the CBs were modeled as linear spring elements. Without any 
pertinent information for the EDs within the field-tested SSB MBJS, a spring stiffness 
equal to 1.5 kip/in. (0.26 kN/mm) was assumed, which was obtained from the shear 
stiffness of the springs within the EDs used within the fatigue-tested SSB MBJS in this 
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research. The modeled ED springs were placed between the centers of the bottom flanges 
at the midspan of each CB, a typical arrangement for modern SSB MBJS. Similar springs 
were also placed between each outermost CB and the ground, to represent the last set of 
EDs being connected to the EB on either side of the deck joint. 
5.6.2 Material Properties 
The model incorporated linear elastic behavior for all steel components with 
commonly accepted Young’s modulus of 29000 ksi (200 GPa) and Poisson’s ratio of 0.3. 
The polymeric material models determined in Chapter 3 were used for the sliding bearing 
and the sliding spring. 
5.6.3 Analysis Procedure and Loading 
Each analysis was performed in four steps. In the first two steps, the CB-SB 
connections were assembled similarly as described for GM2 in Chapter 4. The key 
difference between these two models was that a precompression gap of 0.18 in. (4.5 mm) 
was used for the SE model, representing the common assembly practice for modern bolted 
SSB MBJS in-service. Since no information regarding the pretension of the bolts within 
the CB-SB connections were available for this field tested SSB MBJS, the bolts in the 
model were pretensioned to 10.4 kip (46.3 kN), the same value as the fatigue-tested SSB 
MBJS. 
During the third analysis step, dynamic loading was applied to the model similarly 
to the loading of the BE model. The rear axle load from the truck was applied using a 
uniform pressure on the top flange of the CB distributed over the flange width and the 
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width of the tires (similarly as described with respect to the BE model). The pressure was 
applied over the entire loaded area for all times, and the magnitude of the pressure was 
varied in time according to the trapezoidal load pulse model. Thus, the spatial variation of 
the wheel load (the eccentricity of the wheel load rolling across the finite flange width) was 
neglected in the analysis. The delay of loading to the second and third CBs was modeled 
similarly to the BE models. In the fourth analysis step, the system was permitted to freely 
vibrate for three times the load step duration of 31.8 ms for a total step time of 95.4 ms. 
For the GM2 model, the third step of assembly simulated the relaxation of the 
polymeric components. This step was eliminated for the SE model because very little 
change in the bolt force or the polymeric component forces was noted in the results of 
GM2. This also reduced the computational demands for the complex SE model. 
Similar to the BE model, three analyses were performed using the SE model. The 
horizontal load for the third analysis, simulating the braking force, was applied as a surface 
traction over the same regions of the top flange of the CB as the vertical loading. 
5.6.4 Energy Dissipation 
Energy dissipation of the polymeric components was considered directly through 
the consideration of the nonlinear material models used for the sliding bearings and the 
sliding springs. In addition, Rayleigh damping was used for the steel components within 
the model at an element level (similar to the implementation of Rayleigh damping for the 
sliding springs and the sliding bearings for the BE model). Rayleigh damping was added 
to the steel components after preliminary analyses of the SE model showed free vibration 
of the SSB MBJS having larger magnitude and longer duration than the field test results. 
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This indicated that the various sources of energy dissipation that were already included in 
the model through the deformation of the polymeric components, the friction of their 
sliding on the support bars, as well as micro-slip in the structural connections, were not 
sufficient. 
The Rayleigh damping coefficients were initially set such that modes of vibration 
with frequencies of 50 Hz and 1000 Hz had damping ratios of 5%, as primary vibration 
frequencies between 70 and 150 Hz were reported in the literature as measured during field 
studies of MBJS. The damping coefficients were later adjusted to match the free vibration 
of the SSB MBJS as seen in the field test data. The final coefficients of a0 = 187.99 and a1 
= 9.52×10-5 were such that Rayleigh damping combined with the inherent damping in the 
modeled system (as listed above) yielded an overall damping ratio of between 5 and 7%, 
consistent with the reported value of 7% for the field-testing SSB MBJS. 
5.7 Simulations using EBE Models 
5.7.1 Model Description 
The EBE model of the field-tested SSB MBJS is shown in Figure 5-22, and the 
details of the CB-SB connections within the model are presented in Figure 5-23. The model 
was identical to the BE model, except that the polymeric components were modeled as in 
the SE model to incorporate the nonlinear time-dependent material properties. Rigid links 
were used to attach the stirrups to the CBs. These links were shortened to simulate the 
assembly process (discussed later). 
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5.7.2 Element Types 
The model employed shear-flexible (Timoshenko) beam elements (B32) for all 
CBs, SBs, stirrups, and rigid links and solid 20-node second-order isoparametric reduced 
integration serendipity elements (C3D20R) for the polymeric components. Solid elements 
were required for these components because the nonlinear rate-dependent model used for 
the analysis could not be used for lower-dimensional elements. 
The sliding bearing-to-SB and sliding spring-to-SB interfaces were each modeled 
using a connector element with planar constraint that maintained connectivity between the 
components, but allowed frictional sliding along the surfaces of the SB. In other words, the 
translations of the node at the SB end of the connector were constrained in the plane of the 
top and bottom surface of the support bar respectively for the sliding bearing-to-SB and 
sliding spring-to-SB connectors. A schematic of the connector is presented in Figure 5-24. 
The vertical separation or penetration of the constrained node from or through the surface 
was not permitted, nor was the rotation about the axes defining the plane. The rotation 
about the axis of the connector was permitted. The friction of the sliding surface was 
defined by a coefficient of friction of 0.1, a typical value for PTFE sliding along stainless 
steel. 
For the CB-to-sliding bearing and stirrup-to-sliding spring interfaces, relative 
sliding was restrained by a kinematic coupling constraint, such that the displacements of 
the solid elements were constrained by the displacements and rotations of the beam 
element. A schematic of the constraint is shown in Figure 5-25. 
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5.7.3 Material Properties 
The material properties for the steel and the polymeric components were similar to 
those of the SE model. The rigid links were modeled as deformable components using a 
large Young’s modulus of 29×106 ksi (200,000 GPa). 
5.7.4 Analysis Procedure and Loading 
Like the previous two models, three analyses were performing using the EBE 
model. For the third analysis, the horizontal load was applied as a line load along the CB 
beam-elements, thereby neglecting any torsional effects. 
Each analysis of the EBE model was performed in three steps. In the first step, the 
rigid links connecting the stirrups to the CBs were shortened by 0.18 in. (4.5 mm) using 
the ABAQUS bolt load function (discussed in Chapter 4), which simulated assembly of the 
connection. Simultaneously, the top of the sliding springs at each SB end were moved 
downward by 0.18 in. (4.5 mm), simulating the precompression of the end sliding bearings 
and sliding springs in the support box. In the second step, loading was applied to the CBs 
similar to the BE model, and in the third step the system was allowed to undergo free 
vibration similar to the BE model 
5.7.5 Energy Dissipation 
Energy dissipation was incorporated in the EBE model similar to its incorporation 
in the SE model. 
 277 
5.8 Discussion of Results 
5.8.1 Overall Response of Simulated SSB MBJS 
The overall response of the BE model to the trapezoidal load pulse model without 
including horizontal curve effects is shown in Figure 5-26 through Figure 5-30 in terms of 
contour of bending moment about the major axis of the members. As the wheels traversed 
the SSB MBJS, the CBs were loaded in the following sequence: first CB1 alone (Figure 
5-26); then CB1 and CB2 (Figure 5-27); then CB2 and CB3 (Figure 5-28); and finally CB3 
alone (Figure 5-29). Following the wheels crossing each CB, a rebound response occurred, 
where the CB oscillated upwards, causing a hogging moment at center span as shown in 
Figure 5-30. The sequence of CB loading and the rebound response following the loading 
were very similar to many previous field studies, including the results of the I70/I25 
Flyover Ramp SSB MBJS field tests. This overall pattern of response was also similar 
among all the different load pulse models investigated to simulate the vehicular loading. 
As such, only the response to the trapezoidal load pulse model was presented. 
The longitudinal stresses in the SE model CBs as vertical load was applied (with 
no horizontal curve effects) are shown in Figure 5-31 through Figure 5-35. Like the 
response of the BE model, the CBs behave as continuous beams supported on the support 
bars, with each CB loaded in turn as the wheel moves across the joint. Figure 5-35 shows 
the hogging moment developed in each loaded span of CB3 following the load leaving the 
CB. Figure 5-36 shows the response of the model to the vertical load including the 
horizontal curve effects, with larger stresses in span 3 (between SB3 and SB4) than in span 
2 (between SB2 and SB3) as expected due to the centrifugal effect of the loading. 
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The deformed shape of the EBE model as vertical load is applied (with no 
horizontal curve factors) is shown at sequential time steps in Figure 5-37 to Figure 5-41, 
and Figure 5-42 shows the response of the model to the loads amplified by the horizontal 
curve factors. The observed behavior of the EBE model in these figures is very similar to 
the behavior of the BE and SE models. 
5.8.2 Vertical Moment Response in CBs 
The vertical bending moment response in all three models at the middle of span 3 
(between SB2 and SB3) in CB2 is shown in Figure 5-43 for vertical load without the 
horizontal curve amplifications. Each model shows very similar response in terms of 
maximum magnitude and amount of oscillation. A “double hump” or “camelback” 
response is visible in each of the model results. This double peak occurs as the system 
dynamically oscillates during the sustained loading period in the middle of the trapezoidal 
load pulse model. 
A comparison of vertical bending moment response for all three models and the 
field test data at the middle of span 3 in CB2 for vertical load including the horizontal curve 
effects is shown in Figure 5-44. The models show similar responses, and compare 
favorably with the test data. However, there are two main differences between the test data 
and the simulation results: (1) the double hump response visible in the simulation results 
is not observed in the test data and (2) the rise time of the simulations is much faster than 
observed in the test data. 
The presence of the double hump response in the simulation data and the absence 
of this response in the test data is explained in the following. First, it was hypothesized that 
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the measured response may have not been sampled with sufficient frequency to capture the 
double hump response. The field data was captured using an analog data logger; however, 
the sampling rate for analog-to-digital data conversion was not reported in NCHRP Report 
402 (Dexter et al. 1997). From a closer examination of the test data reproduced by scanning 
the plot from the report (shown in Figure 5-5) it appeared that there were, on average, 40 
peaks or valleys within the scanned test data over a period of 0.1 seconds. Assuming each 
one of these peaks or valleys is a single data point, this would suggest a minimum sampling 
frequency of at least 400 Hz. Closer examination of the peaks and valleys indicates some 
amount of curvature between successive peaks and valleys, i.e., they were not just 
connected by straight lines and an additional data point probably existed between each peak 
and valley. Counting these points together with the peaks and valleys would result in at 
least 80 data points within the scanned test data over a period of 0.1 seconds, corresponding 
to a sampling frequency of at least 800 Hz. The double hump response noted from the FEA 
results would have been visible for a sampling frequency of 800 Hz. It is therefore likely 
that the double hump response was due to the modeling assumptions and was not a 
shortcoming of the field data. 
Second, assuming the trapezoidal load pulse model was an accurate representation 
for the impact of the wheels on the CBs for this particular combination of SSB MBJS and 
crossing truck, the presence of the double-hump response in the simulated response 
suggests that the natural frequency of the analytical system differed greatly from the 
physical system. The response of an undamped single degree-of-freedom system subjected 
to a trapezoidal pulse (presented in Figure 5-45 for different ratios of pulse duration to 
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natural period) strictly increases during the pulse duration when it is less than one half of 
the natural period of the system. For cases where the pulse duration is greater than one half 
the natural period, the response begins to oscillate during the pulse duration, with one or 
more cycles of vibration for pulse durations equal to or greater than approximately 1.25 
times the natural period. The presence of the double hump response in the simulation 
results would imply that the pulse duration was at least about 1.75 times the natural period 
of the model. In contrast, the absence of the double hump response in the test data would 
imply that the pulse duration was less than 1.25 times the natural period. As presented later 
in section 5.8.4, the natural frequency extracted from the simulations ranged between 145 
Hz and 175 Hz, which corresponded to an average natural frequency of 160 Hz and average 
natural period of 6.25 ms. The natural frequency for the field-tested joint was reported by 
Dexter et al. (1997) as 91 Hz, corresponding to a natural period of 11 ms. It is, however, 
not clear how this natural period was estimated. 
A pulse duration of 12.4 ms for the field test was reported, which was determined 
using an equation attributed to Tschemmernegg as an alternate to equation (5.2), given by: 
 
 
𝑡𝑑 =
2(𝑔 + 𝑏𝑓)
𝑣
 
 
(5.13) 
Dexter et al. (1997) commented that the pulse duration estimated by equation (5.13) 
provided better agreement with that measured from the time history response compared 
with that calculated from equation (5.2). However, the pulse duration estimated from the 
field data (as shown in Figure 5-5) was approximately 20 ms, closer to the calculated value 
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of 19.3 ms using equation (5.2). This estimated pulse duration was also used for the 
simulations. 
The ratio of pulse duration to natural period for the simulations was 3.08, which 
indicated that the double hump response was expected (see Figure 5-46h). Assuming the 
same pulse duration for the field test data and the reported natural period, the ratio of pulse 
duration to the natural period for the field-tested system would be about 1.75, which would 
indicate a double hump response for the field test results as well (see Figure 5-46g). Thus, 
the difference in natural frequencies between the simulation and field-tested system could 
not explain the absence of the double hump in the field test data. If the reported pulse 
duration of 12.4 ms was assumed, the ratio of pulse duration to natural period would be 
about 1.1, which would explain the single hump in the field response. Unfortunately, 
sufficient details of the field test data were not available for further assessment. 
Combining the SDF dynamic considerations above with the knowledge that the 
sampling frequency was sufficient to capture the double hump response, it is possible that 
the trapezoidal/DEM load pulse models did not accurately represent the impact loading of 
the wheels on the CB for this particular field test. The test data represented only a particular 
truck passing over a particular SSB MBJS. The interaction between the SSB MBJS and the 
crossing vehicle (which results in the load pulse applied to the CBs) would depend on (1) 
the truck characteristics including the tire inflation, tire stiffness, suspension system mass, 
and the suspension system stiffness; and (2) the properties of the SSB MBJS including the 
system stiffness, system mass, gap opening, and installation conditions (e.g., the elevation 
of the top surface of the CBs relative to the deck edges on either side of the deck joint). 
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The trapezoidal and the DEM pulse models were developed neglecting the dynamic 
characteristics of the truck and the MBJS, assuming the passage of an idealized tire 
footprint over an interrupted rigid surface. 
The second difference between the test data and the simulation results for the 
trapezoidal and DEM pulse models is that the rise time, or the time in which the response 
reaches the maximum, is of shorter duration than in the experimental data. This could be 
because the modeled joint was stiffer than the actual joint. It could also be that the 
trapezoidal and DEM pulse models did not well represent the impact loading of the wheels 
on the CB for this particular field test. For further discussion on the effects of pulse shape 
on the analysis results, see section 5.8.5. 
The DRFs for the models subjected to vertical load only are shown in Table 5-3 
and Table 5-4 for cases without and with the horizontal curve effects included, respectively. 
The DRFs were extremely similar between all models, indicating that the structure 
experienced approximately 30% overall increase in response range between static and 
dynamic loading. The larger PAFs and DAFs for the case where horizontal curve effects 
are included (Table 5-4) were due to the static loads that did not include the horizontal 
curve effects. More reasonable comparison can be obtained by subtracting 0.45 from these 
values, the increase in load on the outer wheel due to the horizontal curve effects. 
5.8.3 Effect of Horizontal Loading 
The horizontal bending moment responses in CB2 at the middle of span 3 (between 
SB2 and SB3) for all three models when subjected to simultaneous vertical and horizontal 
loads are presented in Figure 5-46. The corresponding vertical bending moment response 
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was similar to that shown in Figure 5-43 for the case without horizontal curve 
amplification, indicating that the presence of the horizontal loading did not significantly 
affect the vertical moments, and the vertical and horizontal responses are effectively 
uncoupled. 
The horizontal moment response of each model is different due to the different 
horizontal constraints within each model. For the BE model, the response looks similar to 
the vertical response, namely a peak in response followed by oscillation about the zero 
point. This was due to the BE model not incorporating the possibility of the CBs sliding 
along the SBs. For the SE model, the horizontal moment response showed very little 
oscillation of the system, and a “locked-in” horizontal moment remained following the 
loads leaving the system. This indicated that sliding of the CBs along the SBs occurred 
during horizontal load impact. This was confirmed by observing the contours of the 
longitudinal stresses under combined vertical and horizontal loading as shown in Figure 
5-47, and the deformed shape of the model after the loading has left all CBs, as shown in 
Figure 5-48. The maximum locked-in deformation following the load was about 1/16 in. 
(1.6 mm). Similar sliding behavior was observed during field testing of the physical joint 
during the NCHRP 12-40 study (Dexter et al. 1997); however, horizontal bending moment 
time history plots were not reported for comparison to the simulation results. In addition, 
field tests within that study were completed with horizontal motion of the CBs blocked at 
the SB locations, but it is not clear from the report if the I70/I25 Flyover Ramp SSB MBJS 
was tested in this manner. As such, it is difficult to make comparisons between the behavior 
of the SE model and the field-tested joint. 
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For the EBE model, a mixture of some oscillation and some locked-in moment were 
present in the response. The sliding of the CBs along the SBs was confirmed by observing 
the horizontal bending moments in the CBs as shown in Figure 5-49, and the deformed 
shape of the model after the loading has left all CBs, as shown in Figure 5-50. The amount 
of locked-in moment and the magnitude of sliding were less for the EBE model than the 
SE model, indicating that the EBE model underwent less sliding than the SE model. 
Following the comparison of the horizontal responses of the SE and EBE models, 
some modifications were made to the EBE model as an attempt to bring the response closer 
to that of the SE model. Through this process, two major differences between the EBE 
model and the SE model were identified which affected the horizontal bending moment 
results. First, the frictional force developed between the sliding bearing and SB or sliding 
spring and SB was greater in the EBE model than in the SE model. This was due to the 
coupling constraints used for the EBE model, which provided a higher degree of lateral 
constraint during compression of the springs. This in turn caused a Poisson effect which 
caused the normal force developed between the sliding surfaces to be higher than that for 
the SE model. The larger normal force allowed a larger frictional resistance to develop 
before slipping, which is why less siding and less locked in stresses were observed in the 
EBE model. Second, the EBE model had horizontal load applied along the beam element, 
which was at the centroid of the beam section, and the SE model had the load applied at 
the surface of the top flange. As such, the torsional moment induced in the CB for the SE 
model was not present in the EBE model. Adding this effect to the EBE model caused more 
sliding to occur, which brought the response closer to that of the SE model. 
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By artificially reducing the frictional coefficient and loading the CBs torsionally, 
the results of the updated EBE model (shown in Figure 5-51) show closer locked-in 
moment to the SE model following the load leaving the system. These results demonstrate 
that the frictional force and applied loading have a great effect on the horizontal response 
of the system, and that the common rule of thumb that the horizontal moment is equal to 
20% of the vertical moment is not entirely applicable to all systems, especially when sliding 
occurs. 
The above discussions indicate that the complex sliding behaviors must be included 
in order to fully characterize the behavior of the CBs when subjected to horizontal load. In 
the NCHRP 12-40 study (Dexter et al. 1997), many of these sliding behaviors were 
neglected by applying blocks between the CBs at the SBs, forcing the CBs to behave as 
continuous beams over rigid supports in the horizontal direction. However, the SE and EBE 
model results demonstrate that applying a horizontal load equal to 20% of the vertical load 
causes sliding of the CBs along the SBs dependent on the frictional forces. As such, for 
braking and acceleration tests of SSB MBJS in the field, blocks should not be installed if 
the true behavior is to be observed. 
To determine the effect of adding these blocks on the horizontal bending moments 
in the CBs, the adjusted EBE model (adjusted frictional and torsional loading to match SE 
model) was used. A version of this model was analyzed which had rigid supports for the 
CBs at each of the SB locations in the horizontal direction, simulating the blocks installed 
between CBs during some field tests. 
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The horizontal moment results for these two models are presented in Figure 5-52, 
which demonstrate that allowing the CBs to slide along the SBs has slightly reduced the 
maximum midspan moment. Examining the bending moments along the CB (as shown in 
Figure 5-53) also demonstrates a large reduction in moment at the support location between 
the loading locations of approximately 45%. As such, sliding of the CBs along the SBs is 
beneficial for the fatigue resistance of the CB-SB connections within the systems, as the 
moments and subsequent horizontal bending stresses are much lower. While the 
preliminary analyses presented here have demonstrated that a reduction in moments takes 
place if sliding is permitted, further field study is needed to fully quantify the horizontal 
response of the systems as dependent on friction, i.e., under what conditions do the CBs 
slide along the SBs. 
5.8.4 Natural Frequencies 
To compare the natural frequencies of the models and the actual structure, the 
frequency content of the model responses was determined by computing the Fast Fourier 
Transform (FFT) of the free vibration moment response, i.e., following the axle impact, at 
midspan between SB2 and SB3. The FFTs were conducted using MATLAB. 
The frequency domain responses for the models subjected to vertical load only with 
no horizontal curve effects are plotted together in Figure 5-54. The frequency domain 
responses are very similar between each model, showing the same overall pattern with 
peaks between 145 and 175 Hz. The primary frequency for each model is presented in 
Table 5-3. The BE model had a frequency of approximately 20% greater than the SE or 
EBE models. It was first postulated that the use of beam elements rather than solid elements 
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to model the CBs and SBs may have led to the discrepancy, as solid element models tend 
to be more flexible due to their greater number of possible deformational modes than 
models constructed of lower-dimensional elements. However, the EBE and SE model 
results correlated well, which indicated that the use of solid vs. beam elements was not the 
issue. Therefore, the difference was ultimately attributed to the differing representations of 
the polymeric components between the BE model and EBE/SE models. The nonlinear 
material behavior of the polymeric components and the frictional connections used in the 
EBE and SE models likely allowed larger deformations to occur in these models than for 
the BE model, leading to a reduction in stiffness and subsequently a smaller natural 
frequency. The maximum deformation during the dynamic loading for the BE model was 
0.018 in. (0.457 mm), compared to 0.021 in. (0.548 mm) for the EBE model and 0.025 in. 
(0.635 mm) for the SE model. This indicated that the BE model was more flexible (less 
stiff) which likely resulted in the larger natural period. 
The frequency domain responses for the models subjected to vertical load only but 
including the horizontal curve effects are plotted together in Figure 5-55. The responses 
are very similar between each model, and show a similar overall pattern to the responses 
previously presented for vertical load only with no horizontal curve effects in Figure 5-54. 
There are differences between the two responses however, due to the loading being 
asymmetric with one span being loaded more than the other. The unequal loads manifest 
in the frequency domain response as a slightly frequency content than for the symmetric 
loading case. The primary frequency for each model subjected to vertical load only with 
horizontal curve effects is presented in Table 5-4, along with the frequency of the system 
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reported in NCHRP Project 12-40 (Dexter et al. 1997). There is a large difference in the 
natural frequency between the models (ranging from 138.7 Hz to 161.4 Hz) and the 
experimental results (91 Hz). This difference would suggest either (1) a large difference 
between the mass or stiffness of the models and the mass or stiffness of the tested system 
or (2) errors in the determination of the natural frequencies for the simulations, the tested 
SSB MBJS, or both the tested and simulated systems. 
The first reason seemed unlikely at first, as the model was sized and dimensioned 
as closely as possible to the real structure, and the only missing mass not included in the 
models was the mass of the elastomeric seals which were less than 5% of the mass of the 
CBs. However, the properties of the polymeric components were assumed for the 
simulations based on the properties of those used in the SSB MBJS fatigue-tested in the 
laboratory as part of this study. Significant variation in the properties of these components 
could cause differences in the natural frequency of the system, as demonstrated by Roeder 
(1993) in analyses of a welded SSB MBJS. By doubling (100% increase) and halving (50% 
decrease) the stiffnesses of the polymeric components, Roeder demonstrated that the 
periods were decreased by 30% and increased by 40%, respectively. If a 50% reduction in 
stiffness in the polymeric components within the models caused a similar 40% increase in 
the period as observed by Roeder, the resulting frequency would be approximately 115 Hz, 
which is much closer to the experimentally determined 91 Hz. 
As put forward as the second reason, depending on the methods for determining the 
natural frequencies, the natural frequencies for both the models and the field-tested system 
may have had errors in their estimation. Given the wide distribution of mass and stiffness 
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within SSB MBJS, the response typically contains significant contributions from many 
different modes (Roeder 1993), and as such, it is often difficult to determine a primary 
natural frequency from a frequency response spectrum that shows many closely spaced 
peaks. This is particularly true for frequency domain response obtained from test data, as 
the signal is corrupted by random noise which typically contains all frequencies. The 
frequency domain response for the simulations (as shown in Figure 5-54 and Figure 5-55) 
generally showed a single or a few well-separated peaks that were easily discernable. 
As noted earlier, it was not clear from the NCHRP Report 402 how the reported 
frequency of the SSB MBJS was estimated. To examine the frequency content of the test 
data and verify the value of 91 Hz presented by Dexter et al. (1997) for the I70/I25 Flyover 
Ramp MBJS, a FFT was performed on the portion of the scanned test data following the 
second axle impact, which contained the free vibration response. 
The frequency domain response and the power spectral density of the scanned test 
data are presented in Figure 5-56 and Figure 5-57, respectively. These figures show a large 
distribution of frequency content, with relatively close peaks occurring at 54 Hz, 63 Hz, 70 
Hz, 77 Hz, 88 Hz, 118 Hz, and 140 Hz. The value of 88 Hz is close to the value presented 
in the report of 91 Hz, however, many of the other peaks have similar or larger magnitude 
(e.g., peaks at 54 Hz and 120 Hz) which would indicate those frequencies were also 
significantly present in the response. Ultimately, it is difficult to state with certainty that 
the presented value of 91 Hz in the NCHRP Report 402 (Dexter et al. 1997) is the primary 
frequency component of the response, as other significant frequencies were present in the 
free vibration response. 
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5.8.5 Comparison of Responses for Different Load Pulse Models using BE Models 
A comparison of the vertical bending moments at mid-span of the CB between SB2 
and SB3 for vertical load only with horizontal curve effects in the BE model for a few 
different load pulses is shown in Figure 5-58, along with the field test results. The 
simulation results for all the chosen load pulses matched the field test results well; however, 
a few key differences between the responses from the different load pulses, as well as 
differences between each load pulse and the field test data, were noted. These differences 
are difficult to see in the overall response curves as shown in Figure 5-58, and were 
examined more closely by examining the response peak in greater detail, as shown in 
Figure 5-59. 
For the trapezoidal and DEM load pulses, there are two main differences between 
the analytical and experimental responses as discussed previously in section 5.8.2: the 
presence of the double hump response and the earlier rise time. The reason for these 
differences was discussed in that section and is not repeated here for brevity. 
The responses to the triangular, sinusoidal, and haversine load pulse models showed 
better correlation with the field test results, particularly for the forced response. Out of 
these, the triangular and haversine responses correlated best with the field results. 
Somewhat of a double hump response also appeared in the triangular load pulse results, 
with a “bump” occurring in the curve on the unloading side of the pulse response. This 
bump was also observed in the field test data. This is for similar reasons as discussed 
previously; the system underwent some vibration during the pulse duration (see generalized 
responses to triangular pulse loading in Chopra 2012). This result suggested that the 
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triangular pulse provided the best method for simulating the wheel impact on the CBs for 
this particular field test. 
The maximum moments due to each load pulse were within 15% of each other and 
the peak field response. The trapezoidal and DEM pulses produced the largest moments, 
and the responses to these pulses bounded the response of all other pulse shapes. 
Accordingly, for design purposes the use of the trapezoidal or DEM load pulse models 
would conservative. Due to this conservatism and its relative simplicity compared to the 
DEM load pulse model, the trapezoidal load pulse model was used for the parametric 
studies presented in Chapter 6. 
5.8.6 Suggestions for Dynamic Analyses of SSB MBJS 
There are many similarities and differences between the responses of the BE, SE, 
and EBE models, and their adequacy in accurately representing the field response of the 
modeled MBJS system. These similarities and differences will be highlighted in this 
section, along with suggestions on when to use each type of model in the analysis or design 
of MBJS. 
The first significant comparison may be made by comparing the computational 
efficiency of each model. Various measures of computation cost for each of the models are 
shown in Table 5-5. The BE model is the cheapest model in terms of computational cost, 
requiring minimal computing time, resources, and storage space. The SE model is by far 
the most expensive model, requiring the use of high performance computing systems to 
analyze and vast amounts of storage to store output files. The EBE model is not as 
computationally efficient as the BE model, but maintains most of the complexity of the SE 
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model. As such, from a computational standpoint, the most accurate results per measure of 
computational difficulty come from the EBE model. 
For basic dynamic design of MBJS and determining the DRFs, models similar to 
the BE model are sufficient. For the I70/I25 Flyover Ramp SSB MBJS presented herein, 
the BE model provided reasonable estimates of the vertical dynamic behavior and 
conservative estimates of the DRFs. The EBE model may also be used for this purpose, 
which includes some of the nonlinear behaviors neglected in the BE model. As previously 
mentioned, the EBE model was used during the parametric studies performed in this 
research (discussed in Chapter 6) due to its combination of the good aspects of the BE 
model (low computational requirements) and SE model (inclusion of advanced behaviors). 
For the examination of the horizontal behavior of the joint when subjected to 
braking, models similar to the SE model or EBE model (if sufficient computing resources 
are not available) are recommended. These models allow the horizontal sliding behavior to 
be much better captured than in BE models, and would allow for a much better assessment 
of the required horizontal design force to be applied to the system. 
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Table 5-1 Example of Direct Equilibrium Method (DEM) Calculation 
Timea 
Length of Tire Contact with Each CB Distribution Factor (DF) 
CB1 CB2 CB3 EB Total CB1 CB2 CB3 EB Total 
t1 0.7×bf 1.0×bf 0.7×bf 0.0×bf 2.4×bf 0.29 0.42 0.29 0.00 1.00 
t2 0.1×bf 1.0×bf 1.0×bf 0.0×bf 2.1×bf 0.04 0.48 0.48 0.00 1.00 
t3 0.0×bf 1.0×bf 1.0×bf 0.2×bf 2.2×bf 0.00 0.45 0.45 0.10 1.00 
Notes: 
a Refers to time steps shown in Figure 5-9 
 
Table 5-2 Dimensions of Components 
Component A B C D 
CB 
3.1 in. 
(79 mm) 
0.81 in. 
(21 mm) 
3.38 in. 
(86 mm) 
0.50 in. 
(13 mm) 
SB 
4.0 in. 
(102 mm) 
1.38 in. 
(35 mm) 
3.5 in. 
(89 mm) 
0.50 in. 
(13 mm) 
Stirrup 
3.1 in. 
(79 mm) 
0.75 in. 
(19 mm) 
N/A N/A 
Sliding 
Bearing 
3.0 in. 
(76 mm) 
0.75 in. 
(19 mm) 
N/A N/A 
Sliding 
Spring 
3.0 in. 
(76 mm) 
1.75 in. 
(44 mm) 
N/A N/A 
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Table 5-3 Model Results Comparison – Vertical Load with No Horizontal 
Curve Amplification 
Model 
Primary 
Response 
Frequency 
(Hz) 
Damping 
Ratio 
(%) 
Max 
Static 
Moment 
(kip-ft.) 
Max 
Dynamic 
Moment 
(kip-ft.) 
Min 
Dynamic 
Moment 
(kip-ft.) 
PAF RF DAF 
BE 175.2 3.8 30.2 33.7 -4.0 1.12 0.13 1.25 
SE 145.9 6.2 29.3 33.9 -4.4 1.16 0.15 1.31 
EBE 152.4 4.5 31.3 34.5 -5.8 1.11 0.18 1.29 
 
 
Table 5-4 Model Results Comparison – Vertical Load including 
Horizontal Curve Amplification (with experimental results) 
Result 
Primary 
Response 
Frequency 
(Hz) 
Damping 
Ratio 
(%) 
Max 
Static 
Moment 
(kip-ft.) 
Max 
Dynamic 
Moment 
(kip-ft.) 
Min 
Dynamic 
Moment 
(kip-ft.) 
PAF RF DAF 
BE 138.7 2.7 30.2 55.7 -5.6 1.84 0.18 2.03 
SE 141.9 5.9 29.3 55.1 -7.3 1.88 0.25 2.13 
EBE 161.4 5.3 31.3 56.5 -8.2 1.81 0.26 2.07 
EXP 91 7 32.6 47.3 -4.4 1.45 0.14 1.59 
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Table 5-5 Model Computational Information 
Model BE EBE SE 
Model Size (Degrees of 
Freedom) 
17,202 158,472 4,570,939 
Computation Machine 
Laptop 
Computer 
Laptop 
Computer 
High Performance 
Computing Cluster 
Computation Time 6 minutes 
1 hour, 20 
minutes 
50 hours 
Size of Output Files 200 MB 1.8 GB 46 GB 
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Figure 5-1 Plan view of SSB MBJS tested by Dexter et al. (1997) (used 
with permission from the Transportation Research Board) 
 
Figure 5-2 Section view of SSB MBJS tested by Dexter et al. (1997) (used 
with permission from the Transportation Research Board)  
 297 
 
Figure 5-3 Tire footprint of truck used during field-testing of SSB system 
by Dexter et al. (1997)  
151 in. (3835 mm) 
80 in. 
(2032 mm) 
73.5 in. 
(1867 mm) 10.5 in. 
(267 mm) 
8 in. (203 mm) 
8 in. (203 mm) 
5 in. (127 mm) 
Travel Direction 
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Figure 5-4 Field test results for I70/I25 Flyover Ramp SSB MBJS (used 
with permission from the Transportation Research Board) 
 
Figure 5-5 Reproduced field test results for I70/I25 Flyover Ramp SSB 
MBJS  
td ≈ 20 ms 
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Figure 5-6 Load pulse models used in previous analyses of SSB MBJS  
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Figure 5-7 Schematic of vehicle wheel motion across MBJS with single CB 
for: (a) no loading, (b) first wheel-to-CB contact, (c) partial contact during 
loading, (d) first full contact, (e) full contact, (f) last full contact, (g) partial 
contact during unloading, (h) last contact before total unloading  
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Figure 5-8 Trapezoidal loading function for wheel impact on CB 
 
Figure 5-9 Schematic illustration of the Direct Equilibrium Method 
(DEM) for determining pulse shape and Distribution Factors (DFs) showing 
tire contact at times: (a) t1; (b) t2; and (c) t3  
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Figure 5-10 Direct equilibrium method results for zero gap opening and 3 
in. flange width 
 
Figure 5-11 Direct equilibrium method results for zero gap opening and 4.5 
in. flange width  
g = 0 in. 
bf = 3 in. 
g = 0 in. 
bf = 4.5 in. 
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Figure 5-12 Direct equilibrium method results for 3 in. gap opening and 3 
in. flange width 
 
Figure 5-13 Direct equilibrium method results for 3 in. gap opening and 4.5 
in. flange width  
g = 3 in. 
bf = 3 in. 
g = 3 in. 
bf = 4.5 in. 
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Figure 5-14 Comparison of pulse shapes for zero gap opening and 3.0 in. 
flange width 
 
Figure 5-15 Comparison of pulse shapes for zero gap opneing and 4.5 in. 
flange width   
g = 0 in. 
bf = 3 in. 
g = 0 in. 
bf = 4.5 in. 
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Figure 5-16 Comparison of pulse shapes for 3 in. gap opening and 3.0 in. 
flange width 
 
Figure 5-17 Comparison of pulse shapes for 3 in. gap opening and 4.5 in. 
flange width  
g = 3 in. 
bf = 3 in. 
g = 3 in. 
bf = 4.5 in. 
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Figure 5-18 Beam Element (BE) model of field-tested SSB MBJS 
 
Figure 5-19 Generalized determination of tangent modulus for sliding 
bearings and sliding springs from nonlinear response curve  
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Figure 5-20 Boundary conditions at SB ends for (a) in-service system and 
(b) model 
 
Figure 5-21 Solid-element (SE) model of field-tested SSB MBJS  
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Figure 5-22 Enhanced Beam Element (EBE) model of field-tested SSB 
MBJS 
 
Figure 5-23 Enhanced beam element (EBE) CB-SB connections  
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Figure 5-24 Schematic of planar connector element used for modeling 
sliding spring/SB and sliding bearing/SB interfaces 
 
Figure 5-25 Schematic of kinematic coupling constraint used for CB/sliding 
bearing and stirrup/sliding spring interfaces  
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Figure 5-26 BE model results with trapezoidal loading, CB1 loaded 
 
Figure 5-27 BE model results with trapezoidal loading, CB1 and CB2 
loaded  
Vertical Moment 
(kip-in) 
Vertical Moment 
(kip-in) 
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Figure 5-28 BE model results with trapezoidal loading, CB2 and CB3 
loaded 
 
Figure 5-29 BE model results with trapezoidal loading, CB3 loaded  
Vertical Moment 
(kip-in) 
Vertical Moment 
(kip-in) 
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Figure 5-30 BE model results with trapezoidal loading, rebound response  
Vertical Moment 
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Figure 5-31 Longitudinal stress in SE model CBs at 6.36 milliseconds 
following initial tire impact on CB1 (deformations magnified 250×) 
 
Figure 5-32 Longitudinal stress in SE model CBs at 12.73 milliseconds 
following initial tire impact on CB1 (deformations magnified 250×)  
Longitudinal 
Stress (ksi) 
Longitudinal 
Stress (ksi) 
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Figure 5-33 Longitudinal stress in SE model CBs at 19.09 milliseconds 
following initial tire impact (deformations magnified 250×) 
 
Figure 5-34 Longitudinal stress in SE model CBs at 25.46 milliseconds 
following initial tire impact (deformations magnified 250×)  
Longitudinal 
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Figure 5-35 Longitudinal stress in SE model CB3 at 33.41 milliseconds 
following initial tire impact during rebound phase (deformations magnified 
500×) 
 
Figure 5-36 Longitudinal stress in SE model CB3 at 12.73 milliseconds 
following initial tire impact for vertical load with horizontal curve 
adjustment (deformations magnified 250×)  
Longitudinal 
Stress (ksi) 
Longitudinal 
Stress (ksi) 
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Figure 5-37 Vertical bending moment in EBE model CBs at 6.36 
milliseconds following initial tire impact on CB1 (deformations magnified 
500×) 
 
Figure 5-38 Vertical bending moment in EBE model CBs at 12.73 
milliseconds following initial tire impact on CB1 (deformations magnified 
500×)  
Vertical Moment 
(kip-in) 
Vertical Moment 
(kip-in) 
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Figure 5-39 Vertical bending moment in EBE model CBs at 19.09 
milliseconds following initial tire impact on CB1 (deformations magnified 
500×) 
 
Figure 5-40 Vertical bending moment in EBE model CBs at 25.46 
milliseconds following initial tire impact on CB1 (deformations magnified 
500×)  
Vertical Moment 
(kip-in) 
Vertical Moment 
(kip-in) 
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Figure 5-41 Vertical bending moment in EBE model CBs at 33.41 
milliseconds following initial tire impact on CB1 (deformations magnified 
500×) 
 
Figure 5-42 Vertical bending moment in EBE model CBs at 12.73 
milliseconds following initial tire impact on CB1 for vertical load with 
horizontal curve adjustment (deformations magnified 500×)  
Vertical Moment 
(kip-in) 
Vertical Moment 
(kip-in) 
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Figure 5-43 Comparison of vertical bending moments for BE, SE, and EBE 
models subjected to vertical load with no horizontal curve amplification 
 
Figure 5-44 Comparison of vertical bending moments for BE, SE, and EBE 
models and test data subjected to vertical load including horizontal curve 
amplification  
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Figure 5-45 Response of an undamped single degree of freedom systemto a 
trapezoidal pulse for td/Tn of: (a) 0.25; (b) 0.50; (c) 0.75; (d) 1.00; (e) 1.25; (f) 
1.50; (g) 1.75; and (h) 3.08  
(a) (b) 
(c) (d) 
(e) (f) 
(g) (h) 
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Figure 5-46 Comparison of horizontal bending moments for BE, SE, and 
EBE models subjected to simultaneous vertical and horizontal load 
 
Figure 5-47 CB longitudinal stress and deformed shape of SE model under 
vertical and horizontal loading (deformations magnified 100×)  
Longitudinal Stress 
(ksi) 
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Figure 5-48 CB lateral displacement and deformed shape of SE model 
following horizontal loading and vibration (deformations magnified 100×) 
 
Figure 5-49 CB bending moment and deformed shape of EBE model under 
vertical and horizontal loading (deformations magnified 100×)  
Lateral Disp. (in.) 
Horz. Moment 
(kip-in) 
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Figure 5-50 CB bending moment and deformed shape of EBE model 
following horizontal loading and vibration (deformations magnified 100×) 
 
Figure 5-51 Comparison of horizontal response for SE model, original EBE 
model, and adjusted EBE model (to reduce friction and allow more sliding) 
  
Horz. Moment 
(kip-in) 
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Figure 5-52 Comparison of horizontal response for a) adjusted EBE model 
and b) adjusted EBE model horizontally blocked 
 
Figure 5-53 Comparison of deflected shapes and horizontal bending 
moments for: a) adjusted EBE model; and b) adjusted EBE model 
horizontally blocked  
(a) 
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LOAD (TYP.) 
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Figure 5-54 Comparison of vertical frequency response spectra for BE, SE, 
and EBE models subjected to vertical load with no horizontal curve 
amplification 
 
Figure 5-55 Comparison of vertical frequency response spectra for BE, SE, 
and EBE models subjected to vertical load including horizontal curve 
amplification  
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Figure 5-56 Frequency content of field data following second axle impact 
 
Figure 5-57 Power spectral density of field data following second axle 
impact  
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Figure 5-58 Comparison of field measurements and BE model simulation 
results 
 
Figure 5-59 Close-up rear axle impact BE model results and comparison to 
field data 
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6. DETERMINATION OF DYNAMIC RESPONSE FACTORS BASED ON 
PARAMETRIC FINITE ELEMENT ANALYSIS 
6.1 Overview 
From the literature review presented in Chapter 1, it was evident that there was a 
wide range of field-measured DRFs, i.e. PAFs, RFs, and DAFs, for SSB MBJS. The DRFs 
as a function of system size would be difficult to determine from field testing, as such 
testing for systems of many different sizes would be prohibitive. Accordingly, a parametric 
study of SSB MBJS was conducted to determine the DRFs of these systems as a function 
of various system properties. This chapter contains the details of the parametric studies, 
including (1) the choice of parameters affecting the dynamic response, (2) the parametric 
modeling procedure, (3) the results of the analyses, and (4) the development of a design 
equation for determining the DAFs for SSB MBJS based on the results of the study. 
6.2 Parameters Affecting Dynamic Response of SSB MBJS 
6.2.1 Identification of Parameters 
The parameters governing the dynamic response of the SSB MBJS were determined 
by examining the previously presented results in this research and available information in 
the literature. These parameters can be classified as independent (exclusive of each other) 
and dependent (dependent on the independent parameters). The independent parameters 
can be grouped according to their influence on the overall geometry, assembly, and loading 
of the SSB MBJS. Of particular interest were the parameters which defined the distribution 
of stiffness and mass within the system, as these properties together defined the dynamic 
vibration properties of the SSB MBJS. The essential independent parameters were 
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identified as the CB span length (Lcb), the number of CBs (ncb), the gap opening (gop), the 
precompression gap (dig), and the vehicle speed (v). These parameters are listed in Table 
6-1 and schematically indicated in Figure 6-1, along with other dependent parameters 
which will be discussed later. 
Wheel load was not considered as an independent parameter because the goal of 
the study was to determine the dynamic response characteristics, which are not dependent 
on the magnitude of the applied load for linear systems. While the polymeric components 
in SSB MBJS exhibit nonlinear material behavior, these nonlinear effects are mostly 
negated by the linear behavior of all the other joint components. The response of SSB 
MBJS becomes significantly nonlinear if the sliding bearings in the CB-SB connections 
decompress during upward load (as discussed in Chapters 2 and 4); however, this was not 
expected to occur under normal service loads. Accordingly, the wheel load for the 
parametric study was set equal to 8 kip (35 kN) as per the LRFD BDS design procedure 
for SSB MBJS (which is discussed in detail in sections 6.2.4 and 6.2.5 below). 
6.2.2 Independent Parameters 
The CB span length was chosen because it influenced the stiffness of the SSB 
MBJS for flexure about the axis parallel to the traffic direction. The number of CBs and 
the gap opening together determined the required span of the SBs, and thus influenced the 
stiffness of the SSB MBJS for bending about the axis transverse to the traffic direction. As 
demonstrated in Chapters 2 and 4, the precompression gap had an effect on the vertical 
stiffness of the CB-SB connection, and so it was included as an independent parameter. 
The vehicle speed, along with several other related parameters such as tire contact length, 
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the CB flange width, and the gap opening, determined the load pulse duration, which has 
a significant effect on the dynamic response. The tire contact length was assumed as an 
invariant at 10 in. (254 mm), as is recommended by the seventh edition of the LRFD BDS 
(2014). While the loading position would also have a significant impact on the dynamic 
response, the dynamic response of the CBs was the focus of this study (since the CBs 
contain the most fatigue critical details and are the most highly loaded components). 
Accordingly, the loads were positioned to cause the highest bending moments in the CBs 
as discussed later. 
6.2.3 Dependent Parameters 
The dependent parameters are also listed in Table 6-1. These parameters are 
dependent on the values of the independent parameters as noted in the table and explained 
in the following. The CB section dimensions are related to the CB span length (Lcb) since 
the CB section is designed to carry the loads without failure. Similarly, the SB section sizes 
are dependent on the SB span length (Lsb), which is a function of the required maximum 
expansion capacity and in turn is related to the number of CBs (ncb), the CB flange width 
(bf), and the maximum gap opening (gop). 
The number of SBs (nsb), which defines the number of CB spans, was technically 
an independent parameter, but was held constant at 10 SBs for the parametric study. This 
is because joints with less than 10 SBs are fairly uncommon. While joints with greater than 
10 SBs are common, the bending response of the CB near the end span and the adjacent 
two to three spans is typically independent of the number of spans, when the number of 
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CB spans is greater than nine spans. This was confirmed during the CB design analyses 
discussed later. 
The remaining dependent parameters were: the SB span length (Lsb); the sliding 
bearing diameter (db); the sliding bearing height (hb); the sliding spring diameter (ds); the 
sliding spring height (hs); and the internal height of the stirrup (dst). These parameters were 
defined by the relationships shown in Table 6-5. The relationships were assumed based on 
manufacturer standard drawings, literature review, and the SSB MBJS tested during the 
experimental study. For example, Lsb was set as: the number of interior gaps (ncb minus 
one) times gop; plus bf (representing half of the flange width on each side of the gap); plus 
the two outer gaps (between the last CBs and EBs); plus the outer half of the flange of each 
of the outside CBs; and a distance of bf on each side representing the distance between the 
edge of the EB and the support point within the support box. 
6.2.4 Selection of CB Sections 
The CB section properties were determined as a function of Lcb by designing the 
CB as per the seventh edition (2014) of the AASHTO LRFD Bridge Design Specifications 
(LRFD BDS). First, the CB was analyzed as a continuous beam on rigid supports subjected 
to vertical and horizontal loads. The horizontal load was 20% of the vertical load. The 
parametric studies were performed for SSB MBJS having equal CB spans (as is common 
for most SSB MBJS). The considered span lengths were 36 in. (914 mm), 42 in. (1067 
mm), 48 in. (1219 mm), 54 in. (1372 mm), 60 in. (1524 mm), 66 in. (1676 mm), and 72 in. 
(1829 mm). These span lengths were selected after review of available standard drawings 
of MBJS manufacturers. Center Beam spans greater than 72 in. (1829 mm) are uncommon 
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(because of concerns with amplified dynamic response) and were accordingly not 
considered in the parametric study. 
The controlling bending moments were obtained when a design wheel load was 
placed near mid-span of the outermost CB span, with the other wheel placed as per the 
LRFD BDS at 6 ft. (1830 mm) from the first wheel load along the CB (as shown in Figure 
6-2). A design wheel load for MBJS of 8 kip (35.6 kN) was considered in the vertical 
direction, multiplied by the appropriate DF, a load factor of 1.75, and an impact factor of 
1.75. The wheel load was defined by recognizing that each CB of a SSB MBJS experiences 
only the effect of one axle at a time, and the rear axle of the HL-93 fatigue design truck 
represents the resultant of a tandem axle. Each 32 kip (142 kN) axle of the design truck 
was split into a pair of individual 16 kip (71 kN) axles, with 8 kip (35.6 kN) wheel loads. 
The DF was initially calculated based on Table 14.5.6.9.5-1 of the LRFD BDS as 
reproduced in Table 6-4, and was determined iteratively as the CB design was refined. 
Linear interpolation was used for CB flange widths not explicitly listed. The CB section 
was proportioned such that the stress ranges within the CB at midspan or at the support 
were approximately equal to 16 ksi (110 MPa), the CAFT for an AASHTO Category B 
detail. This was consistent with the classification of the bolted connections tested as part 
of research presented in this dissertation. 
The designed section sizes calculated for each CB span are presented in Table 6-2. 
These were compared to the section sizes listed on standard drawings of SSB MBJS by 
manufacturers (bolted SSB MBJS by magebaUSA LLC, welded SSB MBJS by D.S. 
Brown, and welded SSB MBJS by TechStar, Inc.). While the manufacturer section sizes 
 333 
were generally similar for similar span lengths, the section sizes of the prominent 
manufacturer of bolted SSB MBJS in the USA, magebaUSA, were chosen for final 
comparison. The manufacturers commonly group the section sizes (to avoid the need to 
produce many different section sizes and subsequently reduce cost), and therefore some 
sections were larger than the minimum required dimensions. These section sizes are also 
listed in Table 6-2. In most cases, the designed section moduli were smaller than those 
provided by the manufacturer for the same CB span length. For CB span lengths of 54 in. 
(1370 mm) and 66 in. (1676 mm), the designed section modulus for horizontal bending, 
Sy, was slightly larger than the manufacturer’s section modulus; however, the 
manufacturer’s section modulus for vertical bending, Sx, was larger than the designed 
value. Therefore, the smaller vertical bending stress calculated using the larger vertical 
section modulus of the manufacturer (relative to the designed section) would offset the 
larger horizontal bending stress calculated using the smaller horizontal section modulus 
(relative to the designed section), resulting in similar total stress as would be calculated for 
the designed section. For a CB span length of 72 in. (1829 mm), the manufacturer section 
size was slightly under-designed, with a demand-to-capacity (calculated stress range-to-
CAFT) ratio of 1.04. As such, the designed section moduli were required to be larger than 
the manufacturer’s moduli for this span length, to make the demand-to-capacity ratio less 
than 1.0. Given the small exceedance of the CAFT (less than 5%) and the possibility of a 
slightly different design methodology or analysis method, this inconsistency between the 
manufacturer and designed moduli is not concerning. For example, a CB span length of 72 
in. (1829 mm) resulted in the moment at the support controlling the design. As 
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demonstrated by the analytical models in Chapter 4, including support deflection at the SB 
locations would reduce the moments at the support locations. If this assumption was used 
during the design of the CB section instead of assuming a rigidly supported beam, it is 
likely that the calculated stress range would be lower than the CAFT and the design would 
be sufficient. Given that the designed and manufacturer’s section sizes were similar in all 
cases, either set of section sizes could have been used for the parametric study. The 
manufacturer’s section sizes were ultimately adopted for use in the study to be as consistent 
with practice as possible. 
6.2.5 Selection of SB Sections 
The SB section sizes were determined as a function of ncb in a design procedure 
similar to the CB section sizes as discussed in the following. The SB span was decided by 
setting all CBs at a maximum gap opening of 3 in. (77 mm), the typical maximum gap 
opening for MBJS. The SB was loaded discretely at the CB-SB connections as shown in 
Figure 6-3, and three CBs were loaded at once as per the LRFD BDS. The center CB was 
loaded with the full wheel load for MBJS design of 8 kip (35.6 kN) multiplied by the 
appropriate distribution factor (DF), the load factor, and the impact factor. This loading 
position assumes that the wheel is centered over the SB in the transverse direction, with 
the other wheel positioned on the CB at 6 ft. (1830 mm) away from the first wheel. If the 
CB span is less than 6 ft. (1830 mm) (as in most modern MBJS), the second wheel would 
be placed in the span following the adjacent SB, and would introduce an upward reaction 
at the first wheel location. This calculation conservatively neglects the effect of this small 
upward reaction. For span lengths equal to 72 in. (1830 mm), the second wheel would be 
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placed directly over the adjacent SB, and would not contribute to the force effects in the 
SB beneath the first wheel. For CB spans greater than 72 in. (1830 mm), the second wheel 
would result in additional load at the SB beneath the first wheel. However, MBJS with 
such long CB span lengths are uncommon; therefore, MBJS with CB spans greater than 72 
in. (1830 mm) were not considered in the parametric study. 
For determining the SB span length and the DF for designing the SB, a CB flange 
width of 31/4 in. (83 mm) was assumed, which was a typical CB flange width (see Table 
6-2). The other two CBs were each loaded with half of the remaining wheel load, i.e., the 
wheel load multiplied by 
1
2
(1 − 𝐷𝐹). The SB was sized so that the stress ranges were less 
than the Category B CAFT of 16 ksi (110 MPa), assuming stainless steel sliding plates 
riveted or welded to the outer surfaces of the SB flanges (as used in the SSB MBJS 
specimens tested in this dissertation). The SB section sizes as a function of number of CBs 
resulting from the design procedure are shown in Table 6-3. These section sizes were then 
compared to section sizes of SBs in the manufacturer’s standard drawings for the same 
number of CBs. For most cases, the designed sections were found to be less than or equal 
to the sizes furnished by the manufacturer. However, for some cases the manufacturer’s 
sizes were smaller than those designed, indicating an under-designed SB section. As stated 
previously with respect to the CBs, this is not a great concern because the full details of the 
manufacturer’s design are not known. It is possible that the span of the manufacturer’s 
designed SB was smaller due to a smaller bf or smaller maximum gop, requiring a smaller 
section size. It is also possible that the controlling fatigue critical detail was located closer 
to the neutral axis, requiring a smaller section modulus for the limiting CAFT. In general, 
 336 
the manufacturer’s and designed section sizes were similar, and accordingly the 
manufacturer’s section sizes were adopted for use in the study to be as consistent with 
practice as possible.  
6.2.6 Values of Parameters 
The values for the independent parameters are presented in Table 6-6. The number 
of CBs and the CB span lengths, identified as independent parameters, were related due to 
practical considerations that resulted in a partial factorial design of the parametric study, 
where every combination of these two sets of parameters was not considered. 
The partial factorial for the combination of ncb and Lcb was arranged considering 
the following. For a particular bridge, the design of the MBJS is often controlled by the 
depth of the blockout on each side of the deck joint, where the MBJS is installed after the 
deck is constructed. All components of the MBJS must fit within this fixed depth. For SSB 
MBJS with only a few CBs (e.g., two or three), the required span of the SBs is relatively 
small. This small span permits the SBs to be relatively shallow, leaving space within the 
blockout for deeper CBs. Deeper CBs permit the use of longer CB span lengths, which 
reduces the number of SBs and support boxes and lowers the overall cost of the system. 
For SSB MBJS with a large number of CBs (e.g., greater than 10), the required span of the 
SBs is much larger than for the SSB MBJS with fewer CBs, requiring deeper SBs that 
occupy more of the available blockout depth. This limits the depth for the CBs, requiring 
shallower CBs and shorter CB span lengths. The modeled combinations of CB span length 
and number of CBs are shown in Figure 6-4 and were based on the above considerations.  
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The maximum number of CBs considered in the parametric study was limited to 
15, because the majority of SSB MBJS have less than 15 CBs. For systems larger than this, 
the analyses would have required a consideration of the simultaneous action on the SSB 
MBJS from two axles spaced at 4 ft. (1220 mm), the spacing of a tandem axle, since both 
axles would have been able to fit on the system at the same time. Given the infrequent use 
of SSB MBJS with greater than 15 CBs, analyses with this added complexity were deemed 
to have little practical value. 
A full factorial study was conducted over all other independent parameters, i.e., for 
each combination of the number of CBs and CB span length in the partial factorial, as any 
combination of the other independent parameters was possible in service. As shown in 
Figure 6-4, each SSB MBJS with a particular combination of ncb and Lcb was identified by 
“MJ” (Modular Joint) followed by an Arabic numeral. A total of 17 SSB MBJS with 
differing number of CBs and CB span lengths were analyzed, with each system analyzed 
for 12 different combinations of the remaining three parameters (two initial gaps of 0.18 
in. [4.5 mm] and 0.35 in. [9 mm], two gap openings of 1 in. [25.4 mm] and 3 in. [76 mm], 
and three vehicle speeds of 30 mph [48 km/h], 50 mph [80 km/h], and 70 mph [113 km/h]). 
In total, 204 analyses were completed of SSB MBJS of different sizes, different assembly 
conditions (precompression gap), and different service conditions (vehicle speed, gap 
opening). 
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6.3 Parametric Studies 
6.3.1 Model Description 
The model used for each of the analyses in the parametric study was similar to the 
EBE model discussed and presented in Chapter 5. This model adequately captured the 
response of the more detailed SE model, while reducing model size and therefore 
computational time. The dependent parameters for each model, i.e., Lcb, ncb, etc., were 
assigned based on the parametric study factorial presented in the previous section, and the 
independent parameters were set accordingly. Given the large number of analyses (204 
analyses total), the parametric studies were automated using a Python script, including 
model generation, analysis, and data extraction. Example models produced using the model 
generation script are shown in Figure 6-5 and Figure 6-6, where the beam element 
components are rendered using their respective sections. 
6.3.2 Analysis Steps and Solution 
A dynamic time-history analysis, similar to the analyses of the EBE model in 
Chapter 5, was performed for each model. Each analysis had three steps. In the first step, 
the rigid links connecting the stirrups to the CBs were shortened by the specified initial 
gap, which simulated assembly of the connection. Simultaneously, the tops of the sliding 
springs at each SB end were moved downward by the same amount, simulating the 
precompression of the end bearing and spring in the support box. In the second step, static 
loading was applied to the beam-element CBs in order to determine the static moments 
within the CBs for calculation of the DRFs. In the third and final step, the axle load was 
applied using the trapezoidal pulse model defined in Chapter 5, with its various parameters 
 339 
defined based on the joint geometry and vehicle speed. The models were loaded as shown 
in Figure 6-2, with the center of one wheel centered in the outermost CB span to maximize 
the CB moment at midspan and the support. Other details of the loading were similar to 
that of the EBE model in Chapter 5. 
In contrast to the EBE model of Chapter 5, damping due to the steel components 
additional to the inherent damping provided by the hysteresis of the solid-element 
polymeric components was not included. The wide range of damping ratios for MBJS 
found during the literature search (between 2% [Ancich et al. 2006] and 15% [Dexter et al. 
1997]) made the choice of a single damping ratio for the analyses difficult. As expected, 
the dynamic response of MBJS was inversely related to the damping in the system (like 
other types of structures), and the DRFs decreased with increased damping. Accordingly, 
neglecting the damping due to the steel components provided conservative DRFs for design 
purposes, the determination of which was the goal of the parametric studies. In addition, 
the use of Newmark’s Method with constant average acceleration for the implicit dynamic 
analyses ensured that no numerical damping was added to the system. 
It should be noted that modal analysis could not be performed because of the 
nonlinear material models used for the polymeric components. While modal analyses could 
be performed using the tangent stiffness of the polymeric components corresponding to the 
assembled state and thereby neglecting their nonlinear behavior, this would not have fully 
represented the dynamic behavior of the system and the variations of stiffness of the 
components with their vibration-induced deformations. In addition, the time-history 
responses were kept short to reduce the demands of computational resources. Accordingly, 
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a frequency analysis of the free vibration response could not be performed with sufficient 
confidence to determine the natural frequency of the system. All dynamic properties were 
assessed directly by examining the time history responses. 
6.3.3 Parametric Study Results 
The DAFs at the midspan of the CB, as obtained from the analyses of all SSB MBJS 
considered for the parametric study, are presented in Figure 6-7 through Figure 6-11. Each 
figure is a set of four surface plots, each of which presents the DAF as a function of the 
vehicle speed and the CB span length. Each surface plot represents a different combination 
of the gap opening and the precompression gap. The PAFs and RFs are similarly presented 
in Figure 6-12 through Figure 6-16 and Figure 6-17 through Figure 6-21, respectively. The 
DRFs at the support points showed similar variation and magnitude, and are not presented 
here for brevity. 
In general, the surface plots indicated that the DAFs increased with increased 
velocity, CB span length, and gap opening, and increased slightly with increased 
precompression gap. However, there were many local deviations from these patterns. For 
example, at a vehicle velocity of 30 mph (48 km/h), the DAF generally decreased with 
increasing CB span length, but there were also some localized increases within these 
general decreases. For larger systems (ncb equal to 10 and 15), the largest DAFs occurred 
at a vehicle velocity of 50 mph (80 km/h), whereas for smaller systems (ncb equal to 2, 4, 
and 7) the largest DAFs generally occurred at 70 mph (113 km/h). The larger systems also 
generally had smaller DAFs than the smaller systems. Similar observations were also noted 
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in the PAFs (Figure 6-12 through Figure 6-16) and the RFs (Figure 6-17 through Figure 
6-21).  
The surface plots were better understood by plotting the variation of the DRF with 
respect to a single independent variable in two-dimensions, with multiple curves plotted 
for combinations of other independent variables. For example, the variation in DAF as a 
function of CB span length for a SSB MBJS with 4 CBs, a gap opening of 1 in. (25.4 mm), 
and a precompression gap of 0.18 in. (4.5 mm) is presented in Figure 6-22 for three 
different vehicle velocities. For a vehicle speed of 30 mph, the DAF first decreases with 
CB span length from 48 in. (1219 mm) to 54 in. (1372 mm), and then remains 
approximately constant. For 50 mph (80 km/h), the DAF increases slightly with increasing 
CB span length. For a vehicle speed of 70 mph (113 km/h), the DAF first increases with 
CB span length from 48 in. (1219 mm) to 54 in. (1372 mm), and then remains 
approximately constant. These observations indicate that the variation in DAF with CB 
span length is largely dependent on vehicle velocity, indicating a degree of 
interdependency between these independent variables. 
The variation in DAF as a function of vehicle velocity for a SSB MBJS with 4 CBs, 
a gap opening of 1 in. (25.4 mm), and a precompression gap of 0.18 in. (4.5 mm) is 
presented in Figure 6-23 for four different CB span lengths. For a CB span length of 54 in. 
(1372 mm), 60 in. (1524 mm), or 66 in. (1676 mm), the DAF increases with increasing 
vehicle velocity. For a CB span length of 48 in. (1219 mm) however, the DAF first 
decreases from 30 mph (48 km/h) to 50 mph (80 km/h), and then increases from 50 mph 
(80 km/h) to 70 mph (113 km/h). These observations indicate that the variation in DAF 
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with vehicle velocity is dependent on the CB span length (as expected from the 
observations noted in Figure 6-22), and that the DAFs are not necessarily increasing with 
increased vehicle velocity as was postulated from the overall trends in the surface plots. 
The variation in DAF as a function of CB span length for SSB MBJS with 4 CBs, 
a precompression gap of 0.35 in. (9.0 mm), and a vehicle velocity of 50 mph (80 km/h) is 
presented in Figure 6-24 for two different gap openings. For both gap openings, the DAF 
generally increases with increasing CB span length; however, this increase is not linear, 
and for gop of 3 in. (76.2 mm), the DAF decreased with CB span length from 54 in. (1372 
mm) to 60 in. (1524 mm). Holding a constant span length and observing the change in DAF 
with varying gap opening, i.e., moving from one curve to the other within Figure 6-24, it 
was observed that for CB span lengths of 48 in. (1219 mm) and 54 in. (1372 mm), the DAF 
increased slightly with increasing gap opening. However, for CB span lengths of 60 in. 
(1524 mm) and 66 in. (1676 mm), the DAF decreased slightly with increasing gap opening. 
These observations indicated that there was some interdependence between CB span length 
and gap opening that affects the value of the DAF. 
The variation in DAF as a function of CB span length for SSB MBJS with 4 CBs, 
a gap opening of 1 in. (25.4 mm), and a vehicle velocity of 70 mph (113 km/h) is presented 
in Figure 6-25 for two different precompression gaps. Examining the difference between 
the two curves, it was observed that the DAF generally increased with decreasing 
precompression gap. This increase however, was dependent on the CB span length, with 
the maximum change occurring at a span length of 54 in. (1372 mm), and almost no change 
occurring at 48 in. (1219 mm). 
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Similar exercises can be conducted with the PAF and RF as well. Figure 6-26 shows 
the variations in PAF, RF, and DAF as a function of CB span length for a SSB MBJS with 
2 CBs, a gap opening of 3 in. (76.2 mm), a precompression gap of 0.18 in. (4.5 mm), and 
a vehicle velocity of 70 mph (113 km/h). While the DAFs and PAFs are increasing with 
increasing CB span length, the RF decreases with CB span length, indicating that the 
downward and rebound responses, represented by the PAF and RF respectively, do not 
necessarily share the same dependence on CB span length. However, for some cases, the 
PAF and RF follow the same general dependence, as shown in Figure 6-27 for a SSB MBJS 
with 2 CBs, a gap opening of 3 in. (76.2 mm), a precompression gap of 0.18 in. (4.5 mm), 
and a vehicle velocity of 30 mph (113 km/h). 
Given the variety of observed patterns discussed above, it was difficult to observe 
a singular trend which could be used to develop a simplistic dynamic design procedure for 
calculating the DAFs of SSB MBJS with different joint size and service conditions. 
Accordingly, the independent parameters were combined into a single parameter 
representing the vibrational characteristics of the system, as discussed in section 6.4. 
6.4 Synthesis of Parametric Study Results using a Generalized Single-Degree-of-
Freedom System Idealization 
6.4.1 Development of the Dynamic Interaction Parameter 
The results of the parametric studies showed that the DRFs of the SSB MBJS had 
a complex relationship with the five independent parameters, namely ncb, Lcb, gop, dig, and 
v. The variation of the system response for each of the independent parameters were highly 
correlated. Accordingly, development of a parametric relationship by regression over the 
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entire range of the primary variables was intractable. A transformation of the parametric 
study results with respect to some derived parameters was necessary for developing a 
useful relationship for easy application. 
Noting that the DRFs are primarily a function of the stiffness and mass of the SSB 
MBJS, which are functions of the independent parameters ncb, Lcb, gop, and dig directly and 
indirectly (i.e., through the parameters depending on these parameters such as the CB and 
SB section properties), a single parameter was derived consolidating the independent and 
dependent parameters. This derived parameter represented the dynamic characteristics of 
each SSB MBJS, and could be used to examine the variation of the DRFs obtained from 
the analyses. 
Response of Single Degree of Freedom (SDF) systems subjected to pulse loadings 
are often characterized by plotting the DAF against the ratio of load pulse duration to 
natural period (td/Tn). Plots of this type are typically referred to as shock spectra. The 
natural period is a function of the mass and stiffness of the system, and the pulse shape and 
duration characterize the loading. Since the vehicular loading on MBJS is characterized as 
a pulse loading, it was envisaged that a similar approach could be taken for synthesizing 
the parametric study results of the SSB MBJS by idealizing the systems as a generalized 
SDF system, where the ratio of pulse duration to natural period could be expressed as a 
function of the five independent parameters, thus consolidating the five independent 
parameters into a single parameter. This single parameter calculated from the input 
parameters for each model could be used to plot the DRFs for that model, and repeating 
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the process for all models and plotting all parametric study results on a single plot, a shock 
spectrum for SSB MBJS could be developed. 
A generalized SDF system representation of the SSB MBJS was developed based 
on a simple model for the MBJS, as shown in Figure 6-28, consisting of a single span CB 
simply-supported on two simply-supported SBs. The SB span length was calculated for 
each system using the equation presented in Table 6-5. A natural period for this simplified 
structure was then determined using the generalized SDF approaches presented by Chopra 
(2012). The generalized masses and stiffnesses for the CBs and SBs were based on a 
sinusoidal shape function: 
 𝛹(𝑥) = sin 
𝜋𝑥
𝐿
 (6.1) 
where 𝛹(𝑥) is the shape function, x is the length along the member, and L is the length of 
the member (either the CB or SB). This shape function was chosen to represent the primary 
vibration modes of the CB and SBs in single curvature under a load applied at midspan of 
the CB. 
The generalized stiffness of a generalized SDF system for the assumed shape 
function is given as (Chopra 2012): 
 ?̃? = ∫𝐸𝐼(𝑥)[𝛹′′(𝑥)]2𝑑𝑥 (6.2) 
where ?̃? is the generalized stiffness, E is the Young’s modulus of the component, I is the 
second moment of area of the component, and 𝛹′′(𝑥) is the second derivative of the shape 
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function with respect to x. The generalized stiffnesses for the CB and SB were accordingly 
calculated as: 
 ?̃? =
𝜋2
2
𝐸𝐼
𝐿3
 (6.3) 
Similarly, the generalized mass of a generalized SDF system for the assumed shape 
function is given as: 
 ?̃? = ∫𝑚(𝑥)[𝛹(𝑥)]2𝑑𝑥 (6.4) 
where ?̃? is the generalized mass and m(x) is the mass per unit length as a function of x. 
The generalized masses for the CB and SB were calculated as 
 ?̃? =
1
2
?̅?𝐿 (6.5) 
where ?̅? is the mass per unit length of the component. 
The mass and stiffness of the two components (CB and SB) were combined using 
a series representation (as the load path was from the CB, into the SB, and then into the 
bridge deck). The resulting generalized or equivalent stiffness of the idealized SSB MBJS 
was: 
 𝐾𝐸𝑄 =
𝜋4𝐸𝐼𝐶𝐵𝐼𝑆𝐵
𝐼𝐶𝐵𝐿𝑆𝐵
3 + 2𝐼𝑆𝐵𝐿𝐶𝐵
3 (6.6) 
and the generalized or equivalent mass of the idealized SSB MBJS was: 
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 𝑀𝐸𝑄 =
?̅?𝐶𝐵?̅?𝑆𝐵𝐿𝐶𝐵𝐿𝑆𝐵
?̅?𝐶𝐵𝐿𝐶𝐵 + 2?̅?𝑆𝐵𝐿𝑆𝐵
 (6.7) 
The equivalent mass may also be written as  
 𝑀𝐸𝑄 =
𝐴𝐶𝐵𝐴𝑆𝐵𝐿𝐶𝐵𝐿𝑆𝐵𝜌𝑠
𝐴𝐶𝐵𝐿𝐶𝐵 + 2𝐴𝑆𝐵𝐿𝑆𝐵
 (6.8) 
where ACB and ASB are the cross-sectional areas of the CB and SB, respectively, and 𝜌𝑠 is 
the mass density of steel. 
The equivalent natural period, TEQ, can then be expressed as 
 𝑇𝐸𝑄 = 2π√
𝑀𝐸𝑄
𝐾𝐸𝑄
 (6.9) 
As presented in Chapter 5, the duration of the trapezoidal load pulse, td, for each 
analysis was calculated using  
 𝑡𝑑 =
𝑏𝑓 + 𝐿𝑡
𝑣
 (6.10) 
where 𝑏𝑓is the CB top flange width, v is the vehicle speed, and Lt is the tire contact length 
(equal to 10 in. [250 mm] as per the LRFD BDS). 
Using TEQ and td, a td/TEQ was calculated for each parametric study model. The 
DRFs for each analysis were plotted against the calculated values of td/TEQ and compared 
to the theoretical shock spectra for generic undamped SDF spring-mass system of period 
Tn subjected to trapezoidal pulse loading (Figure 1-9). Recall that the shock spectrum is a 
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plot of the DAF for the system against td/Tn. The theoretical shock spectrum was developed 
from first principles following the derivations in Chapter 4 of Chopra (2012) for 
rectangular, sinusoidal, and triangular pulses. Note that this theoretical shock spectrum was 
independent from the parametric study results and the value of td/TEQ determined as per the 
equations presented above. 
From a preliminary plot of DAF vs. td/TEQ along with the theoretical shock 
spectrum, it was apparent that the generalized stiffness of the system was slightly less stiff 
than the theoretical model. In other words, the entire set of parametric study data exhibited 
the same overall pattern as the theoretical shock spectrum, but was shifted to the right in 
the horizontal direction. To bring the data closer to the theoretical shock spectrum, the 
equivalent stiffness presented in equation (6.6) was increased by 50%. This was deemed 
reasonable because the assumed simply-supported single span CB of the idealized system 
was more flexible than the multiple-span continuous CBs in SSB MBJS, which included 
additional rotational stiffness at each CB-SB connection due to span continuity. Improved 
assessment of the equivalent stiffness including more CB spans and SBs would be 
intractable, and it was desired to keep the relationships as simple as possible for easy design 
application. As such, the adjusted equivalent stiffness was given by 
 𝐾𝐸𝑄 =
1.5𝜋4𝐸𝐼𝐶𝐵𝐼𝑆𝐵
𝐼𝐶𝐵𝐿𝑆𝐵
3 + 2𝐼𝑆𝐵𝐿𝐶𝐵
3 (6.11) 
The term td/TEQ calculated from the independent parameters for each model was 
defined as the Dynamic Interaction Parameter (DIP). This derived parameter was not the 
true ratio of pulse duration to natural period, td/Tn, of the system. The natural period of the 
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real structure may be different than TEQ, which is only a representative system property 
defined for synthesizing the parametric study results. 
It should be noted that this value of td/TEQ was in no way dependent on the analysis 
results and was calculated purely from the input parameters. This value was then used 
simply for plotting the results of the analyses. For example, a value of td/TEQ was calculated 
for a given set of input parameters. The MBJS pertaining to this set of input parameters 
was then analyzed as per the previously discussed procedure. Then, the resulting DRFs for 
that particular system were plotted against the determined value of td/TEQ. In other words, 
no analyses were performed using this value of td/TEQ; it served purely as a method for 
presenting the results already obtained through the parametric studies. 
6.4.2 Evaluation of Parametric Study Results in terms of the Dynamic Interaction 
Parameter 
Figure 6-29 through Figure 6-31 show scatter plots of the DRFs plotted against the 
DIPs for each analysis. Also plotted in these figures are the associated theoretical values, 
obtained from dynamic analysis of an undamped SDF system subjected to a trapezoidal 
pulse loading. 
The plots of PAF vs. DIP (Figure 6-29), RF vs. DIP (Figure 6-30), and DAF vs. 
DIP (Figure 6-31) each generally followed the theoretical trapezoidal shock spectrum, 
indicating that the DIP represented the primary vibration characteristics of the SSB MBJS 
reasonably well. Some scatter about the theoretical curves was evident that was attributed 
to three main sources related to the inherent simplification of the DIP definition, as 
discussed in the following. 
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First, the DIP was defined based on the generalized SDF representation of a 
simplified SSB MBJS. Thus, the vibration of only one degree of freedom (and one mode) 
was included in the derivation of the DIP. The parametric study models were multi-degree 
of freedom (MDF) systems vibrating in multiple modes. The vibrations in the modes other 
than that assumed for the generalized SDF contributed (by addition or subtraction) to the 
maximum response. Since the DRFs were estimated in the analysis models based on the 
maximum response of the MDF systems, the higher modal responses also contributed to 
the DRFs. The contribution of higher modes to the maximum response resulted in the 
differences from the theoretical SDF response. 
This reasoning was further supported by the larger scatter observed for the RF than 
for the PAF, which indicated that the DIP better represented the system response for the 
PAF than for the RF. The maximum positive response described by the PAF occurred 
during the forced portion of the response, when the system was forced to conform to the 
applied load. The shape function employed for the derivation of the generalized SDF 
parameters conformed to the forced response (and accordingly the PAF) of the SSB MBJS, 
and this response was responsible for more than 70% of the total response range. The 
maximum rebound response occurred during the free-vibration phase of the response, when 
the system was free to vibrate in all excited modes. Accordingly, the RF obtained from the 
parametric studies differed more from the theoretical SDF system response than the PAF. 
Second, the shape functions for the CBs and SBs chosen for determining the DIPs 
were estimated shapes, and are not necessarily the true vibrational (or mode) shapes of 
these components. This is especially true for the CB considering that the simplified system 
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contained a simply-supported CB, when in reality the rotational stiffness of the CB-SB 
connections and the continuity of the CB spans affected the boundary conditions. As 
mentioned in section 6.4, these effects (which would have changed the assumed shape 
functions) were considered in the expression for DIP by multiplying the stiffness by a 
factor of 1.5 (increase in stiffness of 50%) to keep the equations simple for design purposes. 
However, this factor would be different for different joints (depending on each joint’s 
stiffness characteristics), and as a result some error was introduced that manifested as the 
scatter shown in the DRF vs. DIP plots. 
Third, the initial precompression gap was neglected in the determination of the DIP. 
As shown in the surface plots, the DRFs for the two considered precompression gaps were 
similar, but not identical. As determined during the experimental and analytical studies, the 
use of a larger precompression gap increased the stiffness of the CB-SB connections and 
subsequently changed the system dynamic characteristics. The precompression gap was 
neglected in the derivation of the DIP to maintain simplicity of the expressions, but had 
some effect on the DRFs (an example is shown in Figure 6-25). As such, neglecting this 
parameter contributed to the scatter of the parametric study results from the theoretical 
curve. 
6.5 Discussion and Analysis of Results 
6.5.1 Comparison of Results to Available Field Data 
As a comparison to the DRFs obtained from the parametric studies, the DIPs for 
the two SSB systems field-tested by Dexter et al. (1997) (one welded SSB system and one 
bolted SSB system) were calculated using the equations presented in section 6.4, and the 
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field-determined DRFs were plotted against these DIPs along with the parametric study 
results. The independent variables (Table 6-7) for these equations were determined from 
the information available in NCHRP Report 402 and estimated from similar known 
systems when the information was not available in the report. 
The results are presented in Figure 6-32. Each of the field data points fell within 
the scatter of the analytical results, although both were on the lower edge of the scatter 
band. This indicated that the analytical studies agreed well with the few available field 
tests. The field test data likely fell near the lower edge of the scatter band due to the 
conservative assumptions used for the parametric studies, namely (1) the use of the 
trapezoidal load pulse model which tended to overestimate the bending moment response 
and (2) neglecting the damping of the steel components within the analyses. 
The RFs obtained through the parametric studies varied between 0.05 and 0.45, 
with most values less than 0.30. The RFs for the field-tested bolted and welded SSB MBJS 
of 0.1 and 0.08, respectively, fell within the range of the parametric studies, and were again 
near the lower edge of the scatter band. 
6.5.2 Development of Design DAF Equation 
To determine a mathematical function for representing the parametric study results, 
equations were fitted independently to the results extracted from the midspan and support 
points. Cubic polynomial functions and exponential functions were fitted to the parametric 
data using the built-in nonlinear curve-fitting capabilities of SigmaPlot, a commercially 
available statistical analysis software suite. The best fit was provided by an exponential 
function of the form: 
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 DAF = 𝑦0 + 𝑦1𝑒
−𝑦2
𝑡𝑑
𝑇𝐸𝑄 (6.12) 
where y0, y1, and y2 are the parameters for the curve fit. The final parameters and fitness 
measures are presented in Table 6-8, and the fits are presented along with their 95% 
prediction intervals (noted as upper and lower bounds) in Figure 6-33 and Figure 6-34 for 
the midspan and support results, respectively. The exponential curves matched the overall 
trend of the data (and the theoretical curve), with R2 values of 0.65 and 0.55 for the midspan 
and support results, respectively. The values of R2 were relatively low due to the large 
scatter in the results about the mean response. From the upper bound curves for the midspan 
and support location, a design equation was established by first identifying the upper bound 
which provided the larger values for DAF. The support DAF curve gave larger values for 
all DIPs. This upper bound curve was adjusted slightly, to encompass most of the 
parametric study results, and to round the parameters up to a single decimal place. The 
resulting design curve presented in Figure 6-35 is given by: 
 DAF = 1.5 + 4.5𝑒
−1.7
𝑡𝑑
𝑇𝐸𝑄 (6.13) 
This equation is valid for DIPs greater than or equal to 2.0. For larger DIPs (where 
the system essentially responds statically), the DAF approaches a value of 1.50, which is 
less than the current value for MBJS design specified in the LRFD BDS of 1.75. However, 
for systems having longer natural periods and/or subjected to shorter pulse duration, the 
DAF may be significantly higher than the current specified value. In particular, for MBJS 
having DIPs less than approximately 4 the DAF increases exponentially to 3.0 as the DIP 
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approaches 2. While the design equation is not valid for DIPs smaller than 2.0, the 
dimensions of the analyzed systems were largely based on the sizes of modern SSB MBJS, 
and as such, most modern systems are expected to have DIPs greater than 2.0. 
To determine the vehicle speeds that would produce for the smaller DIPs and larger 
DAFs, all results were replotted with differing symbols for each vehicle speed of 30 mph 
(48.3 km/h), 50 mph (80.4 km/h), and 70 mph (112.6 km/h), against the theoretical shock 
spectra for a SDF system. The results, presented in Figure 6-36, demonstrated that the 
highest DAFs occurred for vehicles travelling across the joint at 70 mph (112.6 km/h), as 
expected. As the vehicle speed increased, the pulse duration decreased and the DIP shifted 
to the left, which indicated higher DAFs would be expected in the response. 
6.5.3 Impacts of Results on Dynamic Design of Systems 
As discussed in Chapter 1, quantifying the dynamic response of SSB MBJS was 
especially important for their fatigue design. As the parametric study demonstrated, the 
magnification of stress ranges at critical details defined by the DAF varied depending on 
the dynamic response characteristics of the SSB MBJS. Currently, the DAF for MBJS 
design is specified as 1.75 in the LRFD BDS. This value was based on the results of field 
testing conducted under NCHRP Project 12-40. The maximum DAF measured during that 
study was 1.63, with a PAF of 1.32, and RF of 0.31, for a welded MSB system. The 
maximum DAF for the bolted SSB system tested in the study was 1.3, with PAF of 1.2 and 
RF of 0.1. The results of the parametric studies and design equation presented in this 
chapter showed that a wide range of DRFs was possible for SSB MBJS. According to the 
theoretical shock spectra, joints with even smaller DIP may have even larger DAFs; 
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however, no systems with a DIP of less than 2.0 were analyzed because they fell outside 
of the range of common designs. It is possible that the Anzac Bridge hybrid MBJS 
(basically two interlocked SSB systems) tested by Ancich et al. (2006) had a DIP within 
this range of less than 2.0, which lead to the extremely large DRFs measured during that 
study and presented in Chapter 1. The CB spans of that system were approximately 86 in. 
(2184 mm), which suggests a more flexible system than those analyzed in this study. 
However, this could not be mathematically corroborated given the limited information 
available in the published study regarding the geometry of the system. 
The design equation indicated that MBJS should be designed to produce a large 
DIP by increasing the system stiffness, which in turn would decrease DAF. As reported in 
NCHRP Report 402 (Dexter et al. 1997), a similar approach was suggested by 
Tschemmernegg for MSB systems. An increase in MBJS stiffness may be accomplished 
by increasing the depth and/or flexural rigidity of the CBs and SBs, and reducing their span 
lengths. For DIP greater than 4.0, however, there is not much benefit in stiffening the 
system for mitigating the dynamic response, as the proposed design DAF is practically 
constant at 1.5. 
Although the parametric studies were conducted for bolted SSB MBJS, the results 
would be equally applicable for welded SSB MBJS, which also require precompression of 
the CB-SB connection during assembly, and accordingly are expected to demonstrate 
similar behavior so long the connections remain compacted. Accordingly, the proposed 
design equation for DAF would apply for all SSB MBJS. 
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Table 6-1 Parameters Affecting Dynamic Response of MBJS 
Parameter Symbol Type Reasoning Dependent on? 
Number of CBs ncb Geometric 
Size, 
SB stiffness 
Independent 
Number of SBs nsb Geometric Size Independent 
CB Span Length Lcb Geometric CB stiffness Independent 
Initial CB-SB 
Precompression 
Gap 
dig Geometric CB-SB connection stiffness Independent 
Gap Opening gop 
Geometric, 
Loading 
Loading duration, 
SB stiffness 
Independent 
Vehicle Speed v Loading Loading duration Independent 
CB Section 
Properties 
bf 
tf 
dcb 
tw 
Geometric 
CB stiffness, 
CB mass 
Lcb 
CB Distribution 
Factor 
DF Loading Load magnitude bf 
SB Span Length Lsb Geometric SB stiffness bf, gop, ncb 
SB Section 
Properties 
bsb 
tfsb 
dsb 
twsb 
Geometric 
SB stiffness, 
SB mass 
Lsb 
Sliding Bearing 
Diameter 
db Geometric CB-SB connection stiffness bf 
Sliding Bearing 
Height 
hb Geometric CB-SB connection stiffness db 
Sliding Spring 
Diameter 
dsp Geometric CB-SB connection stiffness bf 
Sliding Spring 
Height 
hsp Geometric CB-SB connection stiffness dsp 
Stirrup Internal 
Height 
dst Geometric CB-SB connection stiffness dsb, hb, hsp, dig 
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Table 6-2 Dimensions and Properties of CBs for Different Span Lengths 
Lcb 
(in.)a 
Section Dimensionsb 
Section 
Properties 
dcb 
(in.) 
tw 
(in.) 
bf 
(in.) 
tf 
(in.) 
Sx
c
 
(in.3) 
Sy
d
 
(in.3) 
36 
Me: 5.00 0.50 3.25 0.75 9.61 2.66 
Df: 4.50 0.50 3.00 0.75 7.63 2.27 
42 
M: 5.50 0.50 3.50 0.88 12.85 3.60 
D: 4.90 0.50 3.25 0.75 9.26 2.66 
48 
M: 5.50 0.50 3.50 0.88 12.85 3.60 
D: 5.00 0.50 3.50 0.88 11.15 3.59 
54 
M: 5.50 0.50 3.50 0.88 12.85 3.60 
D: 5.00 0.63 3.75 0.88 12.05 4.14 
60 
M: 6.00 0.63 3.88 1.00 17.47 5.05 
D: 5.25 0.63 4.00 0.88 13.78 4.70 
66 
M: 6.00 0.63 3.88 1.00 17.47 5.05 
D: 5.50 0.63 4.25 0.88 15.63 5.30 
72 
M: 6.00 0.63 3.88 1.00 17.47 5.05 
D: 5.75 0.75 4.50 1.00 19.06 6.81 
Notes: 
a 1 in. = 25.4 mm 
b For more information on section dimensions, refer to Figure 6-1 and Table 6-1 
c Section modulus for major axis bending of CB 
d Section modulus for minor axis bending of CB 
e M: Manufacturer section 
f D: Designed section 
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Table 6-3 Dimensions and Properties of SBs for Different Number of 
CBs 
ncb 
Section Dimensionsa 
Sxsbb 
(in.3) dsb 
(in.)c 
twsb 
(in.) 
bfsb 
(in.) 
tfsb 
(in.) 
3 
Md: 5.00 0.50 4.00 0.88 12.66 
De: 5.00 0.50 4.00 0.88 12.66 
4 
M: 5.50 0.50 4.00 0.88 14.57 
D: 5.50 0.50 4.00 0.88 14.57 
5 
M: 5.75 0.50 4.00 0.88 15.55 
D: 6.50 0.50 4.00 0.88 18.55 
7 
M: 6.25 0.50 4.00 0.88 21.04 
D: 7.50 0.63 4.00 1.00 25.02 
9 
M: 8.50 0.63 4.00 1.00 29.99 
D: 8.75 0.63 4.00 1.00 31.27 
14 
M: 10.75 0.63 4.00 1.25 47.66 
D: 10.50 0.63 4.00 1.25 46.07 
Notes: 
a For more information on section dimensions, refer to Figure 6-1 and Table 6-1 
b Section modulus for major axis bending of SB 
c 1 in. = 25.4 mm 
d M: Manufacturer section size 
e D: Designed section size 
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Table 6-4 CB Distribution Factors as per AASHTO LRFD Bridge Design 
Specifications 
CB Flange Width (bf) Distribution Factor (DF) 
2.5 in. (or less) 0.50 
3.0 in. 0.60 
4.0 in. 0.70 
4.75 in. 0.80 
 
 
 
Table 6-5 Formulas for Dependent Parameters 
Parameter Symbol Formula 
SB Span Length Lsb = (𝑛𝑐𝑏 − 1)(𝑏𝑓 + 𝑔𝑜𝑝) + 2(1.5𝑏𝑓 + 𝑔𝑜𝑝) 
Sliding Bearing 
Diameter 
db = 0.75𝑏𝑓 
Sliding Bearing 
Height 
hb = 0.24𝑑𝑏 
Sliding Spring 
Diameter 
dsp = 0.75𝑏𝑓 
Sliding Spring 
Height 
hsp = 0.60𝑑𝑠𝑝 
Stirrup Internal 
Height 
dst = 𝑑𝑠𝑏 + ℎ𝑏 + ℎ𝑠𝑝 − 𝑑𝑖𝑔 
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Table 6-6 Parametric Study Values for Independent Parameters 
Parameter Value 1 Value 2 Value 3 Value 4 Value 5 Value 6 Value 7 
Number of 
CBs 
ncb 
2 4 7 10 15   
CB Span 
Length 
Lcb 
36 in. 
(910 mm) 
42 in. 
(1067 mm) 
48 in. 
(1220 mm) 
54 in. 
(1372 mm) 
60 in. 
(1524 mm) 
66 in. 
(1676 mm) 
72 in. 
(1829 mm) 
Initial Gap 
dig 
0.18 in. 
(4.5 mm) 
0.35 in. 
(9 mm) 
     
Gap 
Opening 
gop 
1 in. 
(25 mm) 
3 in. 
(76 mm) 
     
Vehicle 
Speed 
v 
30 mph 
(48 km/h) 
50 mph 
(80 km/h) 
70 mph 
(113 km/h) 
    
 
 
Table 6-7 Independent Variables for Determination of DIPs of Systems 
Field-Tested by Dexter et al. (1997) 
Parameter 
Joint 1: 
I70-I25 Flyover Ramp 
Bolted SSB MBJS 
Joint 2: 
Lacey V. Murrow Bridge 
Welded SSB MBJS 
LCB (in.)
a 66.0 46.4 
LSB (in.) 21.0 76.5 
ACB (in.
2) 6.75 9.13 
ASB (in.
2) 10.37 11.50 
ICB (in.
4) 27.51 60.57 
ISB (in.
4) 74.43 159.5 
bf (in.) 3.15 4.5 
v (mph)b 40 50 
Notes: 
a 1 in. =25.4 mm 
b 1 mph = 1.61 km/h 
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Table 6-8 Results of Curve-Fitting Procedures 
Parameter 
Midspan DAF 
Curve-Fit 
Support DAF 
Curve-Fit 
y0 1.2173 1.2617 
y1 9.5736 25.258 
y2 1.2124 1.6760 
R2 0.6487 0.5518 
SEEa 0.1151 0.1228 
Notes: 
a SEE = standard error of estimate 
  
 362 
 
Figure 6-1 Parameters affecting dynamic rsponse of MBJS 
 
Figure 6-2 Placement of wheels for CB design calculations  
Lcb 
ncb 
nsb 
gop 
Lsb 
dig 
db 
hb 
dsp 
hsp[ 
dst 
bf 
dcb 
tf 
tw 
DF × Pwheel 
Lcb 
DF × Pwheel 
Lcb Lcb 
72 in. 
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Figure 6-3 Applied load for design of SBs 
              ncb 
Lcb 
2 4 7 10 15 
36 in.    MJ13 MJ16 
42 in.   MJ9 MJ14 MJ17 
48 in.  MJ5 MJ10 MJ15  
54 in. MJ1 MJ6 MJ11   
60 in. MJ2 MJ7 MJ12   
66 in. MJ3 MJ8    
72 in. MJ4     
Figure 6-4 Partial factorial for number of CBs vs. CB span length  
RCB3 
RCB2 RCB4 
MSB 
Lsb 
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Figure 6-5 MBJS model MJ1 with: (a) gap opening of 1 in. and (b) gap 
opening of 3 in. 
 
Figure 6-6 MBJS model MJ17 with 15 CBs and 42 in. CB spans 
 
(a) (b) 
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Figure 6-7 Midspan DAFs as function of vehicle speed and CB span length for ncb = 2  
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Figure 6-8 Midspan DAFs as function of vehicle speed and CB span length for ncb = 4  
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Figure 6-9 Midspan DAFs as function of vehicle speed and CB span length for ncb = 7  
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Figure 6-10 Midspan DAFs as function of vehicle speed and CB span length for ncb = 10  
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Figure 6-11 Midspan DAFs as function of vehicle speed and CB span length for ncb = 15  
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Figure 6-12 Midspan PAFs as function of vehicle speed and CB span length for ncb = 2  
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Figure 6-13 Midspan PAFs as function of vehicle speed and CB span length for ncb = 4  
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Figure 6-14 Midspan PAFs as function of vehicle speed and CB span length for ncb = 7  
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Figure 6-15 Midspan PAFs as function of vehicle speed and CB span length for ncb = 10  
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Figure 6-16 Midspan PAFs as function of vehicle speed and CB span length for ncb = 15  
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Figure 6-17 Midspan RFs as function of vehicle speed and CB span length for ncb = 2  
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Figure 6-18 Midspan RFs as function of vehicle speed and CB span length for ncb = 4  
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Figure 6-19 Midspan RFs as function of vehicle speed and CB span length for ncb = 7  
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Figure 6-20 Midspan RFs as function of vehicle speed and CB span length for ncb = 10  
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Figure 6-21 Midspan RFs as function of vehicle speed and CB span length for ncb = 15
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Figure 6-22 Variation in DAF as a function of CB span length for SSB 
MBJS with 4 CBs, a gap opening of 1 in. (25.4 mm), and a precompression 
gap of 0.18 in. (4.5 mm) for differing vehicle velocities 
 
Figure 6-23 Variation in DAF as a function of vehicle velocity for SSB 
MBJS with 4 CBs, a gap opening of 1 in. (25.4 mm), and a precompression 
gap of 0.18 in. (4.5 mm) for differing CB span lengths  
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Figure 6-24 Variation in DAF as a function of CB span length for SSB 
MBJS with 4 CBs, a precompression gap of 0.35 in. (9.0 mm), and a vehicle 
velocity of 50 mph (80 km/h) for differing gap openings 
 
Figure 6-25 Variation in DAF as a function of CB span length for SSB 
MBJS with 4 CBs, a gap opening of 1 in. (25.4 mm), and a vehicle velocity of 
70 mph (113 km/h) for differing precompression gaps  
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Figure 6-26 Variation in PAF, RF, and DAF as a function of CB span 
length for SSB MBJS with 2 CBs, a gap opening of 3 in. (76.2 mm), a 
precompression gap of 0.18 in. (4.5 mm), and a vehicle velocity of 70 mph 
(113 km/h) 
 
Figure 6-27 Variation in PAF, RF, and DAF as a function of CB span 
length for SSB MBJS with 2 CBs, a gap opening of 3 in. (76.2 mm), a 
precompression gap of 0.18 in. (4.5 mm), and a vehicle velocity of 30 mph 
(113 km/h)  
 383 
 
Figure 6-28 Simplified MBJS model for generalized SDOF analysis  
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Figure 6-29 Midspan PAF vs. DIP from parametric analyses compared to 
theoretical PAF from SDF system subjected to a trapezoidal pulse 
 
Figure 6-30 Midspan RF vs. DIP from parametric analyses compared to 
theoretical RF from SDF system subjected to a trapezoidal pulse  
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Figure 6-31 Midspan DAF vs. DIP from parametric analyses compared to 
theoretical DAF from SDF system subjected to a trapezoidal pulse 
 
Figure 6-32 DAF vs. DIP from parametric analyses compared to 
theoretical DAF from SDF system subjected to a trapezoidal pulse and field 
data from Dexter et al. (1997)  
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Figure 6-33 Exponential curve fit for midspan DAFs 
 
Figure 6-34 Exponential curve fit for support DAFs  
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Figure 6-35 DAF design curve based on parametric analysis results 
 
Figure 6-36 DAF vs. DIP for all analyses categorized by vehicle speed 
𝐷𝐴𝐹 = 1.5 + 4.5𝑒
−1.7
𝑡𝑑
𝑇𝐸𝑄  
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7. CONCLUSIONS AND RECOMMENDATIONS 
The research presented in this dissertation evaluated the fatigue performance and 
dynamic behavior of SSB MBJS. The infinite life fatigue resistance of the bolted SSB 
MBJS, with primary focus on the CB-SB bolted stirrup connection detail, was established 
based on laboratory testing of 14 full-size specimens. Static tests were performed to assess 
the behavior of these systems. Material models for the polymeric components within the 
CB-SB connections were developed. Detailed linear and nonlinear analyses of spring 
assemblage and FEA models were conducted to understand the behavior of the SSB MBJS 
and the bolted CB-SB connection under both static and dynamic loading. These analyses 
were corroborated by laboratory and field test results. In addition, parametric FEAs were 
performed to quantify the dynamic response characteristics of SSB MBJS for joints of 
different sizes and service conditions. The parametric study results were synthesized to 
develop DAFs for design of these structures. Based on the outcomes of this study, 
guidelines were developed for cost-effective fatigue resistant design of SSB MBJS. The 
conclusions and recommendations are presented in the following for each aspect of the 
study, and future research work on SSB MBJS is recommended. 
7.1  Experimental Studies 
The experimental studies conducted as part of this dissertation included static and 
fatigue tests of full-scale SSB MBJS assemblies, tested in accordance with Appendix A19 
in the third edition (2010) of the LRFD BCS. Static tests confirmed that the CBs behaved 
as a continuous beam support on the SBs, as was observed in previous studies. Specimen-
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to-specimen variation in the static test results was observed, which was attributed to 
variations in the material behaviors of the polymeric components and the precompression 
gap used in the joint assembly. These variations were reduced by standardizing the 
precompression gap and the supplier of the polymeric components. By increasing the 
precompression gap, the compressive preload in the sliding bearings and sliding springs 
increased, causing a stiffer response of the system to loading. Minor nonlinearity and creep 
deformation were also noted in the measurements, particularly in the deflections of the 
CBs, which was attributed to the nonlinear hysteretic material behavior of the polymeric 
components within the CB-SB connections. 
The fatigue test results established the infinite life fatigue resistance of the bolted 
CB-SB connections in SSB MBJS as that of Category B, or a CAFT of 16 ksi (110 MPa), 
when polymeric sliding bearings and sliding springs similar to those used in the specimens 
are provided, precompression of the sliding bearings and sliding springs was maintained, 
the bolts were pre-tensioned to 80% of the yield stress, and uniform clamping force 
between the stirrup and CB was maintained. Strain measurements during static loading for 
the bolts within the CB-SB connection showed that only small strain ranges occurred in 
the prestressed bolts, indicating these connections behaved similarly to conventional 
pretensioned bolted connections. At least 10 instances of each fatigue-critical detail (except 
the field splices which experienced recurring cracking and the NRP-to-CB connection that 
was not tested as a load-carrying attachment) endured 6×106 load cycles without any 
fatigue cracking, suggesting adequate long-life fatigue performance of the bolted SSB 
MBJS without field splices. 
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Static and fatigue tests were also conducted where the polymeric components 
within the CB-SB connections were replaced with steel discs. Static test results 
demonstrated large changes in structural behavior of the SSB MBJS and the bolted CB-SB 
connections, and fatigue fracture of the bolts in the CB-SB connections during the fatigue 
tests precipitated within a limited number of fatigue cycles. Conversely, no bolts failed 
when the polymeric components were used. 
7.2 Material Characterization of Polymeric Components 
The experimental studies demonstrated that the behavior of the polymeric 
components contributed significantly to the behavior of the SSB MBJS. Compressive 
stress-strain data and indentation test data demonstrated that both the sliding bearing and 
sliding spring exhibited nonlinear stiffening behavior with hysteresis and rate-dependence. 
A combination of the van der Waals hyperelastic model (Kilian 1981) and Bergstrom-
Boyce (1998) hysteresis model was effective for modeling the natural rubber sliding spring. 
A combination of the Marlow (2003) hyperelastic model and linear viscoelasticity was 
effective for modeling the sliding bearings, which were constructed of Nylatron GSM 
thermoplastic. The study demonstrated that the material model parameters could be 
established using genetic optimization algorithms and nonlinear curve-fitting of test data. 
The simulated material response correlated well with the test data, but 
overestimated the hysteresis for lower strains and underestimated the hysteresis for higher 
strains. In the strain range of interest for this study however, the models captured the 
experimental response reasonably well, and captured the essence of the material behavior 
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through a large range of strains and strain rates. Both models were later used effectively in 
larger models of SSB MBJS. 
In addition, the numerical studies and experimental data demonstrated that the 
stiffnesses of both the sliding bearing and sliding spring at the expected strain rates 
experienced by these components in-service were much less than the stiffness of steel 
material, in contrary to what was postulated by Dexter et al. (1997). This further reinforced 
the observation that the behavior of the CB-SB connection is significantly modified and 
the fatigue resistance of the connection is reduced when polymeric components within the 
CB-SB connection are replaced by steel discs. 
7.3 Simulation of MBJS Behavior under Static Loading 
7.3.1 Simple Analysis Models 
Review of three simple analysis models for modeling the behavior of the CB 
including one simply supported continuous beam model (as recommended by Appendix 
A19 of the LRFD BCS) and two elastically-supported continuous beam models, all 
supported at the SB locations revealed that including support deflection at the SB locations 
was essential for accurately predicting the stresses in the CBs. The best correlation with 
experimental results was provided by the third model, which contained rotational and 
translational springs at each support point whose stiffnesses could be adjusted so that the 
predicted response closely matched the experimental response. For modeling the horizontal 
response, a simply supported continuous beam was used for all models, contrary to the 
coplanar frame recommended by LRFD BCS Appendix A19, which was intended for MSB 
systems and did not represent the physical behavior of SSB systems.  
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7.3.2 Three-Dimensional Finite Element Analyses 
Finite Element Analyses of two three-dimensional solid-element models of the 
tested SSB MBJS with differing levels of sophistication showed good correlation with the 
experimental responses. The second model, which included the assembly processes and the 
nonlinear material behavior of the polymeric components, was also able to capture the 
hysteretic response observed in the specimens. 
7.3.3 Behavior of Bolted CB-SB Connections 
The behavior of the CB-SB connections under vertical and horizontal loading and 
different precompression gaps was investigated using spring-assemblage models and 
FEAs. The results revealed that the precompression gap had the largest impact on the 
behavior of the connection. When the precompression gap was less than 0.45 in. (11.5 
mm), the connection accommodated load by variation of the forces in the sliding bearing 
and sliding spring, and almost no changes in force were experienced by the bolts or the 
stirrup. For larger precompression gaps, the stirrups were not fully contacting the bottom 
of the CB (increasing the possibility of cracking from the bolt holes in the CB), and the 
stirrups and bolts underwent larger force changes that could cause their fatigue cracking. 
As such, limiting the precompression gap is beneficial for the fatigue resistance of the CB-
SB connections. 
The behavior of the CB-SB connections when the polymeric components were 
replaced with steel discs was largely similar, but with a much smaller limiting 
precompression gap of 0.06 in. (1.5 mm). Accordingly, it was practically difficult to 
achieve a full and uniform contact between the CB and the stirrup. In addition, prying of 
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the bolts due to localized rotation of the stirrup feet can introduce large bending stresses in 
the bolts. Additional prying and bending can be introduced by horizontal loading. This 
localized bending of the fasteners likely precipitated the rapid fatigue-fracture of the bolts 
during the experimental studies. 
7.4 Simulation of SSB MBJS under Dynamic Loading 
7.4.1 Development of Load Pulse Models for Impact Loading on CBs 
As part of determining an appropriate method for simulating impact loading on CBs 
prior to performing the dynamic analyses, two different load pulse models were developed. 
The trapezoidal load pulse model was derived through convolution of an assumed uniform 
wheel contact pressure distribution with a rectangular function representing wheel-to-CB 
contact. The Direct Equilibrium Method (DEM) load pulse model was derived using a 
tributary area approach in which the DF was calculated for each time step as the amount of 
wheel contact with a CB divided by the total area of the wheel contacting all components. 
For smaller gap openings, the DEM pulse was approximately the same as the trapezoidal 
pulse. For larger gap openings, the DEM pulse approached a more triangular shape, and 
the trapezoidal pulse provided a reasonable approximation of the DEM pulse in terms of 
the two models imparting equal impulse. 
7.4.2 Dynamic Time-History Analyses of Field-Tested System 
The I70/I25 Flyover Ramp SSB MBJS as field-tested by Dexter et al. (1997) was 
dynamically analyzed using three models of differing complexity: the BE (beam element) 
model, the SE (solid element) model, and the EBE (enhanced beam element) model. The 
EBE model was a combination of the BE and SE models which included the simulation of 
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assembly and the nonlinear behaviors of the polymeric components while simultaneously 
reducing the computational expense by using beam elements for most components. 
The results of the three analyses were similar, demonstrating that all three models 
could successfully capture the vertical response of the SSB MBJS. This also suggested that 
the sophistication of the SE model was not necessary. For vertical load with horizontal 
curve effects, the models captured the overall field response, but with a few key differences 
such as the presence of a double hump response during the pulse loading (i.e.,vibration 
during the sustained portion of the trapezoidal load pulse model) and a higher predicted 
natural frequency of the system. These differences between the analyses and the measured 
field responses were attributed to modeling assumptions, e.g., the assumed stiffnesses of 
the polymeric components and the choice of the trapezoidal load pulse to simulate the 
wheel loading. While the triangular pulse provided the best correlation with the field data, 
the trapezoidal pulse generally bounded the response of all investigated pulses, and 
provided conservative estimates of the bending moment within the CB. As such, the 
trapezoidal pulse was used to represent the dynamic impact loading throughout the 
remainder of the dynamic studies. 
For horizontal load, the results of the three analyses showed differing degrees of 
the sliding of the CBs along the SBs. The BE model was not capable of exhibiting sliding 
response (as the CBs were directly connected to the SBs), and so the response consisted of 
an initial pulse followed by free vibration about the unloaded position. For the SE model, 
sliding of the CBs resulted in residual horizontal displacement relative to their initial 
position. The EBE model results indicated a mixture of the two responses, i.e., some 
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element of sliding and some element of oscillation, both with less overall magnitude of 
sliding or oscillation than the SE or BE models, respectively. By trial-and-error adjustment 
of the frictional force at the CB-SB connections, the results of the EBE model were able to 
more closely match the results of the SE model, which indicated that the friction between 
the sliding bearings/sliding springs and the SB had a significant impact on the amount of 
sliding that occurred. This sliding significantly reduced the horizontal bending moment at 
the CB-SB connection as compared to a rigidly supported CB in the horizontal direction, 
and is beneficial to the fatigue performance of the connection. Thus, a horizontal load equal 
to 20% of the vertical load, as recommended by the current Appendix A19 in the LRFD 
BCS, is likely to be conservative for SSB systems. However, this siding response depends 
on many factors, including the amount of horizontal force applied to the system and the 
frictional resistance of the CB-SB connections against sliding, and would be difficult to 
ascertain without further field observations. 
7.5 Parametric Dynamic Analysis for Determining Dynamic Response Factors 
Parametric three-dimensional dynamic time-history FEAs of SSB MBJS models 
(similar to the EBE model discussed above) were performed to determine the typical 
Dynamic Response Factors (DRFs) for SSB MBJS as a function of the joint size, the 
operating conditions, and the vehicle speed. A factorial parametric study was designed 
which included: 17 different SSB MBJS (different combinations of typical span lengths 
and section sizes based on manufacturer drawings); two joint gap openings; two 
precompression gaps for CB-SB connection assembly; and three vehicle speeds, for a total 
of more than 200 simulations. The results were synthesized using a Dynamic Interaction 
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Parameter (DIP), which was defined as the pulse duration (including the effects of the 
vehicle speed and the joint characteristics) divided by the equivalent natural period of a 
generalized single-degree-of-freedom representation of the SSB MBJS. 
The DAFs obtained from the parametric simulations plotted against the respective 
system DIPs correlated well with available field measurements and the theoretical response 
of a SDF mass-spring system to a trapezoidal pulse loading (shock spectrum). This 
indicated that the derived DIP for SSB MBJS was effective in synthesizing the variation 
of DAF as a function of the system parameters and operating conditions. The SSB MBJS 
shock spectrum (DAF vs. DIP) indicated that many systems having large DIPs (greater 
than 3) would have DAFs of 1.1 to 1.5, less than the currently specified DAF in the LRFD 
BDS of 1.75. However, DAFs as high as 2.3 can result for flexible systems with smaller 
DIPs (between 2 and 3), larger than the currently specified value. 
7.6 Specification Revisions 
The results of the experimental and analytical studies revealed a few shortcomings 
with the testing and design specifications for SSB MBJS, Appendix A19 of the LRFD BCS, 
and Section 14.5.6.9 of the LRFD BDS. Recommendations were made for revising the 
specifications to address these shortcomings as summarized below. 
1. The minimum fatigue resistance of bolted CB-SB connections in SSB MBJS 
should be increased to Category B, equivalent to a CAFT of 16 ksi (110 MPa), 
as was demonstrated by the experimental studies performed herein. Currently, 
the specifications limit the resistance to these connections to a maximum of 
Category D, a CAFT of 7 ksi (48 MPa). 
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2. Appendix A19 of the LRFD BCS should contain a more rational procedure for 
choosing the duration of infinite life testing, as was done for the experimental 
studies herein by using a statistical assessment. Currently, LRFD BCS 
Appendix A19 requires that tests be conducted for longer than 200,000 cycles 
in the finite life regime, and there are no requirements for infinite life testing. 
The procedure established in this study consisted of testing each of 10 
specimens to 2Nmin cycles, where Nmin was defined as the number of cycles 
where the predicted CAFT for the detail category intersected with the finite-life 
S-N curve for that detail. This allowed 10 data points to be plotted above the 
mean fatigue resistance curve of the detail. If the actual detail category was the 
same as the projected detail category but had a lower CAFT than associated 
with that category, then five out of the ten details (half) would have cracked (on 
average). If the actual detail category was lower than projected detail category, 
cracking will be more evident, i.e., on average more than five out of the ten 
details would have cracked. 
3. Appendix A19 in the LRFD BCS currently requires that SSB MBJS are tested 
with at least three CBs, when only the interior CB is loaded during testing. This 
is likely due to the possibility of interaction effects between the CBs through 
the EDs. For the study herein, it was determined analytically that the EDs 
transferred negligible force between CBs. As such, the tests could have been 
performed with only the interior CB, making for easier inspection of the loaded 
interior CB. Accordingly, the specifications should be revised to allow single 
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or multiple CB specimens based on the behavior of the specimen being tested. 
For example, a system with more rigid EDs may require a multiple CB 
assembly, whereas more flexible EDs would permit a single CB assembly. 
4. As per the current edition of LRFD BCS Appendix A19, the stresses from a 
verified structural analysis model of the CB may be used in reporting stress 
ranges for fatigue tests, and the analytical model is considered verified when 
the predicted stresses are within ±25 percent of the measured stresses. 
Discussion in Chapter 4 demonstrated that it was possible under LRFD BCS 
Appendix A19 to misclassify a fatigue detail due to the relatively large 
allowable deviation of ±25 percent. Accordingly, it is proposed that LRFD BCS 
Appendix A19 be modified to show a preference for reporting results based on 
the experimental stress ranges rather than analytical predictions. In addition, it 
would also be prudent to update the suggested analytical model and tolerance 
so that the analytical prediction shows a higher accuracy when it is necessary 
to use a prediction in reporting the results. As part of this work, a generalized 
model of the CB was established which contained rotational and translational 
springs at each support point, whose stiffnesses were adjusted to provide a good 
correlation with the experimental results. This model along with a fixed 
tolerance of ±2 ksi (13.8 MPa) for verification is proposed for the specifications 
to provide a method for more accurate prediction of specimen stress ranges. 
5. As discussed previously, the replacement of the polymeric components with 
steel discs within the CB-SB connections caused large changes in the behavior 
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of the system, as well as a reduction in the fatigue resistance of the connection. 
As such, it is proposed that proper warnings be placed in LRFD BCS Appendix 
A19 regarding this practice when it pertains to SSB MBJS. While this practice 
may not be an issue for determining the fatigue resistance of MSB MBJS (as 
they do not use polymeric components in their CB-SB connections), the results 
of this study thoroughly demonstrated that the practice should not be permitted 
for SSB MBJS. 
7.7 Contributions of Research Work 
Through this dissertation, a thorough understanding of the fatigue resistance and 
dynamic behavior of SSB MBJS was obtained. The improved Category B CAFT of the 
bolted CB-SB connections used in some SSB systems will allow manufacturers to produce 
a more fatigue resistant system at lower cost. The analytical studies of the CB-SB 
connection have provided a thorough understanding of the behavior of this connection 
through multiple loading stages, and will allow for more efficient design of the connection 
for fatigue loading. The dynamic studies established the variation in dynamic response with 
different geometric arrangements of SSB MBJS, which will also be used to design more 
efficient SSB MBJS. Finally, the work within has already influenced MBJS specifications, 
with many of the suggested changes having already been implemented in the upcoming 
editions of the LRFD BDS and LRFD BCS. These changes promote more fatigue resistant 
and durable SSB MBJS with lower life cycle cost than previous systems. 
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7.8 Suggestions for Future Work 
Further fatigue testing should be performed to establish a more fatigue-resistant 
detail for the full-depth field splices of the CBs, particularly the clamp plate transverse 
splice detail. In addition, the NRP detail was tested only as an attachment to the CB, and it 
is believed that direct impact loading from vehicle tires would be the most severe loading 
subjected to the NRP. The NRP should be tested in conditions simulating direct impact. 
The load pulse models used to simulate wheel impacts on CBs within SSB MBJS 
should also be investigated further. A realistic determination of these load pulses would 
require the consideration of many factors, including the flexibility of the CBs within the 
SSB MBJS, the dynamic characteristics of the truck suspension and ties, and the 
distribution of the tire contact pressure over the discontinuous surface formed by the gaps 
between the CBs. 
The horizontal dynamic response of MBJS should also be studied in greater detail. 
Analyses conducted in Chapter 5 indicated that the horizontal response of the CBs in SSB 
systems is a complex matter, with varying behaviors depending on whether sliding of the 
CBs occurs, and the overall magnitude of the sliding. However, the horizontal loading 
imparted to MBJS by vehicles is difficult to simulate, and more field testing is necessary, 
particularly determining the parameters leading to whether or not the sliding occurs. This 
sliding has the potential (as shown in Chapter 5) to reduce the horizontal moment in the 
CB, which in turn would lower the stress ranges at the fatigue critical details. As such, 
future work should concentrate on the analysis and field testing of horizontal response of 
SSB systems. 
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The analytical design equation for the DAFs of SSB MBJS should also be 
corroborated through the field-testing of SSB MBJS with different DIPs. While the limited 
available field data correlates well with the analytical results, more data is required to 
demonstrate that the analytical approach derived within this work can be successfully used 
for dynamic and fatigue design of SSB MBJS. 
Finally, the time-dependent deterioration of the polymeric components should also 
be investigated. As the components are repeatedly loaded and subjected to environmental 
factors such as moisture and temperature changes, they are likely to lose precompression, 
which is detrimental to the fatigue performance of the bolted CB-SB connection and could 
change the dynamic behavior of the SSB MBJS. 
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APPENDIX A DETAILED LITERATURE REVIEW 
Several studies have been conducted to investigate the dynamic behavior and 
fatigue performance of MBJS. These studies and their relevance to this dissertation are 
discussed in the following sections. 
A.1 Romack – FHWA Surveys 
Federal Highway Administration (FHWA) studies were initiated in 1983 to 
evaluate the durability of bridge expansion joints. These studies (Romack 1990, Romack 
1992) included field inspections of 136 MBJS (among various other types of joints). The 
majority of the evaluated systems were MSB systems; however, some SSB systems were 
included as well. Both aluminum and steel systems were included. The performance of 
each joint was rated in the following categories: (1) extent of surface damage; (2) condition 
of hardware (CBs, SBs, connections, etc.); (3) extent of debris accumulation; and (4) 
sufficiency of water control. Bridge owners were also interviewed regarding their 
experiences with MBJS. 
The inspection results indicated that most MBJS were functioning as intended. 
However, some joints exhibited cracked welds and failed connections, and others exhibited 
failure of elastomeric seals. Damage was more common in aluminum systems than in steel 
systems; however, cracked welds were observed in the large steel SSB system inspected in 
Washington State. This system was later investigated in detail by Roeder (1993, 1995) as 
presented later. The results of interviews with bridge owners revealed that most owners 
were concerned with the quality of the joints and the lack of specifications tailored 
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specifically to MBJS. They also recommended further research into MBJS as well as the 
establishment of design and testing specifications to ensure the production of durable 
systems. 
This study was the first to quantify the durability issues with MBJS, and it also 
triggered comprehensive studies into the fatigue resistance of MBJS. 
A.2 Tschemmernegg – University of Innsbruck, Austria 
The first fatigue design procedure for MBJS was developed by Tschemmernegg 
(1991) in Europe using experimental and analytical studies on MSB systems. The study 
aimed to eliminate some of the past durability problems with MBJS due to fatigue and 
consisted of (1) determination of design loads, (2) investigation of load paths, (3) 
computation of stresses at the fatigue-critical connection details, and (4) establishment of 
the fatigue resistances of the critical components. Stresses at the critical details were 
measured within an MSB system during laboratory testing, and under controlled and 
uncontrolled loads in the field. From these measurements, the typical loads applied to MSB 
systems by crossing vehicles were determined and conservative design loads were 
established. To determine the fatigue resistance of the welded CB-SB connections against 
cracking from the CB-to-SB weld throat, from the weld toe into the CB, and from the weld 
toe into the SB, three separate types of full-scale specimens each consisting of a portion of 
a CB welded to a small portion of an SB were tested in the finite life regime. 
Stress ranges of 27.3 ksi (188 MPa), 17.2 ksi (119 MPa), and 11.5 ksi (79.3 MPa) 
were applied at the potential crack initiation locations for throat cracking, CB toe cracking, 
and SB toe cracking, respectively. Four replicate specimens were tested for throat cracking, 
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and two replicate specimens each were tested for cracking from the weld toes into the CB 
or SB. The fatigue limit for each of the cracking modes was estimated from the finite life 
test results using the existing Eurocode procedure, which involved: (a) fitting a line with 
slope of negative one third through the available test data; (b) extending this line to the 
CAFT at 5×106 cycles; and (c) extending a line with slope of negative one fifth from this 
point to the variable amplitude fatigue limit at 100×106 cycles. The CAFTs thus estimated 
were 9.9 ksi (68 MPa), 6.1 ksi (42 MPa), and 4.5 ksi (31 MPa) for cracking through the 
weld throat, at the weld toe into the CB, and at the weld toe into the SB, respectively. The 
determined values corresponded roughly with the CAFTs of Category C, D, and E details 
respectively within the BDS. The specimens were loaded particularly to produce the 
desired cracking mode, and therefore did not fully replicate the expected in-service stress 
state. As such, the established fatigue resistance did not necessarily represent the fatigue 
resistance of the joints in service. 
Using the fatigue resistance and design stress ranges, a design procedure was 
established based on the Eurocode 3 procedure for infinite life. The basic design equation 
was given as 
 
∆𝜎𝑚𝑎𝑥
2
≤ ∆σ𝑅 (A-1) 
where ∆𝜎𝑚𝑎𝑥 is the stress range caused by the design loads established earlier in the study, 
and ∆𝜎𝑅 is the CAFT. This equation matches the current infinite life design equation in the 
AASHTO LRFD BDS. 
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Using the design equation and experimentally-determined fatigue resistances, the 
following limits were placed on the dimensioning of the MSB systems so that the stress 
ranges were below the CAFT at the critical details. First, the welded connection at a 
minimum was to consist of two. 5/8 in. (16 mm) welds 2
3/16 in. (56 mm) in length, which 
were fully penetrated. Second, for a rectangular CB section of 7.87 in. (200 mm) by 1.50 
in. (38.1 mm), the span could not exceed 48 in. (1.2 m). If these guidelines were violated, 
the MBJS would experience fatigue cracking as per the design procedure. 
This work reflected the first interest in enhancing the fatigue durability of MBJS, 
and established the first fatigue design procedure for MBJS. The testing and design 
procedures developed during the study formed the basis for many later studies into the 
fatigue resistance of MBJS. This study however focused on MSB systems, and did not 
include the determination of fatigue resistances for typical details in SSB systems. 
A.3 Roeder – University of Washington, USA 
The most well-known case of fatigue cracking of MBJS in the United States was in 
the welded SSB systems installed for the Third Lake Washington Bridge near Seattle, 
Washington. These systems, the largest produced up to that time, were designed using the 
Tschemmernegg procedure discussed above. The cracking originated from the weld toe of 
the CB-stirrup welded connections and either fractured the stirrup or propagated into the 
CB. For these systems, the typical rolled or built-up CB sections were substituted with 
tubular sections due to “Buy American” federal bridge construction requirements. Roeder 
(1993) determined that the primary cause of the fatigue cracking was the increased 
secondary deformations and resulting increased local stresses in the tube-to-stirrup 
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connection. Based on a three-dimensional (3D) static beam element analysis without 
considering secondary effects, this study, however, concluded that the cracking would have 
still occurred if the originally intended sections were used, as the calculated stress ranges 
were higher than those determined from the Tschemmernegg design procedure assuming 
the welded stirrup detail as Category E. In addition, Roeder conducted dynamic modal 
analysis using the same 3D beam element model used for the static analysis. The analysis 
showed many closely spaced modes with small participating masses, indicating that many 
modes were to be considered for accurate representation of the system dynamic response. 
The analysis also revealed separate modes for horizontal and vertical excitation, 
corresponding to horizontal or vertical bending of the CBs. 
For investigating the effects of the dynamic response on the stress ranges and 
therefore the fatigue durability, a shock spectrum for the system was developed. For 
development of the shock spectrum, the wheel impact loading was assumed as a triangular 
pulse, with the pulse duration equal to twice the CB spacing divided by vehicle velocity.  
Based on observation, it was postulated that the loading function would increase linearly 
from zero to a maximum as a wheel rolled onto the CB flange, and then decrease linearly 
from this maximum to zero as the wheel rolled off the CB. When compared with the natural 
periods resulting from the analysis models and the crossing vehicle speed, the shock 
spectrum analysis demonstrated that significant amplification of stresses would be likely. 
Field measurements conducted on the system to determine the dynamic properties 
of the joint (Roeder 1995) showed similar periods of vibration for both the primary vertical 
and horizontal modes which were within the ranges predicted by Tschemmernegg from 
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field measurements (Tschemmernegg 1991) and the results of the previous modal analyses 
(Roeder 1993). The vertical and horizontal responses often occurred in-phase, indicating 
that the stress ranges predicted by a uniaxial beam bending analysis may be unconservative 
compared to a biaxial beam bending analysis under some percentage of horizontal load in 
addition to the vertical load. In addition, damping ratios for vertical modes were estimated 
within 6 to 13% of critical. Under uncontrolled traffic flow, multiple loads exceeding the 
design loads outlined by Tschemmernegg were detected, suggesting that the design loads 
established by Tschemmernegg were not applicable in the United States, or not applicable 
to the SSB system type. 
The fatigue cracking of these large joints after such a short in-service period 
highlighted the need for more comprehensive research regarding the fatigue design and 
resistance of MBJS. It was also the first study that examined the dynamic behavior of 
MBJS and its effects on the fatigue resistance. It was due to the preliminary results of this 
study that the first comprehensive research projects on improving the fatigue resistance 
and durability of MBJS were initiated by the Transportation Research Board, as discussed 
in the next section. 
A.4 Dexter et al. – Lehigh University and University of Minnesota, USA 
The first comprehensive study assessing the dynamic behavior and fatigue 
resistance of MBJS was conducted by Dexter et al. (1997) under NCHRP Project 12-40, 
which was initiated following the fatigue cracking in the Third Lake Washington Bridge 
MBJS. This study, reported in NCHRP Report 402, included field measurements and 
laboratory testing of both SSB and MSB systems. The primary goal of the field 
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measurements was to determine the vertical and horizontal loads imparted on the MBJS, 
and particularly at each CB, by vehicles traversing the joint. Four in-service joint systems 
including two MSB, one bolted SSB, and one welded SSB system were instrumented and 
monitored under controlled static and dynamic loads and uncontrolled traffic. The study 
revealed PAFs of 1.1 to 1.3 with RFs of approximately 0.08 to 0.09 for most systems. For 
one MSB system, the RF was 0.31, indicating a very large rebound response. The PAF and 
RF for the SSB system were estimated as 1.2 and 0.09, respectively. Additionally, the 
horizontal-to-vertical load ratios (HVLRs) for trucks traversing the joint either at steady 
speeds or braking heavily ranged from 6 to 17% and 39 to 65%, respectively. Like Roeder 
(1995), the researchers noted that the horizontal response was most often in-phase with the 
vertical response, indicating that simultaneous horizontal and vertical loads should be 
considered during the design process. The load spectrum obtained from the uncontrolled 
field measurements indicated that the maximum stress ranges encountered were 
comparable to those detected during the controlled tests. However, the systems were 
instrumented in regions under lighter traffic lanes for limited interruption to traffic flow 
during the controlled testing, and consequently the maximum stress ranges measured in 
these locations may not have represented the true maximums encountered in regions of the 
joint under more heavily traveled lanes. 
To determine the fatigue resistance of common MBJS details, Dexter et al. (1997) 
tested 17 full size specimens in the laboratory, comprising 11 MSB systems and 6 bolted 
SSB systems. No welded SSB systems were tested. Three types of cracking were observed 
at the CB-SB welded connection within the MSB systems corresponding to the three 
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predicted failure modes previously documented by Tschemmernegg. The specimens were 
subjected to stress ranges between 12 ksi (83 MPa) and 50 ksi (345 MPa), with the failure 
occurring between 200,000 and 2×106 cycles. For complete joint penetration (CJP) groove-
welded CB-SB connections, the lower bound fatigue resistance (calculated as the mean S-
N curve minus two standard deviations) corresponded best with AASHTO Category D 
against all cracking modes. However, the researchers believed Category D was too 
conservative for the connection detail, as the few data points falling below the Category C 
curve were terminated early due to slow crack growth. As such, the CJP groove-welded 
connections were classified as Category C. 
Fatigue cracking observed within the SSB systems originated at the bolt holes of 
the bolted CB-SB stirrup connection or the bolted equidistant device connection and 
propagated into the CB. The test stress ranges at these locations exceeded 25 ksi (170 MPa), 
causing rapid fatigue crack growth. However, the researchers also noted difficulty 
developing fatigue cracks at stress ranges of about 10 ksi (69 MPa), implying that the 
CAFT of the connection was higher than that of AASHTO Category D, or 7 ksi (48 MPa). 
The lower bound to the fatigue cracking classified the bolted CB-to-stirrup connection and 
bolted equidistant device connection as Category D in the finite life regime. This finding 
is consistent with the fatigue resistance of non-pretensioned bolted connections. The 
assembly procedures for these connections including bolt tightening were unspecified, and 
therefore the level of pretension in the bolts is unclear. Additionally, the sliding bearings 
and sliding springs within the systems were replaced with equivalently sized steel discs to 
avoid heating and deterioration of these components during the accelerated fatigue testing. 
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It was postulated that the rigidity of the springs under the impact loading of vehicles 
crossing the MBJS, i.e. a very high loading rate, would be similar to steel, and subsequently 
the stress response and fatigue cracking mode would be like that observed in service. 
However, the postulated steel-like rigidity of the polymeric and elastomeric components 
was never verified, and as such the response of the tested connection may not have reflected 
the actual response. 
The study found that most fatigue cracking problems with MBJS were caused by 
the underestimation of the dynamic response, the use of poor fatigue details, and the use of 
substandard installation procedures. Field tests revealed a maximum DAF of 1.63 
(measured in a MSB system), a maximum HVLR under normal driving conditions (no 
extreme braking) of 22%, and that the maximum stress ranges under typical traffic were 
less than 7 ksi (50 MPa). The fatigue tests indicated the welded CB-SB connections in 
MSB systems had a fatigue resistance of Category C, and bolted CB-SB connections in 
SSB systems had a fatigue resistance of Category D. 
While the study provided a design basis for the future use of MSB systems, only 
limited test results were presented for the SSB systems, where many of the relevant details 
related to test setup, specimen installation, test procedure, and the observed fatigue 
cracking were not reported. Additionally, fatigue tests for both MSB and SSB specimens 
were conducted in the finite life regime, and infinite life regime resistance was not 
established. While a CAFT may be assumed based on the finite life fatigue category of a 
detail, the actual CAFT of the detail may be consistent with a different detail category, e.g. 
the CAFT of bolted connections depends on the level of pretension in the bolts. 
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Proposed specifications for the design and testing of MBJS were developed within 
NCHRP Report 402, which were later adopted in the BCS as Appendix A19 and in the 
BDS in Section 14.5.6.9. These recommendations limited the fatigue resistance of bolted 
CB-SB stirrup connections in SSB systems to Category D; whereas the maximum fatigue 
resistance of CJP welded CB-SB connections in MSB systems was specified as Category 
C. Consequently, welded MSB systems have been predominantly used for MBJS in the 
United States. In addition, a DAF of 1.75 is specified for design, whereas the DAF observed 
during the field testing of the SSB system was 1.29. This increase in DAF could be 
attributed to the fact that the measured DAFs for the MSB systems were higher than that 
of the SSB systems, with a maximum of 1.63. 
NCHRP Project 10-52 (reported in NCHRP Report 467) performed by Dexter et al. 
(2002), aimed at developing long-term performance requirements for MBJS, including 
their polymeric components. Although the study established the performance testing 
requirements for the joint systems, including seal push-out and opening movement 
vibration tests, the behavior of polymeric components such as the sliding springs and 
sliding bearings was not investigated. The assumed steel-like stiffness of the polymeric 
components was also not verified. Both the NCHRP studies (Dexter et al. 1997, Dexter et 
al. 2002), however, recognized the need for better establishing the behavior of elastomeric 
components utilized in MBJS. 
These studies provided a solid foundation for the fatigue design and durability of 
MBJS. However, the studies concentrated primarily on MSB systems, and there are some 
doubts about the SSB system conclusions as previously discussed. 
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A.5 Edlund and Crocetti – Chalmers University of Technology, Sweden 
Crocetti and Edlund published MBJS research throughout the 2000s (Crocetti and 
Edlund 2003, Edlund and Crocetti 2006, Edlund and Crocetti 2007). Each of their three 
published references discusses a single research study conducted in 2003. The primary 
objective of the study was to establish the DRPs using a simplified model. The authors also 
performed a single fatigue test for a MSB system detail, similar to the extensive testing 
performed by Dexter et al. (1997). Given the similarity to the previous work, the fatigue 
test will not be discussed in detail here. 
The researchers modeled wheel impact on the CB as a single degree of freedom 
(SDF) system with the loading assumed as a half-cycle sinusoidal loading pulse. While this 
assumption can be understood through a similar rational as a triangular pulse used by 
Roeder (1993), namely the load increases until reaching a maximum and then decreases as 
the wheel rolls over and off the CB, the basis for assuming this pulse shape was not 
discussed. The damping ratio for the SDF model was assumed as 10% based on the field 
measurement results by Dexter et al. (1997) of between 7 and 14%. Using the natural 
frequencies as determined for specific MBJS by Dexter et al. (1997), the response was 
calculated and the DRPs established for each of the systems. The results of the models 
indicated a PAF of approximately 1.4 with a rebound factor of approximately 0.3, making 
the total DAF approximately 1.7. This was consistent with the maximum DAF measured 
by Dexter et al. (1997) of 1.63.  
In conclusion, the authors established a SDF dynamic model of MBJS behavior 
which correlated well with field measurement data, and demonstrated that analysis models 
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could be used to satisfactorily predict the DRPs of MBJS. However, given the multi-modal 
nature of the dynamic response of MBJS as observed by other researchers (Roeder 1995, 
Dexter et al. 1997), the conducted SDF analysis may have neglected large portions of the 
response. 
A.6 Steenbergen – Delft University of Technology, The Netherlands 
Steenbergen (2004) conducted dynamic analysis of MSB systems with the goal of 
determining the DRPs for these systems as a function of the joint size and loading duration. 
Dynamic analysis was conducted using a simplistic multiple degree of freedom (MDF) 
model which consisted of a flexible CB mounted on three supports. The supports consisted 
of spring-dashpot systems, and were intended to represent the rate-dependency of the 
polymeric components. The loading on the CB was assumed as a haversine pulse loading; 
the choice of this load pulse is discussed in the next paragraph. This model was solved for 
different size joints, and the results were presented as plots of the DAFs vs. the various 
parameters governing the size of the system, e.g. the number of CBs. The resulting DAFs 
ranged from 1.1 to 1.7, and generally increased with both vehicle velocity and the number 
of CBs modeled. 
In addition, a more generic load pulse model simulating the impact of wheels 
crossing a MBJS with multiple CBs was formulated during the study, assuming a haversine 
pulse loading on each CB in contact with a wheel. Additional tuning parameters were 
employed that ensured force equilibrium at each time instant for a particular position of the 
wheel over multiple CBs, with the number of loaded CBs depending on the CB flange 
width, the gap width, and the wheel contact length. The resulting function fulfilled the same 
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rationale used to define the triangular/sinusoidal load models and maintained mathematical 
continuity (continuously differentiable with time) at initial and final contact of the wheel 
on the CB. As with the previously presented models, however, the reasoning for the choice 
of this particular pulse shape was not discussed. 
This study established the DAFs as a function of joint size and load duration for 
MSB systems, and presented a more generalized pulse loading model for MBJS. However, 
the studies did not include any analyses of SSB systems. As such, the determination of 
DRPs as a function of joint size and crossing vehicle velocity remain to be conducted for 
SSB systems. 
A.7 Ancich et al. – Australia 
Ancich (2011) conducted several field measurements and analytical studies on five 
MBJS installed in bridges throughout Australia. This work focused primarily on the causes 
of significant traffic-impact-noise transmission into the surrounding neighborhoods. The 
vibration of the joints was determined to be the most significant factor originating the noise, 
and was subsequently studied in detail. The most notable study was conducted on the 
Anzac Bridge MBJS, which is a hybrid SSB-MSB system with two SBs at each support 
location with each SB supporting every other CB. Ancich et al. (2006) used a 3D beam-
element model to determine natural frequencies and mode shapes of the system. A field 
test was conducted by mounting a vibrator to one of the CBs of the system and measuring 
the response (fixed excitation test). The analytical and experimental results showed good 
correlation. For this joint, the dominant vibration mode consisted of the entire MBJS 
bouncing vertically on its bearing and spring supports. Due to this large vertical response 
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of all CBs in a single mode, Ancich disputed the results of Roeder (1993) and Dexter et al. 
(1997), who postulated that many vibrational modes contributed to the response. Field 
measurements also revealed that the system was very lightly damped, with damping ratios 
between 1.1% and 2.1% for all identified modes. Controlled dynamic testing revealed a 
maximum DAF of 4.6 for a vehicle speed of 40 mph (63 km/h), indicating an extremely 
large amplification for trucks travelling just below the legal speed of the bridge, and a much 
larger amplification than reported in any previous work. 
The studies by Ancich refuted the field test and dynamic analysis results of Dexter 
et al. (1997) and Roeder (1993, 1995), and casted doubt on the results of those studies 
regarding the amount of dynamic amplification experienced by MBJS. The large dynamic 
responses measured by Ancich could be an artifact of that particular hybrid joint system 
and not typical for SSB systems; further research is necessary to determine what dynamic 
amplification is typical for normal SSB systems. 
Other studies conducted by Ancich concentrated on MSB systems or comparison 
of design codes from various countries, which are not the focus of this dissertation. As 
such, a full review is omitted here. 
A.8 Chaalal and Guizani - École de Technologie Supérieure, Canada) 
Two research studies on MBJS were carried out by Chaallal and Guizani at the 
École de Technologie Supérieure in Montreal, Canada. The goal of the first study (Chaallal 
et al. 2006) was to determine the fatigue resistance of the welded connections within the 
replacement MSB MBJS for a bridge rehabilitation project. The testing followed the 
guidelines and suggestions of the NCHRP 402 report, including the loading arrangement, 
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specimen geometry, instrumentation, and modeling. The results of the tests correlated well 
with the results of Dexter et al. (1997), and will not be detailed further here. 
More recently, Guizani et al. (2014) conducted experimental and analytical studies 
of a welded SSB system. The main objectives of the study were to investigate the fatigue 
performance of the CB-stirrup welded connection detail and to verify the applicability of a 
tension-only fatigue testing procedure (both minimum and maximum stresses at the test 
detail are tensile) to this type of MBJS. The tension-only procedure was proposed by 
Dexter et al. (1997) to address slow fatigue crack growth at the CB-SB connections that 
was observed during the fatigue testing of MSB systems under reversal loading (the 
minimum and maximum stresses at a detail are compressive and tensile, respectively) 
consistent with the field response comprising downward gravity action (causing 
compressive stresses) and rebound action (causing tensile stresses). The study consisted of 
two phases, an exploratory testing of stirrup details, and a full-scale testing of subassembly 
MBJS specimens. The full-scale specimens for the stirrup testing consisted of stirrups 
welded to each flange of a representative CB segment. Three variations of stirrups were 
investigated, where two were built-up by welding plates and one was cut from a rectangular 
hollow structural section (HSS). The specimens were then placed in a universal testing 
machine and cycled in tension, with loads applied to the inner face of the stirrup bottom 
plates (CB-facing side) using polymeric bearings. The results of these tests indicated that 
the tension-only testing procedure would cause unrealistic demands on the stirrups, and 
accordingly the stirrups for the full-scale tests were designed to withstand the larger 
demands. Like the tests performed by Dexter et al. (1997), the elastomeric sliding springs 
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were replaced with steel discs for these tests, likely introducing significant change in the 
connection behavior. 
Each of the three full-scale subassembly specimens tested in the program consisted 
of a single CB supported on three equally spaced SBs, providing four CB-SB connections. 
The specimens were instrumented as suggested by BCS Appendix A19 and were tested 
under a tension-only loading profile. Additional gauges were supplied at the stirrups to 
measure stress distributions at critical stirrup welded details. The specimens were inclined 
at 11.3 degrees so that the horizontal loads were 20% of the vertical loads. The loads were 
applied 2½ in. (63.5 mm) towards the outer SBs from the center of the exterior CB spans 
to obtain similar stress ranges for each stirrup connection. The connections within the first, 
second, and third specimens were subjected to 3×106 cycles, 2.3×106 cycles, and 1.2×106 
cycles, respectively. The stress ranges at the interior connections were 12.3 ksi (85 MPa), 
14.2 ksi (98.1 MPa), and 16.6 ksi (114 MPa) for the first, second, and third specimens, 
respectively. The stress ranges for the exterior connections were similarly 10.9 ksi (75.5 
MPa), 12.6 ksi (87.1 MPa), and 14.7 ksi (101.6 MPa). Two primary cracking modes were 
observed, from the CB-stirrup weld toe into the CB and from the stirrup weld toe through 
the stirrup. The researchers concluded that the stirrup detail correlated best with AASHTO 
fatigue Category C; however, the use of the large stirrups developed through the 
exploratory program were much larger than any used in-service, and as such, the cracking 
of these stirrups may not have represented cracking patterns observed in-service. 
The research by Chaalal and Guizani was the first study conducted to determine the 
fatigue resistance of the CB-stirrup welded connections used in welded SSB systems. The 
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results of the study indicated that the fatigue resistance was Category C, equivalent to that 
of the welded connections in MSB systems and equating the fatigue resistances of the 
welded connections in MSB and SSB systems. However, no work was conducted on bolted 
SSB systems, and as such a need for the determination of their fatigue resistance still exists. 
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APPENDIX B MATERIAL MODELING THEORY 
B.1 Hyperelasticity 
B.1.1 Overview 
To define the basic premises of the hyperelastic material model, knowledge of finite 
deformation solid mechanics is needed. In small displacement analyses, the undeformed 
(or reference) and deformed configurations of a body are assumed to be the same. However, 
the relatively large deformations experienced by hyperelastic materials require the 
difference between reference and deformed configurations to be accounted for in the 
analysis. The goal of this section is to describe the basics of finite deformation continuum 
mechanics needed to examine the basis for the hyperelastic models. 
Within this appendix, vectors and tensors are presented in boldface, while scalars 
are presented in normal text. A glossary of all symbols used within this appendix is located 
at the end of this appendix. 
B.1.2 Basics of Continuum Mechanics 
A general body in both reference and deformed configurations is shown in Figure 
B-1. The vector da describes the path from point P to point Q in reference coordinates, aJ, 
while the vector dx describes the same path in deformed coordinates, xi. In this document, 
the same coordinate system is used for the reference and deformed configurations. These 
two vectors are related by the deformation gradient, F, which is given as: 
 𝒅𝒙 = 𝑭𝒅𝒂 (B-1) 
This equation can also be written in component form using index notation and Einstein’s 
summation convention as 
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 𝑑𝑥𝑖 = 𝐹𝑖𝐽𝑑𝑎𝐽 (B-2) 
Note that lowercase Arabic indices are used to describe vector or tensor components in the 
deformed configuration, and uppercase Arabic indices are used for the undeformed 
configuration. The components of vectors da and dx are related through coordinate 
transformation by 
 𝑑𝑥𝑖 =
𝜕𝑥𝑖
𝜕𝑎𝐽
𝑑𝑎𝐽 (B-3) 
By comparing equations (B-2) and (B-3), an expression for the deformation gradient is 
determined as 
 𝐹𝑖𝐽 =
𝜕𝑥𝑖
𝜕𝑎𝐽
 (B-4) 
The deformation gradient is a second order two-point tensor, indicating that it 
relates two different coordinate systems. In other words, the deformation gradient describes 
how each material point in the reference configuration is displaced when the body is 
deformed. 
The total volume change at a point with coordinates xi, J, is defined as the 
determinant of the deformation gradient, or in equation form as 
 𝐽 = det(𝑭) = |𝑭| (B-5) 
A determinant can be written in component form using the Levi-Cevita permutation 
symbol. Therefore, equation (B-5) can also be written as 
 𝐽 = |𝑭| = 𝑒𝑖𝑗𝑘𝐹𝑖1𝐹𝑗2𝐹𝑘3 (B-6) 
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The numeric indices in equation (B-6) represent the reference (or undeformed) 
configuration. The numeric indices can be removed by applying a second permutation to 
the left side of the equation, as shown below. 
 𝑒𝑃𝑄𝑅𝐽 = 𝑒𝑖𝑗𝑘𝐹𝑖𝑃𝐹𝑗𝑄𝐹𝑘𝑅 (B-7) 
To demonstrate that J is equivalent to the volume change at a particular material point, 
three linearly independent, infinitesimal vectors in the reference configuration are taken, 
namely 𝒅𝒂, 𝜹𝒂, and ∆𝒂. These vectors, because of their linear independence, span a 
volume given by 
 𝑑𝑉0 = 𝒅𝒂 ∙ (𝜹𝒂 × ∆𝒂) (B-8) 
When deformed, these vectors become 𝒅𝒙 , 𝜹𝒙, and ∆𝒙. Similarly, the volume spanned by 
these vectors in the deformed configuration is given by 
 𝑑𝑉 = 𝒅𝒙 ∙ (𝜹𝒙 × ∆𝒙) (B-9) 
Using the permutation symbol, equation (B-9) can be written in component form as 
 𝑑𝑉 = 𝑒𝑖𝑗𝑘𝑑𝑥𝑖𝛿𝑥𝑗∆𝑥𝑘 (B-10) 
Equation (B-8) may also be similarly rewritten as 
 𝑑𝑉0 = 𝑒𝑃𝑄𝑅𝑑𝑎𝑃𝛿𝑎𝑄∆𝑎𝑅 (B-11) 
To relate the undeformed and deformed configurations, coordinate transformations 
afforded by the partial derivatives may be used. If the appropriate coordinate 
transformations for 𝒅𝒙 , 𝜹𝒙, and ∆𝒙 are substituted into equation (B-10), then the 
infinitesimal volume dV may be represented in terms of 𝒅𝒂, 𝜹𝒂, and ∆𝒂 as 
 𝑑𝑉 = 𝑒𝑖𝑗𝑘𝑑𝑥𝑖𝛿𝑥𝑗∆𝑥𝑘 = 𝑒𝑖𝑗𝑘
𝜕𝑥𝑖
𝜕𝑎𝑃
𝜕𝑥𝑗
𝜕𝑎𝑄
𝜕𝑥𝑘
𝜕𝑎𝑅
𝑑𝑎𝑃𝛿𝑎𝑄∆𝑎𝑅 (B-12) 
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The three partial derivative terms in (B-12) can be written in terms of the deformation 
gradient as 
 𝑑𝑉 = 𝑒𝑖𝑗𝑘𝐹𝑖𝑃𝐹𝑗𝑄𝐹𝑘𝑅𝑑𝑎𝑃𝛿𝑎𝑄∆𝑎𝑅 (B-13) 
Substituting equation (B-7) into the above gives the following equation: 
 𝑑𝑉 = 𝑒𝑃𝑄𝑅𝐽𝑑𝑎𝑃𝛿𝑎𝑄∆𝑎𝑅 (B-14) 
With the realization that J is a scalar value and can be moved to the beginning of the right 
side of the equation, equation (B-11) may be substituted into equation (B-14), giving 
 𝑑𝑉 = 𝐽𝑑𝑉0 (B-15) 
This final equation demonstrates that multiplying a small volume by the determinant of the 
deformation gradient gives the volume in the deformed coordinates, therefore indicating 
that J represents the change in volume of an infinitesimal portion of the body. 
Deformation tensors are a higher dimensional counterpart to the deformation 
gradient, and are a measure of how lengths of line elements and the angles between these 
line elements change between configurations. Whereas the deformation gradient describes 
how the position of a material point changes with deformation, the deformation tensor 
describes how vectors change with deformation. Therefore, the establishment of these 
tensors is extremely important in describing the finite deformation theory used in 
hyperelastic modeling. 
The right Cauchy-Green deformation tensor is given as 
 𝑪 = 𝑭𝑻𝑭 (B-16) 
This can also be written in index notation as 
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 𝐶𝑃𝑄 = (𝐹𝑖𝑃)
𝑇𝐹𝑖𝑄 = 𝐹𝑃𝑖𝐹𝑖𝑄 =
𝜕𝑥𝑖
𝜕𝑎𝑃
𝜕𝑥𝑖
𝜕𝑎𝑄
 (B-17) 
The left Cauchy-Green deformation tensor is given as 
 𝑩 = 𝑭𝑭𝑻 (B-18) 
This can also be written in index notation as 
 𝐵𝑖𝑗 = 𝐹𝑖𝑃(𝐹𝑗𝑃)
𝑇
= 𝐹𝑖𝑃𝐹𝑃𝑗 =
𝜕𝑥𝑖
𝜕𝑎𝑃
𝜕𝑥𝑗
𝜕𝑎𝑃
 (B-19) 
The difference between these two deformation tensors can be determined by examining the 
indices. The right Cauchy-Green deformation tensor in equation (B-17) gives components 
in reference configuration (also known as the Lagrangian description). Alternately, the left 
Cauchy-Green deformation tensor in equation (B-19) gives components in the deformed 
configuration (also known as the Eulerian description). 
It is important to note that neither the right or left Cauchy-Green deformation 
tensors contain terms conveying rigid body rotation. It can be shown that the deformation 
gradient can be decomposed into a product of two second-order tensors as 
 𝑭 = 𝑹𝑼 = 𝑽𝑹 (B-20) 
where R is a proper orthogonal tensor representing a rigid body rotation, and U and V are 
positive definite symmetric second-order tensors called the right and left stretch tensors, 
respectively. This decomposition is shown pictorially in Figure B-2. If this decomposition 
of F is used in equation (B-16), the following expression for the right Cauchy-Green 
deformation tensor is obtained 
 𝑪 = 𝑭𝑻𝑭 = (𝑹𝑼)𝑻𝑹𝑼 = 𝑼𝑻𝑹𝑻𝑹𝑼 = 𝑼𝑻𝑼 (B-21) 
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The last statement in the above equation is obtained by noting that the product of the 
transpose of an orthogonal matrix with itself is equal to the identity matrix. Therefore, the 
right Cauchy-Green deformation tensor contains no rotational components. A similar proof 
may be completed for the left Cauchy-Green tensor. 
It is important to note that C and B have the same invariants, as the first two of 
these invariants are often used in development of strain energy potential functions for large 
deformations. In hyperelastic material modeling, the left Cauchy-Green deformation tensor 
(also called the deviatoric stretch matrix) is used, and so the invariants here are derived 
from B rather than C, although these invariants would be the same from a numerical 
standpoint. 
The first invariant of B is given as the sum of the diagonal elements of B, 
 𝐼1 = 𝑡𝑟𝑎𝑐𝑒(𝑩) = 𝐵11 + 𝐵22 + 𝐵33 (B-22) 
The second invariant of B is given as  
 𝐼2 =
1
2
(𝐼1
2 − 𝑡𝑟𝑎𝑐𝑒(𝑩𝑩)) (B-23) 
or in expanded form 
 𝐼2 = 𝐵11𝐵22 + 𝐵22𝐵33 + 𝐵22𝐵33 − 𝐵12
2 − 𝐵23
2 − 𝐵13
2 (B-24) 
Because of the similar nature of their derivations, the left and right Cauchy-Green 
deformation tensors are related. These relations are given as 
 𝑪 = 𝑭−𝟏𝑩𝑭     𝑩 = 𝑭𝑪𝑭−𝟏 (B-25) 
The proof of these relations is easily demonstrated through tensor operations, and will not 
be shown here. 
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For the development of time-dependent material models such as the BB model, 
establishing a mathematical description of the rate of deformation of the material is 
essential. Extending the concept of the deformation gradient, it is easy to reason that a 
similar tensor would exist for describing the velocity of each material point in a deforming 
body. This similar tensor, the velocity gradient, is defined as 
 𝐿𝑖𝑗 =
𝜕𝑣𝑖
𝜕𝑥𝑗
=
𝜕?̇?𝑖
𝜕𝑥𝑗
 (B-26) 
where an over-dot indicates a time derivative. This tensor looks similar in form to the 
deformation gradient, and can be expanded using the chain rule as follows 
 𝐿𝑖𝑗 =
𝜕𝑣𝑖
𝜕𝑥𝑗
=
𝜕𝑣𝑖
𝜕𝑎𝑃
𝜕𝑎𝑃
𝜕𝑥𝑗
 (B-27) 
The first term in this expansion is the time derivative of the deformation gradient, and the 
second term is the inverse of the deformation gradient. Therefore, equation (B-27) becomes 
 𝐿𝑖𝑗 =
𝐷
𝐷𝑡
(
𝜕𝑥𝑖
𝜕𝑎𝑃
) 𝐹𝑗𝑃
−1 = ?̇?𝑖𝑃𝐹𝑃𝑗
−1 (B-28) 
This equation is the relationship between the velocity and deformation gradients and is 
used in the development of the hyperelastic strain energy potentials and BB model. 
The velocity gradient has a symmetric part, D, which is the rate of deformation, and 
W, an anti-symmetric part, which is the rate of spin. The deformation and spin rate tensors 
are given as 
 𝑫 =
1
2
(𝑳 + 𝑳𝑻) (B-29) 
and 
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 𝑾 =
1
2
(𝑳 − 𝑳𝑻) (B-30) 
respectively. The establishment of the deformation and spin rate tensors is the final step in 
the limited review of finite-strain continuum mechanics necessary for the development of 
the hyperelastic strain energy potentials and BB model. 
B.1.3 Basis of Hyperelasticity 
The goal of hyperelastic modeling is to obtain a constitutive relationship which 
quantifies the behavior of the material. To do this, the principle of virtual work is used. 
Using the deformation rate tensor defined above, the internal energy variation is given as 
 𝛿𝑊𝐼 = ∫ 𝜎𝑖𝑗𝛿𝐷𝑗𝑖  𝑑𝑉
𝑉
= ∫ 𝐽
𝑉0
𝜎𝑖𝑗𝛿𝐷𝑗𝑖  𝑑𝑉0 (B-31) 
where 𝜎𝑖𝑗 are components of the Cauchy stress, and 𝛿𝐷𝑗𝑖 are components of the virtual 
deformation rate tensor. The Cauchy stress can be decomposed into pressure stress and 
deviatoric stress, and so the expression becomes 
 𝛿𝑊𝐼 = ∫ 𝐽
𝑉0
𝜎𝑖𝑗𝛿𝐷𝑗𝑖  𝑑𝑉0 = ∫ 𝐽
𝑉0
(𝑆𝑖𝑗𝛿𝑒𝑗𝑖 − 𝑝𝑠𝛿𝜀
𝑣𝑜𝑙)𝑑𝑉0 (B-32) 
where 𝑆𝑖𝑗 are components of deviatoric stress, 𝛿𝑒𝑗𝑖 are components of the virtual deviatoric 
strain rate, 𝑝𝑠 is the equivalent pressure stress, and 𝛿𝜀
𝑣𝑜𝑙 is the virtual volumetric strain 
rate. 
For isotropic, compressible materials, the strain energy, U, is a function of the first 
two invariants of the left Cauchy-Green deformation tensor, 𝐼1 and 𝐼2 and the volume 
change, 𝐽: 
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 𝑈 = 𝑈(𝐼1, 𝐼2, 𝐽) (B-33) 
The variation of strain energy is then given as 
 𝛿𝑈 =
𝜕𝑈
𝜕𝐼1
𝛿𝐼1 +
𝜕𝑈
𝜕𝐼2
𝛿𝐼2 +
𝜕𝑈
𝜕𝐽
𝛿𝐽 (B-34) 
𝛿𝐼1, 𝛿𝐼2, and 𝛿𝐽 can be determined through the calculus of variations (not shown here), and 
placed in equation (B-34) to obtain the following 
 𝜹𝑈 = 2 [(
𝜕𝑈
𝜕𝐼1
+ 𝐼1
𝜕𝑈
𝜕𝐼2
)𝐵𝑖𝑗 −
𝜕𝑈
𝜕𝐼2
𝐵𝑖𝑘𝐵𝑘𝑗] 𝛿𝑒𝑗𝑖 + 𝐽
𝜕𝑈
𝜕𝐽
𝛿𝜀𝑣𝑜𝑙 (B-35) 
By definition, the strain energy potential is equivalent to the internal virtual work, and so 
 𝛿𝑊𝐼 = ∫ 𝐽
𝑉0
(𝑆𝑖𝑗𝛿𝑒𝑗𝑖 − 𝑝𝑠𝛿𝜀
𝑣𝑜𝑙)𝑑𝑉0 = ∫ 𝛿𝑈
𝑉0
𝑑𝑉0 (B-36) 
From equation (B-36), the constitutive law for a hyperelastic material can be obtained, if 
the strain energy potential or density function, 𝛿𝑈, is known. Therefore, defining a strain 
energy potential function for a hyperelastic material is all that is needed to define its 
response. This function can take many different forms; three of these are discussed in detail 
in the next sections. 
B.1.4 Hyperelastic Strain Energy Density Functions 
As previously mentioned, the strain energy potential function may take many 
forms. These may be established through a mechanistic means, a phenomenological means, 
or a combination of both. The strain energy potential developed through mechanistic means 
is based on the examination of the underlying structure of the material, in-particular an 
examination of the mechanics of polymer chains and their interactions. Alternatively, 
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phenomenologically-based models are developed based on observations of the material 
behavior at a global level through experimentation. In addition, the two types may be 
combined as an attempt to represent the theoretical material behavior at the microscopic 
level, in addition to representing the macroscopic behavior observed in tests. One of each 
of these types of models, namely the mechanistic model of Arruda and Boyce (1993), the 
phenomenological model of Marlow (2003), and the combined Van der Waals model of 
Kilian (1981) are discussed in the following sections as an attempt to highlight the 
derivation of each model in addition to their strengths and weaknesses. 
B.1.5 Arruda-Boyce Mechanistic Model 
Arruda and Boyce (1993) used a mechanistic approach to establish the strain energy 
potential function, where the function is quantified through the energy necessary to stretch 
polymer chains within a representative portion of material. The derivation of the model is 
shown below in detail, and begins with the examination of a typical polymer chain. 
Each polymer chain contains N elements of length l. The fully extended length of a 
chain is given simply as 
 𝑟𝐿 = 𝑁𝑙 (B-37) 
Note that the general variable throughout the derivation, r, denotes the straight-line 
distance between the ends of the chain (called the ‘length’ of the chain), rather than the 
total length of the fully-extended chain given in equation (B-37). The chain’s stretch is 
given by 
 𝜆𝑐ℎ𝑎𝑖𝑛 =
𝑟𝑐ℎ𝑎𝑖𝑛
𝑟𝑜
 (B-38) 
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where 𝑟𝑐ℎ𝑎𝑖𝑛 denotes the current length of the chain and 𝑟𝑜 is the original chain length. Note 
that stretch and engineering strain are related through 
 𝜆𝑐ℎ𝑎𝑖𝑛 = 𝜀𝑐ℎ𝑎𝑖𝑛 + 1 (B-39) 
At the simplest level, each chain is seen as an assemblage of rigid links whose 
bonds form a certain angle with respect to each other (valence angle). However, each of 
these bonds can freely rotate about the axis of the previous bond, and so it is impossible to 
determine the length of the chain based solely on the valence angle and number of chain 
links. To determine the expected length of the chain, a probabilistic assessment of the 
chain’s length is required. It can be shown (Treloar 1975) that the root-mean-square (RMS) 
length of the chain can be written as 
 𝑟𝑅𝑀𝑆 = 𝑙√𝑁
1 + cos 𝜃
1 − cos 𝜃
 (B-40) 
where θ is the supplement of the valence angle. In general, the RMS chain length is 
proportional to the square root of the number of links in the chain. For the purposes of the 
Arruda-Boyce model, the initial chain length is given as 
 𝑟𝑜 = 𝑙√𝑁 (B-41) 
In order to obtain the stretch at which the chain is fully extended, equations (B-37) and 
(B-41) are inserted into equation (B-38) and the following expression is obtained for the 
locking stretch: 
 𝜆𝐿 =
𝑟𝐿
𝑟𝑜
=
𝑙𝑁
𝑙√𝑁
= √𝑁 (B-42) 
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Now that the basics of chain stretch and deformation have been outlined, they can 
be applied to a model. The Arruda-Boyce model establishes an eight-chain network model, 
in which the chains arranged so that eight chains, connected at the center of a cube, extend 
out to each one of the corners of the cube (Figure B-3). This cube continuously rotates so 
that the principal stretches are always aligned with the cube edges (no shear strains). 
Additionally, because of the simplistic geometric representation and the rotation of the 
cube to match the principal directions, the length of each chain is the same regardless of 
deformation pattern, and the length of all chains can be written as a function of the principal 
stretches along the cube edges. 
The three principal stretches, 𝜆𝑖, are defined similarly as to the individual chain 
stretch defined previously. The sides of the undeformed cube shown above are given as 𝑎𝑜, 
and can be related to the length of each chain in the cube as 
 𝑟𝑜 = [(
1
2
𝑎𝑜)
2
+ (
1
2
𝑎𝑜)
2
+ (
1
2
𝑎𝑜)
2
]
1
2
= √
3
4
𝑎𝑜2 =
√3
2
𝑎𝑜 (B-43) 
and so, the cube edge length can be expressed as a function of the chain length 
 𝑎𝑜 =
2
√3
𝑟𝑜 (B-44) 
This is an important observation, as it means the chain stretch in the cube is directly related 
to the cube stretch. As such, if a constitutive relation can be developed for the chain, a 
constitutive relationship could then be developed for the cube itself and thus the material. 
The cube may be stretched in each principal direction (Figure B-4), and the edges 
now measure 𝜆𝑖𝑎𝑜. The length of each chain can now be described as 
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 𝑟𝑐ℎ𝑎𝑖𝑛 =
1
2
𝑎𝑜(𝜆1
2 + 𝜆2
2 + 𝜆3
2)
1
2 (B-45) 
Finally, equation (B-41) can be substituted into equation (B-44) and the result into equation 
(B-45), to get an expression for 𝑟𝑐ℎ𝑎𝑖𝑛 in terms of only the chain parameters (N, l) and the 
principal stretches. 
 𝑟𝑐ℎ𝑎𝑖𝑛 = 𝑙√
𝑁
3
(𝜆1
2 + 𝜆2
2 + 𝜆3
2)
1
2 (B-46) 
Now that the length of a chain is determined when the cube is stretched, all that is 
needed to obtain the strain energy potential function is to determine the energy required to 
stretch a single polymer chain. This can then be used to calculate the total energy needed 
to deform the cube with a total of eight chains. 
The work done in stretching a single polymer chain is given by 
 𝑊 = 𝑛𝑘𝑇𝑁 (
𝑟𝑐ℎ𝑎𝑖𝑛
𝑁𝑙
𝛽 + 𝑙𝑛 (
𝛽
𝑠𝑖𝑛ℎ(𝛽)
)) − 𝑇𝑐′ (B-47) 
where n is the chain density, k is Boltzmann’s constant, β is the inverse Langevin function, 
c’ is a constant, T is the temperature, and the other parameters are as defined previously. 
To form this equation, the mathematics of polymer chains must be examined, starting with 
elementary chain statistics. Most of this derivation is presented by Treloar (1975) and is 
repeated here for convenience. 
To start, the 3D chain model (2D projection) shown in Figure B-5 is considered. 
The end-to-end length of the chain is much shorter than the total extended length of the 
chain, and so a probabilistic assessment of the length of the chain can first be made using 
this assumption, i.e. 𝑟𝑐ℎ𝑎𝑖𝑛 ≪ 𝑁𝑙. 
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Assume a chain similar to that shown in Figure B-5 is taken, with end A fixed to 
the origin, and end B having probability p(x,y,z) of being located within a small element dτ 
of point P. This arrangement is shown in Figure B-6. If the small volume element dτ is 
taken to be dxdydz, then the probability p(x,y,z) is expressed as a product of three Gaussian 
distributions in each orthogonal direction 
 𝑝(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧 =
𝑏3
𝜋
3
2
𝑒{−𝑏
2(𝑥2+𝑦2+𝑧2)}𝑑𝑥𝑑𝑦𝑑𝑧,   𝑏2 =
3
2𝑁𝑙2
 (B-48) 
Note that this equation only holds for situations where 𝑟𝑐ℎ𝑎𝑖𝑛 ≪ 𝑁𝑙. Outside of this 
assumption a non-Gaussian probability density function must be used (discussed later), for 
two reasons. First, as the chain extends further in one direction than the other two, the 
probabilities of the chain position in the x, y, and z directions are no longer independent. 
Second, as the chain extends, the assumption that the bonds rotate freely about each other 
comes into question. However, the basic Gaussian assumption is used here for ease of 
understanding. 
Since all orientations of B with respect to the origin are equally probable, the 
probability can be expressed using one variable, r, rather than the three orthogonal 
directions, and the expression becomes 
 𝑝(𝑟)𝑑𝑥𝑑𝑦𝑑𝑧 =
𝑏3
𝜋
3
2
𝑒{−𝑏
2𝑟2}𝑑𝑥𝑑𝑦𝑑𝑧    (B-49) 
If r = 0 in this expression, we see that the maximum value of p is reached, which 
means that the chain ends are coincident. While this result is valid, formulating the equation 
to find the most likely position of point B does not truly establish the most likely distance 
between A and B. Therefore, the expression must be changed. 
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Because of the spherical symmetry of the problem, the expression can instead be 
formulated to look for the most probable spherical shell of width dr that contains end B of 
the chain. This formulation is shown in Figure B-7. The probability can now be expressed 
as 
 𝑝(𝑟)𝑑𝑟 =
𝑏3
𝜋
3
2
𝑒{−𝑏
2𝑟2} × 4𝜋𝑟2𝑑𝑟    (B-50) 
where the term 4𝜋𝑟2𝑑𝑟 is the volume of the spherical shell. Note that because of this term, 
the probability when r = 0 is also zero. This expression is simplified as 
 𝑝(𝑟)𝑑𝑟 =
4𝑏3
√𝜋
𝑟2𝑒{−𝑏
2𝑟2}𝑑𝑟    (B-51) 
and a plot of its values for a typical value of b is shown in Figure B-8. Now, a satisfactory 
determination of the probabilistic length of the chain has been made. 
To quantify the strain energy contained in a single stretched chain, thermodynamic 
principles are used. The first law of thermodynamics states that the change in internal 
energy in any process is the heat absorbed by the system plus the work done on the system 
by external forces. This is mathematically expressed as 
 𝑑𝑈 = 𝑑𝑄 + 𝑑𝑊   (B-52) 
where dU is the change in internal energy, dQ is the heat absorbed by the system, and dW 
is the work done on the system by external forces. The second law of thermodynamics 
states that the heat absorbed by the system in a reversible process (e.g. stretching an elastic 
body) is the temperature of the system, T, times the change in entropy of the system, dG. 
This is mathematically expressed as 
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 𝑑𝑄 = 𝑇𝑑𝐺   (B-53) 
Equations (B-52) and (B-53) can be combined to form an expression for a reversible 
process 
 𝑑𝑈 = 𝑇𝑑𝐺 + 𝑑𝑊   (B-54) 
Now, the Helmholtz free energy, a measure of the useful work obtainable from a 
closed thermodynamic system, is defined as 
 𝐻 = 𝑈 − 𝑇𝐺   (B-55) 
and for an isothermal process can be written as 
 𝑑𝐻 = 𝑑𝑈 − 𝑇𝑑𝐺 (B-56) 
Therefore, the change in Helmholtz free energy can be equated to the work done on the 
system 
 𝑑𝐻 = 𝑑𝑊 (B-57) 
For a chain whose bonds are in no way restricted (rotate freely), the internal energy of the 
molecule is the same regardless of its position and length, and therefore the Helmholtz free 
energy is determined solely by the entropy term. 
According to statistical thermodynamics as developed by Boltzmann, the entropy 
of a system is proportional to the natural logarithm of the number of configurations 
available to the system. This can be expressed as 
 𝐺 = 𝑘 ln(𝑝(𝑟)𝑑𝜏) (B-58) 
Now, substituting equation (B-49) into equation (B-58) and simplifying, the 
entropy of a single chain can be determined as 
 𝐺 = 𝑐 − 𝑘𝑏2𝑟2 (B-59) 
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where c is a combination of constants, and all other values are as defined previously. Now, 
equation (B-59) can be placed into the thermodynamics equations to obtain 
 
 
𝑑𝑊
𝑑𝑟
=
𝑑𝐻
𝑑𝑟
= 0 − 𝑇
𝑑𝐺
𝑑𝑟
= −𝑇
𝑑
𝑑𝑟
(𝑐 − 𝑘𝑏2𝑟2) = 2𝑘𝑇𝑏2𝑟 
 
(B-60) 
The result shown in the above set of equations is the change in internal energy when the 
chain is stretched, which is equivalent to the strain energy contained in the chain. 
While the result of (B-60) is appropriate for low levels of strain (𝑟𝑐ℎ𝑎𝑖𝑛 ≪ 𝑁𝑙), the 
underlying assumptions break down for higher levels of strain. Therefore, as previously 
mentioned, non-Gaussian statistics must be used to formulate the most probable chain 
length. Kuhn and Grun (1942) first derived the most probable distribution of link angles 
between all the links in the chain, and then determined from it, the most probable chain 
length. Any of the assumptions regarding freely rotating chains and constant valence angles 
were suspended, thus allowing the chain to be anywhere from length zero to its fully 
extended length. The solution, which will not be detailed here due to its complexity, is 
given as 
 ln 𝑝(𝑟) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 − 𝑛 (
𝑟
𝑁𝑙
𝛽 + ln
𝛽
sinh𝛽
) (B-61) 
where the parameters are as defined previously. Note that if this expression is expressed in 
series form, the following is obtained 
 
𝑙𝑛 𝑝(𝑟) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
− 𝑛 {
3
2
(
𝑟
𝑛𝑙
)
2
+
9
20
(
𝑟
𝑛𝑙
)
4
+
99
350
(
𝑟
𝑛𝑙
)
6
+⋯} 
(B-62) 
Comparing this to the Gaussian function previously determined 
 443 
 𝑙𝑛 𝑝(𝑟) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 − 𝑏2𝑟2 = 𝑐 −
3𝑟2
2𝑛𝑙2
 (B-63) 
It is shown that the Gaussian expression is identical to the non-Gaussian expression, only 
with higher order terms neglected.  
The entropy of a single chain can be determined in the same process as previously 
discussed 
 𝐺 = 𝑘 [𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 − 𝑛 (
𝑟
𝑛𝑙
𝛽 + 𝑙𝑛
𝛽
𝑠𝑖𝑛ℎ 𝛽
)] + 𝑙𝑛 𝑑𝜏 (B-64) 
Simplifying, the following is obtained 
 𝐺 = 𝑐 − 𝑘𝑛 (
𝑟
𝑛𝑙
𝛽 + 𝑙𝑛
𝛽
𝑠𝑖𝑛ℎ 𝛽
) (B-65) 
Using a similar procedure, the internal energy of a single chain can be determined as 
 𝑑𝑊 = −𝑇𝑑𝐺 = −𝑇 [𝑐 − 𝑘𝑛 (
𝑟
𝑛𝑙
𝛽 + 𝑙𝑛
𝛽
𝑠𝑖𝑛ℎ 𝛽
)] (B-66) 
After simplification, the following is determined 
 𝑑𝑊 = 𝑛𝑘𝑇 (
𝑟
𝑛𝑙
𝛽 + 𝑙𝑛
𝛽
𝑠𝑖𝑛ℎ 𝛽
) − 𝑇𝑐 (B-67) 
which upon examination is identical to equation (B-47). This expression gives the work of 
deformation of a single chain. 
Finally, equation (B-46) can be substituted into (B-47), and the following is 
obtained 
 𝑊 = 𝑛𝑘𝑇𝑁 (
𝛽
√𝑁
𝜆𝑐ℎ𝑎𝑖𝑛 + 𝑙𝑛 (
𝛽
𝑠𝑖𝑛ℎ(𝛽)
)) − 𝑇𝑐′ (B-68) 
which is the strain energy potential function needed to characterize the hyperelastic 
material model. 
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Upon examination of equation (B-68), it can be concluded that the use of this strain 
energy potential would be difficult to implement in practical solution methods due to the 
presence of the inverse Langevin function, β. To address this, many solvers expand the 
inverse Langevin function using a series representation truncated after approximately five 
terms. The derivation of this expansion is discussed by Treloar (1954) and will not be 
discussed here. The resulting representation in series form is 
 𝑊 = 𝑛𝑘𝑇∑
𝐶𝑖
𝜆𝐿
2𝑖−2
5
𝑖=1
(𝐼1̅
𝑖
− 3𝑖) (B-69) 
where Ci are constants and λL is the locking stretch, equal to √N. In addition, nkT in equation 
(B-70) is equivalent to the shear modulus, μ (see Treloar 1975). The resulting Arruda-
Boyce strain energy potential function is given as 
 𝑊 = 𝜇∑
𝐶𝑖
𝜆𝐿
2𝑖−2
5
𝑖=1
(𝐼1̅
𝑖
− 3𝑖) (B-70) 
where the independent parameters are the shear modulus, μ, and the material locking 
stretch, 𝜆𝑚.  
B.1.6 Marlow Phenomenological Model 
The phenomenological model developed by Marlow (2003) aims to establish a 
more simplified model for hyperelastic behavior that does not depend on the underlying 
mechanics of polymer chains. The development of the Marlow strain energy density 
function for use in equation (B-36) begins with an examination of the first strain invariant. 
In terms of the independent principal stretches, it can be written as 
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𝐼1(𝜆1, 𝜆2) = 𝜆1
2 + 𝜆2
2 +
1
𝜆1𝜆2
 
 
(B-71) 
For uniaxial tension, this expression can be rewritten as 
 
 
𝐼1 (𝜆,
1
𝜆
) = 𝜆2 +
2
𝜆
 
 
(B-72) 
If this function is plotted vs. the principal stretch, it is shown that the function 
monotonically approaches infinity as the stretch approaches infinity, and that the first 
invariant will pass through all possible values as the stretch increases. If the strain energy 
potential is constructed as a function of only this first invariant, the same properties will 
apply to it. Therefore, for a certain uniaxial stretch, a unique value of strain energy potential 
will always be found, implying that the subsequent hyperelastic model will always have a 
unique solution. 
The value of the first invariant, 𝐼 at a certain uniaxial stretch, 𝜆𝑇, is given by 
 𝐼 = 𝜆𝑇
2 +
2
𝜆𝑇
 (B-73) 
This can be rearranged and multiplied by 𝜆𝑇 in order to obtain the following: 
 𝜆𝑇
3 − 𝐼𝜆𝑇 + 2 = 0 (B-74) 
The above equation has three roots, one of which is greater than one. The non-trivial root 
is the unique stretch defined by the unique value of the first invariant. 
If a material is subjected to a known uniaxial tensile stress, 𝜎(𝜀), for each value of 
strain, 𝜀. The strain is related to the stretch through the following relationship: 
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 𝜀 = 𝜆 − 1 (B-75) 
Therefore, for each value of strain and therefore each value of stretch, the first 
invariant is known and can be calculated using equation (B-74). Using the stress-strain 
curve determined by 𝜎(𝜀), the strain energy corresponding to a given value of the first 
invariant can be calculated using the following expression 
 𝑊(𝐼) = ∫ 𝜎(𝜀)𝑑𝜀
𝜆(𝐼)−1
0
 (B-76) 
Therefore, to find the strain energy potential, the stress-strain relationship for the 
material is required, which can be easily determined from simple material testing. Curve 
fitting is not needed, because the test data can be directly substituted for 𝜎(𝜀) and numerical 
integration can be used to evaluate (B-76). 
B.1.7 Van der Waals Combined Model 
A hybrid hyperelastic model based on both observed behavior and assumed 
micromechanical processes was established by Kilian et al. (Kilian 1981, Kilian and Vilgis 
1984, Kilian et al. 1986) and is referred to as the Van der Waals (VDW) model. The VDW 
model is based on an assumed thermomechanical description of the underlying molecular 
chain structure of elastomers, and begins with the assumption of an ‘ideal network’, where 
no interaction between different elastomer chains is considered. The behavior of a ‘real 
network’ is then considered by introducing a parameter describing the interaction between 
chains. The model can be thought of as an extension of the concepts of ideal and real gases 
to a network of interconnected polymer molecules. 
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The derivation of the strain energy potential function for the VDW model begins 
with the elastic free energy of an ideal Gaussian network of N chains, given as 
 𝑊 = 𝑁𝑘𝑇(𝜆𝑥
2 + 𝜆𝑦
2 + 𝜆𝑧
2 − 3)/2 (B-77) 
Equation (B-77) is extremely similar to equations derived and presented as part of 
the derivation of the AB model. This equation can be further simplified by introducing a 
deformation function given as  
 𝜓(𝜆) = (𝜆𝑥
2 + 𝜆𝑦
2 + 𝜆𝑧
2 − 3)/2 (B-78) 
Due to the network being ideal in nature, the chains within the network do not 
occupy any space nor do they interact with each other. This allows the chains to relax into 
a configuration where the chains have the same energy. The stress as a function of stretch 
in this relaxed configuration is given by 
 𝑓(𝜆) =
𝑁𝑘𝑇
𝐿𝑜
𝜕𝜓
𝜕𝜆
 (B-79) 
where 𝐿𝑜 is the original length of a representative portion of the material. The equation 
above is the stress-stretch relationship for an ideal network of polymer chains, much like 
the ideal gas law describes the relationship between pressure and volume. The ideal gas 
law equation is given as 
 𝑃 =
𝑁𝑘𝑇
𝑉
 (B-80) 
In comparing equations (B-79) and (B-80), the following relationship can be deduced 
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 𝑉 = 𝐿𝑜 (
𝜕𝜓
𝜕𝜆
)
−1
= 𝐿𝑜(𝜓
𝜆)
−1
 (B-81) 
In this sense, the volume in the ideal gas law is analogous to the length of the representative 
portion of the specimen; both terms describe a size. 
One of the problems with the ideal gas law is that it fails to enforce interactions 
between gas particles within the representative volume. Due to the large space between 
particles for gases at typical pressures the interaction effects are negligible, and the ideal 
gas law is a very good approximation of the behavior. However, for a mechanical network 
of polymer chains, interaction effects are no longer negligible. Therefore, the model must 
be reformulated to include these interaction effects. 
The Van der Waals gas equation, given as 
 𝑃 =
𝑁𝑘𝑇
𝑉 − 𝑏∗
−
𝑎∗
𝑉2
 (B-82) 
is analogous to the ideal gas law, but includes interaction effects through the inclusion of 
parameters a* and b*. To come up with an analogous equation describing a Van der Waals 
network of polymer chains, the expression for P and V can be replaced with f and equation 
(B-81), respectively. The resulting equation describing the stress-stretch relationship for a 
Van der Waals network is given as 
 𝑓 =
𝑁𝑘𝑇
𝐿𝑜(𝜓𝜆)−1 − 𝑏∗
−
𝑎∗
(𝐿𝑜(𝜓𝜆)−1)2
 (B-83) 
Enforcing an infinite stress (f = ∞) at a locking stretch of λL results in the following 
expression for 𝑏∗ 
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 𝑏∗ = 𝐿𝑜 (
𝜕𝜓
𝜕𝜆
(𝜆𝐿))
−1
= 𝐿𝑜(𝜓𝐿
𝜆)
−1
 (B-84) 
Substituting 𝑏∗ in equation (B-101) and letting a = a*/(μLo2) and μ = NkT/Lo, the following 
final expression for the Van der Waals network is derived in terms of stress and stretch. 
 𝑓 = µ𝜓𝜆 (
𝜓𝐿
𝜆
𝜓𝐿
𝜆 − 𝜓𝜆
− 𝑎𝜓𝜆) (B-85) 
From this equation in terms of stress and stretch, a strain energy potential function 
can be derived, which can in turn be used in the basic hyperelastic modeling procedure 
found in commercial finite element packages. This process is detailed by Ambacher et al. 
(1989) and is not repeated here. Assuming first strain invariant dependence only, the 
resulting strain energy function is 
 𝑊 = 𝜇{−(𝜆𝐿
2 − 3)[ln(1 − 𝜂) + 𝜂] −
2
3
𝑎 (
𝐼1 − 3
2
)
3
2
} (B-86) 
where I1 is the first strain invariant,  a and μ are defined above, and η is given as 
 𝜂 = √
𝐼1 − 3
𝜆𝐿
2 − 3
 (B-87) 
Equations (B-86) and (B-87) can be used in equation (B-36) to determine the response of 
a material as per the Van der Waals model. 
B.2 Consideration of Time-Dependent Behavior 
Viscoelastic materials display a combination of elastic and viscous behavior as 
shown in Figure B-9. For the stress-time history shown in Figure B-9a applied to a 
representative material sample, the response under purely elastic behavior is shown in 
Figure B-9b. The strain follows the same overall time dependent variation as the stress. 
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Neglecting dynamic effects, the response of an elastic material mirrors that of a mechanical 
spring.  
For viscous materials, the response to the same stress-time history is shown in 
Figure B-9c. The strain increases as the stress remains applied, indicating that the response 
of the material is not immediate. Following removal of the load, the strain remains in the 
material, indicating permanent deformation. The response of a viscous material can be 
readily compared to the response of a linear viscous dashpot. As stress is applied to the 
dashpot, the incompressible fluid within the dashpot must move to the opposite side of the 
piston through a set area, which limits the rate at which the fluid can be transferred. When 
the stress is removed, the pressure on the fluid is removed, and no driving force acts to 
return the fluid to the initial side of the piston. 
For viscoelastic materials, the response as shown in Figure B-9d demonstrates 
elements of both elastic and viscous behavior. While there is some immediate response to 
the applied stress, it is not equivalent to the full response experienced by the purely elastic 
material due to the added viscous behavior. In addition, there is some permanent 
deformation following the removal of the load, although the permanent deformation is not 
the same magnitude as under viscous behavior due to the restoring force driven by elastic 
behavior. 
The elastic and viscous behaviors demonstrated in Figure B-9 both correspond to 
linear material behavior, i.e. the stress is linearly related to the strain for the elastic 
behavior, and to the strain rate for the viscous behavior. However, both behaviors may also 
demonstrate nonlinearity, i.e. the stress is not proportional to the strain or strain rate for 
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elastic and viscous materials, respectively. In the case of elastic behavior, nonlinear elastic 
models, namely hyperelastic models, were discussed in previous sections. Similarly, 
nonlinear viscous models also exist as a counterpart to linear viscous models. The 
following sections will discuss linear and nonlinear viscoelasticity, and their usefulness in 
the analytical modeling of engineering materials such as the polymeric components of 
MBJS. 
B.2.1 Linear Viscoelasticity 
Linear viscoelasticity is the subset of viscoelasticity where the viscous portion of 
the response is a linear function of the time derivative of the input (Findley et al. 1976). 
For example, if the input given to a linear viscoelastic system is a particular strain history, 
the part of the stress response governed by the viscous behavior is linearly proportional to 
the time derivative of the strain history. While many materials exhibit viscoelasticity in 
some shape or form, the response does not typically follow this linear dependence. 
However, the linear theory of viscoelasticity offers a reasonable approximation to the true 
behavior of many materials while simultaneously allowing a relatively simple 
mathematical representation to be formulated. These simplistic mathematical 
representations may then be used to formulate constitutive models to be used in the analysis 
of viscoelastic materials. 
Linear viscoelastic constitutive models typically have two main components which 
can be combined and arranged in multiple ways to establish different desired behaviors. 
The first component is the linear elastic spring, with constitutive relation given as 
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 𝜎𝑠 = 𝐸𝜀𝑠 (B-88) 
where the stiffness of the spring is established by Young’s modulus, E. The second 
component is a linear elastic dashpot, with constitutive relationship given as 
 𝜎𝑑 = 𝜂
𝑑𝜀𝑑
𝑑𝑡
= 𝜂𝜀?̇? (B-89) 
where η is the viscosity of the dashpot, and 𝜀?̇? is the rate of strain in the dashpot. The 
behaviors of each of these components under an applied stress were shown and discussed 
in Figure B-9. Due to the response of viscoelastic materials demonstrating elements of each 
of these behaviors, it is logical to combine them for use in analytical models. 
The linear springs and dashpots above may be combined in a very large number of 
ways to provide different desired behaviors. For example, a single spring and a single 
dashpot may be combined in series as shown in Figure B-10, which gives the linear 
viscoelastic model known as the Maxwell model. The behavior shown in Figure B-10 
under both constant applied stress and strain demonstrates elements of both the spring and 
the dashpot. Due to the elements being arranged in series, the stress in both components is 
the same, and as such, under sustained strain, the dashpot within the model will relax until 
the stress reaches zero. While some relaxation is expected in viscoelastic models, most 
demonstrate some portion of an elastic response, which is not able to be captured by the 
Maxwell model. From simple considerations of equilibrium, compatibility, and 
constitutive relationships for each of the components, the following constitutive 
relationship for the Maxwell model can be derived 
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  𝜎 +
𝜂
𝐸
?̇? = 𝜂𝜀̇ (B-90) 
This equation is a first-order differential equation, which can be solved using traditional 
methods for solving differential equations. 
Another example is the Kelvin-Voigt model shown in Figure B-11, which uses a 
single spring and dashpot in parallel. Due to the elements arranged in parallel, the strain in 
both elements is equal, but the stress differs between the two elements. The response to a 
suddenly applied stress, shown in Figure B-11, shows an initial linearly increasing strain 
response, followed by a more gradual increase in strain which ultimately approaches the 
strain predicted by a purely elastic response. When the stress is removed, the strain 
response at first decreases quickly, and then decreases more gradually, tending towards 
zero strain. Unfortunately, the stress response under suddenly applied strain would need to 
be infinite due to the dashpot, and as such, the model is incapable of representing such 
loading. In addition, the loading does not show stress relaxation under any constant applied 
strain due to the spring arm. 
The standard linear solid model, shown in Figure B-12, is an attempt to include the 
most desirable behaviors from both the Maxwell and Kelvin-Voigt models. The model 
consists of a single spring in parallel with a second spring in series with a dashpot. The 
response of this model to applied stress (Figure B-12b) shows an immediate elastic strain 
response, followed by a gradual increase in strain, i.e. creep. When the stress is removed, 
there is an immediate elastic unloading, followed by a further reduction in strain, i.e. 
recovery. If allowed to recover for a long enough period of time, the strain will decrease 
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completely to zero. The response of the model to applied strain is shown in Figure B-12c, 
and demonstrates an immediate elastic response, followed by stress relaxation over time. 
The response will relax to the elastic stress response of the spring arm.  
As a generalization of the previous models discussed, the Generalized Maxwell or 
Kelvin models may also be used. The generalized Maxwell Model consists of many 
Maxwell models connected together in series or parallel, and the generalized Kelvin model 
consists of a number of Kelvin models connected together in series or parallel. Whether 
the generalized Maxwell or Kelvin models are connected in series or in parallel depends 
on the reference, and many variations of these combination-type models exist. 
Combinations of Maxwell and Kelvin models in the same overall framework have also 
been considered. By combining different models in different ways, desirable behaviors 
specific to the application of the model may be determined. 
Each of the material models listed above may be described by generalized 
differential representation where the constitutive relationship is represented by a 
differential equation with numerous sets of parameters. The generalized constitutive 
equation for the differential representation for simple stress states is given by 
 𝑃𝜎 = 𝑄𝜀 (B-91) 
where P and Q are linear differential operators with respect to time given by 
𝑃 =∑𝑝𝑖
𝜕𝑖
𝜕𝑡𝑖
𝑛
𝑖=0
 ,      𝑄 =∑𝑞𝑖
𝜕𝑖
𝜕𝑡𝑖
𝑚
𝑖=0
 (B-92) 
Through this representation of the constitutive behavior, any of the previously 
discussed material models may be represented by adjusting the number of derivatives as 
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well as the definitions of the material constants pi and qi. For example, if p0 = 1, p1 = 
η/E, 
q1 = η, and all others are equal to zero, then the constitutive equation for the Maxwell 
model is obtained [compare result to equation (B-90) for confirmation].  
While the differential equations for simplistic models like the Maxwell and Kelvin 
models may be solved easily, this is oftentimes not the case for complex materials which 
use numerous sets of material parameters. Therefore, the constitutive relationships must be 
represented in an alternative way. The response of viscoelastic materials has also been 
predicted using an integral representation, where the constitutive relationships are 
represented by a hereditary integral using Boltzmann’s superposition principle. To 
establish the integral representation, functions describing the creep or stress relaxation 
response of the material must first be defined. 
If a viscoelastic specimen is subjected to a suddenly applied stress and then held 
constantly at the same stress, it will undergo creep deformation. This creep deformation 
may be described by 
 𝜀(𝑡) = 𝜎0𝐽(𝑡) (B-93) 
where J(t) is the creep compliance, a property of the material, measured as creep strain per 
applied unit of stress. For a stress σ1 applied at a time τ1, the response of a system, using 
the creep compliance function, is given as 
 𝜀(𝑡) = 𝜎1𝐽(𝑡 − 𝜏1)𝐻(𝑡 − 𝜏1) (B-94) 
where H(x) is the heaviside function. Assuming a varying applied stress history can be 
represented as a summation of constant stress inputs, the response can be represented as 
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𝜀(𝑡) =∑∆𝜎𝑖𝐽(𝑡 − 𝜏𝑖)𝐻(𝑡 − 𝜏𝑖)
𝑛
𝑖=1
 
 
(B-95) 
Allowing the number of time steps to become infinite, the summation may be rewritten as 
an integral. The result is a generalized response equation for an arbitrarily varying stress 
state, and is given by 
 
 
𝜀(𝑡) = ∫ 𝐽(𝑡 − 𝜏)𝐻(𝑡 − 𝜏)
𝜕𝜎
𝜕𝜏
𝑑𝜏
𝑡
0
 
 
(B-96) 
Since τ is always less than or equal to t, the Heaviside function may be removed 
because it is always equal to one. Therefore, the integral representation of viscoelastic 
response is ultimately expressed as 
 
 
𝜀(𝑡) = ∫ 𝐽(𝑡 − 𝜏)
𝜕𝜎
𝜕𝜏
𝑑𝜏
𝑡
0
 
 
(B-97) 
A similar integral representation may be derived for a varying applied strain, given as 
 
 
𝜎(𝑡) = ∫𝐸(𝑡 − 𝜏)
𝜕𝜀
𝜕𝜏
𝑑𝜏
𝑡
0
 
 
(B-98) 
where E(t) is the relaxation modulus of the material, the counterpart to the creep 
compliance function. The relaxation modulus may be broken into time-independent and 
time-dependent portions as follows 
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𝜎(𝑡) = 𝐸0𝜀(𝑡) + ∫𝜓(𝑡 − 𝜏)
𝜕𝜀
𝜕𝜏
𝑑𝜏
𝑡
0
 
 
(B-99) 
where 𝜓(𝑡) is a dimensionless representation of the relaxation modulus.  
Linear viscoelasticity is implemented in many finite element solvers using this 
integral representation. To represent viscoelastic response, all that is necessary is the 
determination of the creep compliance function or the relaxation modulus for a particular 
material. Finite element programs often represent the dimensionless relaxation modulus or 
creep compliance function as a Prony series. In the case of the dimensionless relaxation 
modulus, this Prony series is given as 
 
 
𝜓(𝑡) = 1 −∑𝜓𝑖(1 − e
−𝑡/𝜏𝑖
𝑛
𝑖=1
) 
 
(B-100) 
If stress relaxation data is available for a material, this equation may be fitted to the data, 
and then the response of the material can be determined. 
B.2.2 Nonlinear Viscoelasticity - Bergstrom Boyce Hysteresis Model 
The Bergstrom-Boyce (BB) hysteresis model (Bergstrom and Boyce 1998, 2000, 
2001) is a nonlinear viscoelastic hysteresis model that aims to capture the time-dependent 
behavior of polymers. Due to its nature, the BB hysteresis model discussed in the following 
section must be used in conjunction with a hyperelastic material model, such as the models 
discussed previously. 
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The BB model is accomplished by breaking the response into two portions, (A) the 
equilibrium response of the material, and (B) the time dependent deviation from the 
equilibrium response. This is illustrated in Figure B-13 in the form of a stress-strain 
diagram. A one dimensional representation of the BB model as a spring-dashpot system is 
shown in Figure B-14. This model is also known as the standard linear spring model when 
linear springs and dashpots are used (discussed in section B.2.1). 
Network A, the equilibrium response of the material, is modeled as a non-linear 
spring, using one of the available hyperelastic models. Network B, the time dependent 
deviation from the equilibrium behavior in network A, is modeled as a non-linear spring 
(the same hyperelastic model as in network A) in series with a non-linear dashpot. Network 
A and B act in parallel, and as such their deformations must be the same. Thus, the 
deformation gradients of the two networks are equivalent: 
 𝑭 = 𝑭𝑨 = 𝑭𝑩 (B-101) 
First, the kinematics and constitutive relationship of network A will be explored. 
The deformation gradient of network A can be written as 
 𝑭𝑨 = 𝑹𝑨𝑼𝑨 = 𝑽𝑨𝑹𝑨 (B-102) 
where 𝑹𝑨 is the rotational contribution to the deformation gradient of network A, 𝑼𝑨 is the 
right stretch tensor, and 𝑽𝑨 is the left stretch tensor. The difference between these two 
stretch tensors is the coordinates in which they are expressed; in 𝑼𝑨 the components are 
expressed with respect to the undeformed coordinates, and in 𝑽𝑨 the components are 
expressed with respect to the deformed coordinates (large displacement analysis). Using 
the theory of spectral decomposition, the left stretch tensor (which is used for the remainder 
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of this derivation due to its use of large displacement assumptions) can be broken into 
principal stretches (𝜆𝑖
(𝐴)
) and directions (𝒏𝒊
(𝐴)) as 
 𝑽𝑨 =∑𝜆𝑖
(𝐴)𝒏𝒊
(𝐴)⊗𝒏𝒊
(𝐴)
3
𝑖=1
 (B-103) 
Now that the deformation gradient has been expressed as a function of the principal 
stretches, any hyperelastic model can be used to enforce constitutive relations, and the 
stress response of network A can be written as 
 𝑻𝑨 =∑𝜎𝑖
(𝐴)𝒏𝒊
(𝐴)⊗𝒏𝒊
(𝐴)
3
𝑖=1
 (B-104) 
where 𝜎𝑖
(𝐴) are the principal stresses calculated using the principal stretches and a 
particular hyperelastic model. 
Next, the kinematics and constitutive relations of network B may be examined. 
Because network B is time dependent, both deformation and rate of deformation are 
important parameters that must be explored. The deformation gradient of network B can 
be written as 
 𝑭𝑩 = 𝑭𝑩
𝒆𝑭𝑩
𝒑
 (B-105) 
where 𝑭𝑩
𝒆 is the elastic portion of deformation (spring deformation), and 𝑭𝑩
𝒑 is the 
inelastic portion of deformation (dashpot deformation). 
The velocity gradient is an Eulerian quantity (defined with respect to deformed 
coordinates rather than reference coordinates) that describes the rate of deformation of a 
material. It is given in index notation as 
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 𝐿𝑖𝑗 =
𝜕𝑣𝑖
𝜕𝑥𝑗
 (B-106) 
This can be further simplified as 
 𝐿𝑖𝑗 =
𝜕𝑣𝑖
𝜕𝑎𝐾
𝜕𝑎𝐾
𝜕𝑥𝑗
=
𝜕𝑣𝑖
𝜕𝑎𝐾
(𝐹𝑗𝐾)
−1
=
𝜕?̇?𝑖
𝜕𝑎𝐾
(𝐹𝑗𝐾)
−1
= ?̇?𝑖𝐾(𝐹𝑗𝐾)
−1
 (B-107) 
Therefore, the velocity gradient of network B is given as 
 𝑳𝑩 = ?̇?𝑩𝑭𝑩
−𝟏
 (B-108) 
This velocity gradient can be broken into elastic and inelastic components, as was done 
with the deformation gradient. However, these components are written as additive instead 
of multiplicative. The relationship is written as 
 𝑳𝑩 = 𝑳𝑩
𝒆 + ?̃?𝑩
𝒑
 (B-109) 
The tilde for the inelastic portion is necessary due to the deformation of the problem. 
Shown in Figure B-15 are the states of deformation of network B. 
Network B begins in an undeformed state, and deforms to the final deformed 
configuration when the deformation gradient, 𝑭𝑩, is applied to the system. However, this 
deformation gradient can be broken into elastic and inelastic components (as previously 
stated). Therefore, the inelastic portion of the deformation gradient is a two-point tensor 
expressed in the ‘a’ coordinates of the undeformed configuration and the ‘θ’ coordinates 
of the relaxed configuration, and the elastic portion of the deformation gradient is 
expressed in the ‘θ’ coordinates of the relaxed configuration and the ‘x’ coordinates of the 
deformed configuration. Dropping the subscripts for network B temporarily and using 
index notation, the deformation gradient can be written as the following, where lowercase 
Arabic indices are in reference to the undeformed coordinates, Greek indices are in 
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reference to the relaxed coordinates, and uppercase Arabic indices are in reference to the 
deformed coordinates. 
 𝐹𝑖𝐽 =
𝜕𝑥𝑖
𝜕𝑎𝑗
= 𝐹𝑖𝛼
𝑒𝐹𝛼𝐽
𝑝 =
𝜕𝑥𝑖
𝜕𝜃𝛼
𝜕𝜃𝛼
𝜕𝑎𝐽
 (B-110) 
The time derivative of the deformation gradient can be written as 
 ?̇?𝑖𝐽 =
𝐷
𝐷𝑡
(
𝜕𝑥𝑖
𝜕𝜃𝛼
𝜕𝜃𝛼
𝜕𝑎𝐽
) =
𝜕?̇?𝑖
𝜕𝜃𝛼
𝜕𝜃𝛼
𝜕𝑎𝐽
+
𝜕𝑥𝑖
𝜕𝜃𝛼
𝜕?̇?𝛼
𝜕𝑎𝐽
 (B-111) 
and the inverse of the deformation gradient can be written as 
 𝐹𝑖𝐽
−1 = (
𝜕𝑥𝑖
𝜕𝜃𝛼
𝜕𝜃𝛼
𝜕𝑎𝐽
)
−1
=
𝜕𝜃𝛼
𝜕𝑥𝑖
𝜕𝑎𝐽
𝜕𝜃𝛼
 (B-112) 
The time derivative of the elastic portion of the deformation gradient can be written as 
 ?̇?𝑖𝛼
𝑒
=
𝐷
𝐷𝑡
(𝐹𝑖𝛼
𝑒) =
𝜕?̇?𝑖
𝜕𝜃𝛼
 (B-113) 
its inverse can be written as 
 (𝐹𝑖𝛼
𝑒)−1 =
𝜕𝜃𝛼
𝜕𝑥𝑖
 (B-114) 
and the elastic portion of the velocity gradient can be written as 
 𝐿𝑖𝑗
𝑒 = ?̇?𝑖𝛼
𝑒
(𝐹𝛼𝑗
𝑒)
−1
=
𝜕?̇?𝑖
𝜕𝜃𝛼
𝜕𝜃𝛼
𝜕𝑥𝑗
=
𝜕?̇?𝑖
𝜕𝑥𝑗
 (B-115) 
Note that the elastic portion of the velocity gradient is written in terms of the deformed 
coordinates. 
The time derivative of the inelastic portion of the deformation gradient can be 
written as 
 ?̇?𝛼𝐽
𝑝
=
𝐷
𝐷𝑡
(𝐹𝛼𝐽
𝑝) =
𝜕?̇?𝛼
𝜕𝑎𝐽
 (B-116) 
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its inverse can be written as 
 (𝐹𝛼𝐽
𝑝)
−1
=
𝜕𝑎𝐽
𝜕𝜃𝛼
 (B-117) 
and the inelastic portion of the velocity gradient can be written as 
 𝐿𝛼𝛽
𝑝 = ?̇?𝛼𝐽
𝑝
(𝐹𝐽𝛽
𝑝)
−1
=
𝜕?̇?𝛼
𝜕𝑎𝐽
𝜕𝑎𝐽
𝜕𝜃𝛽
=
𝜕?̇?𝛼
𝜕𝜃𝛽
 (B-118) 
Note that the inelastic portion of the velocity gradient is written in terms of the 
relaxed coordinates. Now, calculate the full velocity gradient using the expressions 
obtained above 
 𝐿𝑖𝑗 = ?̇?𝑖𝐾𝐹𝐾𝑗
−1 = (
𝜕?̇?𝑖
𝜕𝜃𝛼
𝜕𝜃𝛼
𝜕𝑎𝐾
+
𝜕𝑥𝑖
𝜕𝜃𝛼
𝜕?̇?𝛼
𝜕𝑎𝐾
)(
𝜕𝜃𝛽
𝜕𝑥𝑗
𝜕𝑎𝐾
𝜕𝜃𝛽
) (B-119) 
This can be simplified to the following 
 
𝐿𝑖𝑗 =
𝜕?̇?𝑖
𝜕𝜃𝛼
𝜕𝜃𝛼
𝜕𝑎𝐾
𝜕𝜃𝛽
𝜕𝑥𝑗
𝜕𝑎𝐾
𝜕𝜃𝛽
+
𝜕𝑥𝑖
𝜕𝜃𝛼
𝜕?̇?𝛼
𝜕𝑎𝐾
𝜕𝜃𝛽
𝜕𝑥𝑗
𝜕𝑎𝐾
𝜕𝜃𝛽
=
𝜕?̇?𝑖
𝜕𝑥𝑗
+
𝜕𝑥𝑖
𝜕𝜃𝛼
𝜕?̇?𝛼
𝜕𝜃𝛽
𝜕𝜃𝛽
𝜕𝑥𝑗
 
(B-120) 
Again, this simplified expression can be further simplified using more of the expression 
obtained above 
 𝐿𝑖𝑗 =
𝜕?̇?𝑖
𝜕𝑥𝑗
+
𝜕𝑥𝑖
𝜕𝜃𝛼
𝜕?̇?𝛼
𝜕𝜃𝛽
𝜕𝜃𝛽
𝜕𝑥𝑗
= 𝐿𝑖𝑗
𝑒 + 𝐹𝑖𝛼
𝑒𝐿𝛼𝛽
𝑝(𝐹𝛽𝑗
𝑒)
−1
 (B-121) 
By inspection and comparison with equation (B-109), the final relationship is obtained 
 ?̃?𝑖𝑗
𝑝
= 𝐹𝑖𝛼
𝑒𝐿𝛼𝛽
𝑝(𝐹𝛽𝑗
𝑒)
−1
 (B-122) 
Therefore, the tilde is necessary due to the fact that both parts of the velocity gradient must 
be expressed in the same coordinate system, namely the deformed coordinates. 
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The inelastic components of the velocity gradient can be expressed as a sum of 
deformation rate and spin rate as 
 ?̃?𝑩
𝒑
= ?̃?𝑩
𝒑
+ ?̃?𝑩
𝒑
 (B-123) 
where ?̃?𝑩
𝒑
 is the rate of deformation and ?̃?𝑩
𝒑
 is the rate of spin of the material. Although 
omitted here, this can also be expressed in terms of the relaxed coordinates (non-tilde 
terms). 
The elastic portion of the deformation gradient is not uniquely defined, seeing as 
an arbitrary rigid body rotation of the relaxed configuration would leave the deformed state 
stress free. This would also imply that the undeformed configuration is not uniquely 
defined. Therefore, allowing the spin rate of the inelastic portion, ?̃?𝑩
𝒑
, to equal zero 
generally results in unique deformation gradients. 
As was done with network A, the deformation gradient for network B can be broken 
into stretch and rotation components for each of the elastic and inelastic portions: 
 𝑭𝑩 = 𝑭𝑩
𝒆𝑭𝑩
𝒑 = 𝑽𝑩
𝒆𝑹𝑩
𝒆𝑽𝑩
𝒑𝑹𝑩
𝒑
 (B-124) 
The stretch component for the elastic portion of network B can be decomposed as 
 𝑽𝑩
𝒆 =∑𝜆𝑖
(𝐵𝑒)𝒏𝒊
(𝐵𝑒)⊗𝒏𝒊
(𝐵𝑒)
3
𝑖=1
 (B-125) 
and the stress acting on network B is then given as 
 𝑻𝑩 =∑𝜎𝑖
(𝐵𝑒)𝒏𝒊
(𝐵𝑒)⊗𝒏𝒊
(𝐵𝑒)
3
𝑖=1
 (B-126) 
The total stress in the system is then given by the sum of the stresses in networks A and B, 
or 
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 𝑻 = 𝑻𝑨 + 𝑻𝑩 (B-127) 
In order to quantify the rate of deformation, it is broken into an effective creep rate and the 
direction of the driving stress state. Mathematically, this is represented as 
 ?̃?𝑩
𝒑
= ?̇?𝐵𝑵𝑩 (B-128) 
where ?̇?𝐵 is the effective creep rate and 𝑵𝑩 is the direction of the driving stress state, which 
is determined from the stress state in network B, 𝑻𝑩. The effective creep rate is prescribed 
by a polymer chain micromechanism inspired model described in the following. 
In an undeformed polymer network, the polymer chains may appear as shown in 
Figure B-16(a). The network is undeformed and the chains are randomly distributed with 
respect to themselves and other chains. As the network is deformed (as shown in Figure 
B-16(b)), the chain containing points A, B, and C is wrapped around the chain D – D’, and 
the chain segment A-B-C is inactive. As relaxation takes place over time (shown in Figure 
B-16(c)), A-B-C undergoes Brownian motion, and has a true equilibrium position away 
from chain D-D’. This means that chain D-D’ behaves as an obstacle to the original 
stretching motion, which means more energy must be supplied by the system to overcome 
the obstacle. Over time, this extra energy is released by allowing more deformation to take 
place. 
Consider a chain segment within a constraining tube, which moves along the tube 
by Brownian motion in a combination of reptation motion and contour length fluctuations. 
The displacement of this chain along the tube is given as u, as shown in Figure B-17. The 
average of this displacement can be shown to scale as 
 〈𝑢〉 = 𝑐3√〈𝑢2〉 = 𝑐3√𝜑(𝑡) (B-129) 
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where the pointed brackets indicate an average, and 𝜑(𝑡) is the mean square displacement 
of the chain segment. From this expression, an expression for the total length of the chain 
can be derived as 
 𝑙(𝑡) = 𝑙0 + 𝑐3√𝜑(𝑡) (B-130) 
The mean square displacement has been derived to scale as 
 𝜑(𝑡) ∝
{
 
 
𝑡1/2 𝑡 ≤ 𝜏𝑒
𝑡1/4 𝜏𝑒 < 𝑡 ≤ 𝜏𝑅
𝑡1/2
𝑡
𝜏𝑅 < 𝑡 ≤ 𝜏𝑑
𝑡 > 𝜏𝑑
 (B-131) 
where 𝜏𝑒 is the time when the constraining tube is first felt by the chain, 𝜏𝑅 is the Rouse 
relaxation time, and 𝜏𝑑 is the time when the chain is no longer constrained to the tube (tube 
disengagement time). If equation (B-129) is combined with equation (B-130) and 
generalized, the following expression for the chain length is determined 
 𝑙(𝑡) = 𝑙0 + 𝑐3𝑡
𝑐5 (B-132) 
The chain stretch can be determined as 
 𝜆𝑐ℎ𝑎𝑖𝑛
𝐵𝑝 =
𝑙(𝑡)
𝑙0
= 1 +
𝑐3
𝑙0
𝑡𝑐5 = 1 + 𝑐4𝑡
𝑐5 (B-133) 
In order to obtain the creep rate, the time derivative of this expression is taken 
 ?̇?𝐵 = ?̇?𝑐ℎ𝑎𝑖𝑛
𝐵𝑝 = 𝑐4𝑐5𝑡
𝑐5−1 (B-134) 
If equation (B-133) is solved for t and substituted into equation (B-134), time can be 
eliminated from the expression, and the following is obtained 
 ?̇?𝐵 = 𝑐4𝑐5 (
𝜆𝑐ℎ𝑎𝑖𝑛
𝐵𝑝 − 1
𝑐4
)
1
𝑐5
(𝑐5−1)
 (B-135) 
Rearranging and defining combined constants 
 466 
 ?̇?𝐵 = 𝑐1(𝜆𝑐ℎ𝑎𝑖𝑛
𝐵𝑝 − 1)
𝑐2
 (B-136) 
This expression gives the effective creep rate dependent only on the chain stretch. In order 
to also include dependence on the stress state, an effective stress measure can be added 
which is derived from the stress in network B, 𝑻𝑩, as 
 𝜏𝐵 = √
1
2
𝑡𝑟𝑎𝑐𝑒(𝑻𝑩
′𝑻𝑩
′) (B-137) 
and 𝑻𝑩
′ is 
 𝑻𝑩
′ = 𝑻𝑩 −
1
3
𝑡𝑟𝑎𝑐𝑒(𝑻𝑩)𝑰 (B-138) 
the deviatoric part of the stress in network B. It should be noted that equation (B-137) 
represents the Frobenius norm of the stress tensor, which is synonymous to the magnitude 
of a vector. This norm is used so that one quantity could describe the stress state, where 
the overall “directionality” of the stress state is provided by 𝑵𝑩 in equation (B-128). When 
equation (B-128) is carried out, the effective creep strain rates in different “directions” are 
obtained (three normal rates, three shear rates), which are the same directions as the 
stresses. This effective stress measure, 𝜏𝐵, is added to the effective creep rate 
multiplicatively as 
 ?̇?𝐵 = 𝑐1(𝜆𝑐ℎ𝑎𝑖𝑛
𝐵𝑝 − 1)
𝑐2
(
𝜏𝐵
?̂?𝐵
)
𝑚
 (B-139) 
Equation (B-139) is nearly analogous to the implementation in commercial FE software, 
which is 
 𝜀?̇?
𝑐𝑟 = 𝐴(𝜆𝐵
𝑐𝑟 − 1 + 𝐸)𝐶(𝜎𝐵)
𝑚 (B-140) 
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The constant E was added to the original implementation of the BB model (Bergstrom and 
Boyce 2001) to improve the performance of the model near zero deformation. For most 
common polymers, the parameter C is close to negative one, and therefore the model may 
have some numerical difficulties when the plastic chain stretch is near one, i.e. the 
deformation is close to zero. By providing a small value for E, these numerical difficulties 
are resolved without majorly affecting the results of the model. 
The parameters are defined as follows. The parameter S (which does not appear in 
the equation above) defines the ratio of stress carried by network B to that carried by 
network A under instantaneous loading. In other words, S describes the amount of stress 
carried through the spring only arm of the standard linear model versus the amount carried 
by the spring-dashpot arm. For S less than zero, greater stress is carried through network 
A, and for S greater than zero, greater stress is carried through network B. This implies that 
in order to model greater creep in a material, S must be larger (allowing more relaxation to 
take place due to more stress passing though the spring-dashpot arm of the standard linear 
model). 
The parameter m defines the dependence of the effective creep rate on the current 
stress state of the material. The parameter C defines the dependence of effective creep rate 
on the current strain in the material. The parameter A is a combination of constants which 
is difficult to describe physically, but is derived from the Brownian motion of the chains. 
To determine these parameters, testing must be completed. The parameter S can be 
determined from a single uniaxial test through a procedure outlined by Bergstrom and 
Boyce (1998, 2001). Determination of parameters C and m are determined through trial 
 468 
and error, and parameter A can then be determined by comparing the results of the model 
to a test completed at a different strain rate. Due to the interdependence of some of these 
parameters, particularly A and m, it is sometimes difficult to find well-fitting parameters 
without the use of sophisticated computer techniques. 
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Figure B-1 General homogeneous body in reference and deformed 
configurations 
 
Figure B-2 Polar decomposition of deformation gradient: (a) undeformed 
configuration; (b) undeformed and rotated configuration; (c) deformed and 
unroated configuration; (d) deformed and rotated configuration  
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Figure B-3 Eight-chain assemblage for Arruda-Boyce Model in 
undeformed configuration 
 
Figure B-4 Eight-chain assemblage for Arruda-Boyce Model in deformed 
configuration   
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Figure B-5 Two-dimensional projection of 3D chain model 
 
Figure B-6 Most probable position for end of chain from origin  
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Figure B-7 Most probable spherical shell for end B of polymer chain 
 
Figure B-8 Probabilistic assessment for length of polymer chain  
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Figure B-9 Response of (b) elastic , (c) viscous, and (d) combined 
viscoelastic material behavior to a suddenly applied stress (a) 
 
Figure B-10 Maxwell linear viscoelastic model (a) and response for: (b) 
applied stress and (c) applied strain  
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Figure B-11 Kelvin-Voigt linear viscoelastic model (a) and response for: (b) 
applied stress and (c) applied strain 
 
Figure B-12 Standard linear solid viscoelastic model (a) and response for: 
(b) applied stress and (c) applied strain  
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Figure B-13 Bergstrom-Boyce model illustrated using general stress-strain 
response 
 
Figure B-14 One-dimensional representation of Bergstrom-Boyce model  
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Figure B-15 Various states of deformation within Bergstrom-Boyce 
hysteresis model: (a) undeformed configuration using ‘a’ coordinates with 
uppercase Arabic indices; (b) relaxed/equilibrium configuration using ‘θ’ 
coordinates with lowercase Greek indices; and (c) deformed/stressed 
configuration using ‘x’ coordinates with lowercase Arabic indices 
 
Figure B-16 Polymer networks in the: (a) undeformed state; (b) deformed 
state; and (c) relaxed state  
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Figure B-17 Displacement of chain along constraining tube 
  
𝑢 
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APPENDIX B GLOSSARY 
 
B (Bij) Left Cauchy-Green deformation tensor 
C (CPQ) Right Cauchy-Green deformation tensor 
D Deformation rate tensor 
?̃?𝑩
𝒑
 Rate of inelastic deformation 
F (FiJ) Deformation gradient 
𝑭 ̇  Time-derivative deformation gradient 
𝑭 ̇ 𝑒 
Time-derivative of the elastic portion of the deformation 
gradient 
𝑭 ̇ 𝑝 
Time-derivative of the inelastic portion of the deformation 
gradient 
FA Deformation gradient of network A 
FB Deformation gradient of network B 
𝑭𝑩
𝒆
 
Elastic portion of deformation (spring deformation) in network 
B 
𝑭𝑩
𝒑
 
Inelastic portion of deformation (dashpot deformation) in 
network B 
L (Lij) Velocity gradient 
𝑳𝒑 Inelastic portion of velocity gradient 
LB Velocity gradient of network B 
𝑳𝑩
𝒆
 Elastic portion of velocity (spring velocity) in network B 
?̃?𝑩
𝒑
 
Adjusted inelastic portion of velocity (dashpot velocity) in 
network B 
NB Direction of driving stress state in network B 
R Rigid body rotation tensor 
RA 
Rotational contribution to the deformation gradient of network 
A 
𝑹𝑩
𝒆
 
Elastic portion of rotational contribution to the deformation 
gradient of network B 
𝑹𝑩
𝒑
 
Inelastic portion of rotational contribution to the deformation 
gradient of network B 
S (Sij) Deviatoric stress tensor 
TA Stress response of network A 
TB Stress response of network B 
𝑻𝑩
′
 Deviatoric portion of network B stress response 
U Right stretch tensor 
UA Right stretch tensor of network A 
V Left stretch tensor 
VA Left stretch tensor of network A 
𝑽𝑩
𝒆
 Elastic portion of left stretch tensor in network B 
𝑽𝑩
𝒑
 Inelastic portion of left stretch tensor in network B 
W Spin rate tensor 
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?̃?𝑩
𝒑
 Rate of inelastic spin 
da (daJ) 
Vector describing path between two points in a general body in 
reference coordinates 
dx (dxi) 
Vector describing path between two points in a general body in 
deformed coordinates 
𝒏𝒊
(𝐴) Principal stretch directions of network A 
𝒏𝒊
(𝐵𝑒) Principal elastic stretch directions of network B 
∆𝒂 Infinitesimal vector in reference configuration 
𝜹𝒂 Infinitesimal vector in reference configuration 
∆𝒙 Infinitesimal vector in deformed configuration 
𝜹𝒙 Infinitesimal vector in deformed configuration 
δD (𝛿𝐷𝑗𝑖) Virtual deformation rate tensor 
δe (𝛿𝑒𝑗𝑖) Virtual deviatoric strain rate 
σ (𝜎𝑖𝑗) Cauchy stress tensor 
A Combination of constants in Bergstrom-Boyce model 
C Dependence of effective creep rate on the current strain state 
Ci Constants for expansion of inverse Langevin function 
E 
(1) Normalizing constant for zero-stress state 
(2) Young’s Modulus 
G Entropy 
H Helmholtz free energy 
H(x) Heaviside function 
I1 First strain invariant 
I2 Second strain invariant 
𝐼 First-strain invariant for uniaxial stretch 
J Volume change at an infinitesimal material point 
J(t) Creep compliance 
Lo Original length of material segment 
N Number of elements in general polymer chain 
P 
(1) Pressure 
(2) linear differential operator 1 
Q Linear differential operator 2 
S 
Ratio of stress carried by network B to that carried by Network 
A 
T Temperature 
U Strain energy 
V Volume 
W Work 
a Van der Waals model interaction parameter 
aJ Position of point in reference coordinates 
ao Edge dimension of eight-chain cube model 
a* First Van der Waals parameter 
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b 
Parameter for probabilistic expression of chain position as 
defined in equation (B-48) 
b* Second Van der Waals parameter 
c Combination of constants 
c' Polymer chain stretch constant 
c1 Chain displacement constant 
c2 Chain displacement constant 
c3 Chain displacement constant 
c4 Chain displacement constant 
c5 Chain displacement constant 
dG Change in entropy 
dH Change in Helmholtz free energy 
dQ Heat absorbed by the system 
dU Change in internal energy 
dV Infinitesimal volume in deformed coordinates 
dV0 Infinitesimal volume in reference coordinates 
dW Work done on the system by external forces 
dr Infinitesimal element in radial direction 
dx Infinitesimal element in x-direction 
dy Infinitesimal element in y-direction 
dz Infinitesimal element in z-direction 
dτ Infinitesimal element near end of polymer chain 
eijk Levi-Cevita permutation symbol 
f(λ) stress as a function of stretch 
k Boltzmann’s constant 
l Length of each element in general polymer chain 
l(t) Length of chain within constraining tube 
l0 Original length of chain within constraining tube 
m Dependence of the effective creep rate on current stress state 
n Chain density 
p Probability of chain end being located in certain region 
𝑝𝑖 Differential operator material parameter set 1  
ps Equivalent pressure stress 
𝑞𝑖 Differential operator material parameter set 2 
r Straight-line distance between ends of general polymer chain 
rchain 
Current straight-line distance between ends of general polymer 
chain 
rL Fully extended length of general polymer chain 
ro 
Original straight-line distance between ends of general polymer 
chain 
rRMS 
Root-mean-square straight-line distance between ends of 
general polymer chain 
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t Time 
〈𝑢〉 Average of chain displacement along tube 
〈𝑢2〉 Average square of chain displacement along tube 
vi Velocity of point 
xi Position of point in deformed coordinates 
β Inverse Langevin function 
?̇?𝐵 Effective creep rate in network B 
𝛿𝐼1 Virtual first strain invariant 
𝛿𝐼2 Virtual second strain invariant 
𝛿𝐽 Virtual volume change 
𝛿𝑈 Strain energy potential 
𝛿𝑊𝐼 Virtual internal energy variation 
𝛿𝜀𝑣𝑜𝑙 Virtual volumetric strain rate 
ε Uniaxial strain 
𝜀𝑐ℎ𝑎𝑖𝑛 Strain in general polymer chain 
𝜀𝑠 Strain in elastic spring 
𝜀̇ Strain rate in linear viscoelastic model 
𝜀?̇?
𝑐𝑟 Effective creep rate in network B 
𝜀?̇? Strain rate in linear dashpot 
𝜂 Viscosity of linear dashpot 
θ 
Supplement of valence angle between general polymer chain 
elements 
λ Mechanical stretch 
𝜆𝑐ℎ𝑎𝑖𝑛 Stretch in general polymer chain 
𝜆𝑖 Principal chain stretches 
𝜆𝑖
(𝐴)
 Principal chain stretches of network A 
𝜆𝑖
(𝐵𝑒)
 Elastic chain stretches of network B 
𝜆𝐿 Locking chain stretch 
𝜆𝑇 Uniaxial stretch 
𝜆𝑐ℎ𝑎𝑖𝑛
𝐵𝑝
 Plastic chain stretch in network B 
?̇?𝑐ℎ𝑎𝑖𝑛
𝐵𝑝
 Plastic chain creep rate in network B 
𝜆𝐵
𝑐𝑟 Plastic chain stretch in network B 
µ initial shear modulus 
σ Uniaxial stress 
𝜎𝑠 Stress in elastic spring 
𝜎0 Suddenly applied stress 
𝜎1 Stress applied at time t1 
𝜎𝑖
(𝐴) Principal stresses in network A 
𝜎𝑖
(𝐵𝑒) Elastic principal stresses in network A 
?̇? Stress rate in linear dashpot 
𝜏𝐵 Effective stress in network B 
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?̂?𝐵 Effective stress constant 
τi Prony series model parameter set 2 
𝜏𝑅 Rouse relaxation time 
𝜏𝑑 Tube disengagement time 
𝜏𝑒 Time when constraining tube is first felt by the chain 
𝜑(𝑡) Mean square displacement of the chain segment 
𝜓(𝜆) deformation function 
𝜓𝑖 Prony series model parameter set 1 
𝜓𝜆 
first partial derivative of deformation function with respect to 
stretch 
𝜓𝐿
𝜆 
first partial derivative of deformation function evaluated at 
locking stretch 
𝜓(𝑡) Dimensionless relaxation modulus 
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